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Abstract—Zigzag-decodable codes have been proposed for
distributed storage systems to achieve fast decoding of uncoded
data packets through the iterative decoding of data bits from
coded packets. To maintain high data availability, it is critical
to minimize the repair bandwidth by downloading the least
amount of bits for repairing any lost packet. In this work,
we propose zigzag-decodable reconstruction (ZDR) codes which
achieve asymptotically minimum repair bandwidth for repairing
a single node, while preserving the high computational efficiency
due to zigzag decoding. We present two explicit constructions of
ZDR codes such that any node of ZDR codes can be repaired with
asymptotically minimum repair bandwidth. The first construction
is based on the well-designed encoding matrix and a generic
transformation, while the second construction is designed by
recursively employing the proposed generic transformation for
any existing zigzag-decodable code. Moreover, we show that the
proposed two classes of ZDR codes can be decoded by the zigzag
decoding algorithm and have less computational complexity than
the existing codes with asymptotically or exactly minimum repair
bandwidth.

Index Terms—Zigzag-decodable codes, minimum repair band-
width, zigzag-decodable reconstruction codes, computational
complexity.

I. INTRODUCTION

Distributed storage systems achieve high fault tolerance by
striping data redundancy across multiple storage nodes. Reed-
Solomon (RS) codes [1] are a well-known family of erasure
codes that have been widely implemented in production [2],
[3]. An (n,k) RS code divides file data into k uncoded data
packets of L bits, which are encoded into additional »r = n—k
coded packets of the same size. The n packets are stored in n
nodes (one packet per node). The maximum distance separable
(MDS) property, that any k out of the n nodes can recover
all the original data packets, should be maintained to tolerate
any n— k node failures. RS codes are storage-optimal, as they
incur the minimum amount of redundancy to achieve the MDS
property. However, RS codes have two drawbacks. First, RS
codes perform all coding operations over a large finite field,
thereby incurring high encoding and decoding complexities.
Second, RS codes download k packets from surviving nodes to
repair any lost packet, thereby incurring high repair bandwidth
(i.e., the amount of bits transferred during a repair operation).
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Zigzag decoding [4] is a fast decoding technique that allows
data bits to be iteratively decoded from coded bits. It is
originally designed for wireless communications [4]. Follow-
up studies propose zigzag-decodable codes for distributed
storage systems [5], [6] to achieve fast decoding of data
packets using only XOR operations with the overall decoding
complexity O(k?L) [5]. However, existing zigzag-decodable
codes still incur high repair bandwidth as in RS codes.

As failures are prevalent in practice [2], it is critical to
minimize the repair bandwidth in the face of failures to
maintain high data availability. Assume that a file data with ka
data packets is encoded with additional ra coded packets. The
data packets and coded packets are stored in n = k4 r nodes,
where each node stores o packets with the MDS property
being satisfied. The number of bits stored in each node, oL,
is called sub-packetization level. The first k nodes that store
data packets are called data nodes and the last r nodes that
store coded packets are called coded nodes. Let d (where
k < d < n—1) be the number of surviving nodes that are
accessed to repair a single failed node. It is shown in [7]
that repairing the « packets in a single failed node needs to
download at least —=%— bits from each of the d surviving

d—k+1
nodes, and hence the minimum repair bandwidth is

dLao
d—k+1

where L is the size of data packets. Many constructions [7]-
[11] have been proposed to achieve the minimum repair band-
width. However, such constructions operate on a sufficiently
large finite field and incur high computational complexity.
Thus, we pose the following question: Can we minimize the
repair bandwidth of zigzag-decodable codes, while preserving
the decoding efficiency? This question will be answered in this
work.

(bits), (1)

A. Related Work

Several MDS codes [12]-[19] have been proposed to
achieve asymptotically or exactly minimum repair bandwidth,
while incurring lower computational complexity. One way
to reduce the computational complexity is to reduce the
underlying field size. Some constructions over small nonbinary
field with optimal repair bandwidth are given in [11], [20],
[21]. Computational complexity would be especially lower if
a code is designed over the binary field. For example, MDR
codes [12] and ButterFly codes [13] achieve the minimum
repair bandwidth with two coded nodes (i.e., 7 = 2). Some
constructions over the binary field support more than two
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coded nodes with the asymptotically minimum repair band-
width [15]-[18]; however, they do not provide any efficient
decoding algorithm when some nodes are erased. A generic
transformation for EVENODD codes [22], [23] is proposed in
[24] to enable the minimum repair bandwidth such that the
existing efficient decoding method of EVENODD codes [23],
[25] can be employed in the transformed EVENODD codes.
However, the efficient decoding methods in [23], [25] are only
applicable for some special cases corresponding to solving
the linear systems with Vandermonde matrix. The decoding
complexity of the general case is with O(k2L?), where L is
the packet length.

Another way to reduce the computational complexity, es-
pecially the decoding complexity, is to design codes that can
avoid the step of transforming the system of linear equations
to row echelon form or computing the inverse matrix of the
encoding matrix, where only backward substitution is required.
Zigzag-decodable codes [5] are such codes that only require
backward substitution (call zigzag decoding) in the decoding
process. Some constructions of zigzag-decodable codes have
been proposed in [5], [6], [26], however, they do not consider
the repair problem of one failed node and the repair bandwidth
is high. Similar idea is used in index coding [27] and secret
sharing scheme [28]. Product-matrix regenerating codes [14]
achieve the minimum repair bandwidth and can be augment-
ed with zigzag decoding; however, when they build on the
product-matrix coding framework [8], they only have a low
code rate (i.e., the ratio of the file size to the total storage
space) up to 0.5.

B. Contribution

This paper proposes a new class of erasure codes called
zigzag-decodable reconstruction (ZDR) codes which achieve
five practical properties that are critical for real-world de-
ployment: (i) MDS property (i.e., accessing any k out of n
nodes can recover the information stored in the k& data nodes);
(ii) efficient decoding (i.e., any erased data nodes can be
decoded through zigzag decoding); (iii) XOR-only operations
(i.e., all encoding, decoding, and repair operations involve
only bitwise XORs); (iv) high code rate (i.e., the code rate
is larger than 0.5); and (v) asymptotically minimum repair
bandwidth for a single node (i.e., repairing any single node
achieves the minimum repair bandwidth asymptotically in n
or L by connecting to d = n—1 surviving nodes). Note that in
ZDR codes, the size of data packet is L and the size of coded
packet is no less than L, but the additional storage overhead
of coded packet becomes negligible if L is sufficiently large.

We first give a construction of zigzag-decodable codes by
choosing a well-designed encoding matrix that have asymp-
totically minimum repair bandwidth for a single data node,
and then present a generic transformation that can transform
any zigzag-decodable codes into a new zigzag-decodable code
with asymptotically minimum repair bandwidth for each of
any r nodes. Next, we present two explicit constructions of
ZDR codes that have the above five practical properties. The
first construction is based on the proposed zigzag-decodable
codes with asymptotically minimum repair bandwidth for any
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one of data nodes and the generic transformation for zigzag-
decodable codes. The second construction is designed by
recursively applying the generic transformation for a zigzag-
decodable codes.

Although both the proposed ZDR codes and the zigzag-
decodable codes in [5] can be decoded by zigzag decoding,
the two codes are fundamental different. First, our ZDR
codes have asymptotically or exactly optimal repair bandwidth
for all nodes, while not for the codes in [5]. Second, the
technique employed in the construction is different. In this
paper, we present two classes of ZDR codes. The first class
of ZDR codes is constructed by first choosing a well-design
encoding matrix and then apply the transformation designed
for ZDR codes. The second class of ZDR codes is constructed
by recursively applying the proposed transformation for any
zigzag-decodable codes, such as the codes in [5]. The zigzag-
decodable codes in [5] only consider the zigzag decoding, but
not to reduce the repair bandwidth.

Similar transformation in optimizing repair bandwidth of
MDS codes can be found in [10], [24], [29]. Li et al. [10]
propose a transformation for non-binary MDS codes to enable
optimal repair bandwidth. Two different transformations for
binary MDS array codes are considered in [24], [29] to enable
optimal repair bandwidth. A more general transformation for
MDS codes to enable optimal repair bandwidth with more
parameters is given in [30]. The main differences between
our transformation and the transformations in [10], [24], [29],
[30] are summarized as follows. First, the structures of our
transformation and the transformations in [10], [24], [29], [30]
are different. In our transformation, we first make some cyclic-
shifts for the r x r square matrix corresponding to the chosen
r nodes that are enabled to have optimal repair bandwidth,
and then replace some entries in the r X r square matrix by
linear combinations. In contrast, cyclic-shifts for the r x r
square matrix are not made in the transformations [10], [24],
[29], [30]. Because of the above difference, we can apply
the transformation for the designed zigzag-decodable codes
with asymptotically optimal repair bandwidth for any data
node to obtain ZDR codes that have asymptotically or exactly
optimal repair bandwidth for any node. Second, the existing
transformations [10], [24], [29], [30] do not work for zigzag-
decodable codes, while our transformation not only works for
zigzag-decodable codes but also for MDS array codes.

This paper is organized as follows. In Section II, we
first present a simple motivating example that illustrates the
proposed approach. In Section III, we give a new construction
of zigzag-decodable codes that have asymptotically minimum
repair bandwidth for every data node. Section IV presents a
generic transformation for any one zigzag-decodable codes
to enable asymptotically minimum repair bandwidth for any
coded node. In Section V, we propose ZDR codes that have
asymptotically minimum repair bandwidth for all nodes, and
give two code constructions of ZDR codes. We also give the
repair algorithm and decoding method for the proposed two
classes of ZDR codes in Section V. Section VII concludes the

paper.
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TABLE I: Example of ZDR codes with (n,k,a) =
and L = 8.
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(4,2,2)

[ Node 0 | Node 1 | Node 2 Node 3
38,0 38,1 38,2 = 58,0 + 38,1 58,3 38 0
JrSfl),o + 3(1J,1 so 3= 50 ot S0 1
50.0 0.1 35,225(1)0 540+ 54,
5(1),0 5(1),1 5(1),2 = 5(1),0 + 5(1),1 5?,3 = 5(1),0 + 58,1
+5%,0+5%,1 5%,3 :5(1),0"‘5(1),1
5%0 5%1 5%2:5%0"’5(1),1 +5%0+5é1
5(2),0 5(2),1 5(2) 2= 52 ,0 + 32 1 58,3 = 3(2),0 + S(1),1
+5% + 551 853 = 5(2),0 + 53,1
850 851 5%2:520+511 +88.0 1+ 561
Sg,o 5(3),1 53,2 = 53,0 + 53,1 Sg 3= 5(3),0 + 58,1
+Sé,0 + 5%,1 53 3= Sg,o + 5%,1
szla,o 3%,1 311*),2 =530 +t53, +s%¢0 + S%,1

(| p— 0
) 343;54O;F5311
543—340+541+540
+541+500+501

0 0 ( E— 0
54,0 S41 | S22 =S40 t 54,1
1 1 1
54,0 541
0 0 (U 0
55,0 55,1 55,2 = 55,0 "I 55,1

0
“i5,3 = 35,0 + (5)4,1
853 =550 T S511

1 1 1 1 1 1 1
S50 T 851 1t 810 1511

55,0 55,1

58,0 58,1 58,2 = 58,0 + Sg,l sg 3= 58 ot Sg 1
+8é,0+5615,1 Selss 580+381+5é0
8.0 6.1 862 = 860 T Sh1 +561+82,0+521
57.0 S7.1 S7.2 = 59,0 + 871 57 3= 37 ot 56 1
+870 1571 8t =890+ 891+ 570
3%0 5%1 3%228%0+3(15,1 Jr571+550+5§1

| E—— 0 0
582 = S7.1 S8.3 = 571

II. A MOTIVATING EXAMPLE

We present a motivating example with (n, k, o) = (4,2,2)
and L = 8 to show the construction of ZDR codes. Table I
presents the code given in the example. Note that each data
node stores al. = 16 bits and each coded node stores 17
bits, i.e., the additional storage overhead of each coded node
is one bit. For nodes 0 and 1, each of them stores 2L =
16 information bits s§ o, 5 o, ..., 5% 0,500,510, -, 570 and
501,871, s? 15861581 15+ - - » 57,1, Tespectively. Let s? o =

110—3101 =5 —Oforz<0andz>7 Node 2 stores 17
parity bits 5872,5(1)72,.. 572 and sp Lo, st 25 , 5§ o that are
computed as '

0 _ 0 0 1 1 L
Sig =80+ 81+t 0+s;,fori=0,1,...,7,

1 _ 1 1 o
Sio=8ig+si_1; fori=0,1,...,8.

s

Node 3 stores 17 parity bits 383,393,...,833 and
50.3,51.3,- - -+ Sy 5 that are computed as

0 0 0 -
i3 = Sio+ i1 fori=0,1,....8,

1 _ .0 0 1 1 _
Si3=8i0+ Si1+ Sapi0+ Sayiq fori=0,1,2,3,

1 0 0 1 1 1
8;3 =80T Si1 T80+ 81+ 8;_

1
4,0t 5

We argue that we can recover the information bits from any
two nodes (i.e., the MDS property holds). From node 0 and
node 1, we can directly obtain the information bits. Also, we
can verify that the information bits can be obtained from node
0 or node 1 plus any of node 2 and node 3. For example, if
we want to decode the information bits from node 0 and node
2 we can subtract s} o from s; 0T s; 1.1 to get the value of

1,1 fori=1,2,...,8, and then decode s by subtractlng
?,0, 51055 1fr0mso+sl+so+51forzf()1 , 7.

a1 fori=4,5,6,7.
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Finally, we can decode the information bits from node 2 and
node 3. First, we can compute s), + s, and s}, + s;,
fori =0,1,...,7 from s{ 5, s{ 2reee 522505, stg,...,5bs
Spemﬁcally, we can obtain s7 0 —|— sl 1 for i = 0,1,2,3
by 59,45 + 51+43’ obtain Szo + s?l for i = 0,1,2,3 by
sy + (sio + si,): obtain s}y + sj, for i = 4,5,6,7
by si3 4+ (s)_ 40 + 594 1)' and then obtain s?, + s?, for
i=4,506,7 by 599 +( Sio + 57,). We can decode s; g, s
from s 0+s 1ands 0+s 1forz':Ol ., 7 via zigzag
decodlng as follows ‘We can dlrectly obtaln 50 0» and then
subtract 6.0 from $6,0-50.1 to obtain s§ ;, which is subtracted
from 81 o+ 30 ; to obtain 3:1[,0, until all 16 information bits

s 0:S 111 with¢=0,1,...,7 are decoded. We can also decode
E’O, 59, from sw—kszl ‘and s00+ )y, fori=0,1,...,7
with the same method.

Our code construction also permits efficient repair upon the
failure of any single node. We consider the case that node O
fails as an example. Instead of decoding the information bits
of node 0 by retrieving the bits from k£ = 2 nodes, we can
recover node 0 with smaller repair bandwidth by retrieving the
bits from the remaining three surviving nodes. Specifically, we
recover the bits s3, , for £ =0,1,2,3 by

1
500 =501+ 542+54 3)s
b

(

(58,2 + 56,3)
(50,2 + 50,3)s
(s5 )

3@0—561+ s 2+325a

1 1
52,0 5271—# Se 2—!—3

1
540—541+

and s, , for £=10,1,2,3 by

0 _.0 1 1 0
S9¢,0 =S2¢,1 + S20,0 T S2¢,1 T 5242

and then repair the bits s3,,, ; and s9,,, ; for £ =0,1,2,3
by

1 ! 1
82041,0 =52¢,1 T 520412
0 _ .0 0
S2041,0 =S520,1 t 520413

The repair bandwidth is 24 bits, and is equal to the optimal

value in Eq. (1) with (k,d, o, L) = (2,3,2,8). On the other
hand, we can repair the bits in node 1 by

5(1),1 :5(1)70 + (52,2 + 341173),

3;,1 :Sé,o + (58,2 + Sflst,s)v

5411,1 :5411,0 + 5(1),0 + 5(1),1 + (38,2 + 8(1),3)7
5(15,1 ZSé,O + 3%,0 + 5%,1 + (53,2 + 5%,3)7
5901 =590.0 1 5500 + S2p1 + 5909, for £=10,1,2,3,
and

1 1 1
820411 =Sa042,0 T 520422 for £=0,1,2,3,
0 0 0
820411 =S2042,0 T S20423 for £=0,1,2,3.

The repair bandwidth is also 24 bits. Furthermore, we can

repair the bits in node 2 by downloading 24 bits 511,07 s%jl, 5},3
for i =0,1,...,7. Specifically, we can repair 5%,2 by

1 _ 1 1 o
Sio=8io+si_1; fori=0,1,...,8,
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and repair 5§ 5,57 5,...,59, by

0o _ .1 1 1 1 1 .
Sio=Sig+t S0+t si1+Sipa0+ Sipaq fori=0,1,2,3,

0 _.1 1 1 -
Sio=S;3+ S840+ 8i_ay fori=4,50,7.

Similarly, the repair bandwidth of node 3 is also 24 bits, as
we can repair 5?73 by

s9

— 40 0 _
i3 =Siot8_1 fori=0,1,....8,

and repair s ; by

1 _.0 0 0 0 0 o
Si3 =Siya2 T S50+ Si1+ Sipa0 + Sipan fori=0,1,2,3,

s

1 _ .0 0 0 0 s
Si,3 =352 + Si—4,2 + Si—4,0 + Si—471 for 1 = 4, 5,67 7.

In the following, we first present a construction of zigzag-
decodable codes that have asymptotically minimum repair
bandwidth for k data nodes. Then, we propose a generic trans-
formation that can transform any zigzag-decodable codes into
a new zigzag-decodable codes with asymptotically optimal
repair bandwidth for any arbitrary r nodes.

III. NEW Z1GZAG-DECODABLE CODES WITH
ASYMPTOTICALLY MINIMUM REPAIR BANDWIDTH FOR
DATA NODES

In the section, we propose the explicit construction of
zigzag-decodable codes with each node storing one packet
(v = 1), which achieve the asymptotically minimum repair
bandwidth for repairing any data node, while preserving the
zigzag decoding property.

Assume that zigzag-decodable codes have k > 2 data nodes
and r > 2 coded nodes. Each data node stores one data packet
and each coded node stores one coded packet. We identify the
bits in a packet using the coefficients of a polynomial. We can
represent a packet by a polynomial in the binary polynomial
ring Fa[z]. Let so(2),$1(2),...,8k—1(2) € Fa[z] be the k
data packets with size L bits, where s;(z) = Y./ 's; ;20
for j =0,1,...,k — 1. Let sp4+r(2) be a coded packet, for
h=0,1,...,7r — 1, such that it can be expressed as a linear
combination of the k data packets:

Sk+n(2) = cno(2)so(2) + -+ + cnp—1(2)sp—1(2),

with encoding coefficients ¢j, ;(z) being drawn from Fy[z].
If ¢, ;(z) is a power of z, the exponent of ¢, j(z) denotes
the number of right-shifts of the packet s;(z) in comput-
ing the coded packet sy (z). For example, the coefficients
(0,80,1,81,1, - --,5L—1,1) of the polynomial zs;(z) are viewed
as a right-shift of the coefficients (sp1,51,1,...,50-1,1) of
polynomial s1(z).

The encoding coefficients cp 0(2),cp,1(2),...,chp—1(2)
form a vector, which we call the encoding vector of the
associated coded packet. Due to bitwise shifting, the length
of the coded packet is L plus the maximum degree of the
encoding coefficients. The maximum degree of the coefficients
thus provide a measure of the storage overhead.
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Given the k data packets, the r coded packets are computed
as

sk(2) so(2)
skw;l(z) sk,l(z)
where the encoding matrix is
Brxi = [eng (2001 = 7RSS @

The codes with encoding matrix given in Eq. (2) are the
proposed zigzag-decodable codes. Due the bitwise right-shift,
the length of coded packet is L plus the maximum degree of
the encoding coefficients. According to the encoding matrix
in Eq. (2), the length of coded packet is upper bounded by
L+ (r—1)rk=1 —r 4 1. The storage overhead is at most (r —
1)r*=! — 41 which is negligible if L > (r—1)rkF=1 —r41.

A. Zigzag Decoding

In the remaining of the section, let £ be the number of coded
packets involved in the decoding procedure. Consider the ¢ x £
linear system

[co(2),...,co1(2)] = B(2)[s0(2),...,s0-1(2)]%,
where s4(2), ..., s¢—1(2) are packets with L bits, and E(z) =
[zeh’f]géiéiil is an ¢ x ¢ matrix. It is shown in [5] that we can
decode s0(2),...,80-1(2) from co(2),...,ci—1(2) by zigzag

decoding, if
O < eh,j' — eh’j < eh',j’ — eh’,j

holds for all h < i/ and 7 < j'. The above condition is called
increasing-difference property in [5]. For h=10,1,....0—1,
we have

cn(z) = 270s0(2) + 27t s1(2) 4+ - + 2 F g _q(2).

Denote the exponent matrix of E(z) by Egx¢ = [ep, j]ggéiill.

Define w(f(z)) as the lowest degree of terms in f(z) and
Q(f(2)) as the term with lowest degree in f(z). The zigzag
decoding algorithm is briefly given in Algorithm 1. For details,
please refer to [S].

In the next theorem, we show the correctness of zigzag
decoding.

Theorem 1. If one can always find h* and j* in Step 2
of Algorithm 1 when M' # 0, then zigzag decoding can
successfully recover the unknown data packets.

Proof. Recall that e, ; denotes the number of right-shifts of
the data packet s;(z) for the coded packet c,(z). We use
w(n;(z)) to represent the number of coefficients of s;(z)
decoded in the algorithm and 5;(z) be the decoded portion of
sj(#) in each iteration. When 7, (z) = 0, we set w(n,(z)) = L.

In the first iteration, we have w(z®"in;(z)) = en;
and there exists at least one h* € {0,1,...,¢ — 1}
such that w(z°ni*n;«(2)) — w(zin;(z)) < 0 for

all 57 € {0,1,...,¢ — 1} \ {j*} by the assumption.
For each of such h*, we have min{w(z®*in;(z)) —
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Algorithm 1 Zigzag Decoding Algorithm.
Inputs:

Encoding matrix E,.y; in (2), M’ = {0,1,...,¢ — 1},
5h(2) = 0 for all h € {0,1,...,£ — 1} and 7n;(2) =
1+z+...+2 forall j € {0,1,...,0—1}.

Outputs:

Output 5;(z) for all j € {0,1,..

1: if M’ # () then

2:  Find h* € {0,1,...,£—1} and j* € {0,1,...,¢0— 1}
such that w(z** n;«(2)) —w(2°"*-in;(z)) < 0 for all
je{0,1,...,¢—1}\ {j*}. (We can select any pair
of h* and j* if there are more than one pair have been
chosen). If no such A* and j* exists, exit and report
decoding failure.

Let 5;+(2) = 5+ (2) + Q(cp+(2)).
for h € {0,1,...,£—1} do

Let cp(2) = cn(z) + Q(cep+(2)).

Remove from 7;-(z) its lowest degree term. If 7);-(z)
has no more terms, then let M’ = M’ \ {j*}.

1)

AN

w(z 7" N (2)) 45+ jefo.1,...e—13 > 0 and the lowest de-
gree term of the coded packet cp,«(2) is equal to the lowest
degree term of the data packet s;«(z). Therefore, we can
update §;-(z) by §;+(2) = §;+(2) + Q(cp+(2)), and further
subtract the decoded term of s« (z) from the other /—1 coded
packets, i.e., update c,(2) by cn(z) = cn(2) + Q(cp=(2)) for
all h € {0,1,...,£ — 1}. In the iteration, we have decoded
the lowest term of s;-(z) and we can remove from 7;- (2) its
lowest degree term.

By assumption, we can always find at least one h* &
{0,1,...,¢—1} in each iteration such that w(z®+*-i" ;- (z))—
w(z®*in;(z)) < 0 for all j € {0,1,...,4 — 1} \ {7*}.
Therefore, we can decode the lowest degree term among all
the unsolved terms of the data packet s;-(z) from the coded
packet ¢+ (2). Specifically, we can update 5+ (2) by 5+ (z) =
5j+(2) + Q(cp+(2)), and further subtract the decoded term of
s+ (%) from the other £ — 1 coded packets, i.e., update cp,(z)
by cp(2) = cp(2) + Q(cp=(2)) for all h € {0,1,...,¢—1}.
In the iteration, we have decoded the lowest term among all
unsolved terms of s;-(z) and we can remove from 7;-(z) its
lowest degree term.

When 7;-(z) has no more terms, it means that all the
coefficients of the data packet s;-(z) are decoded and we
remove the entry j* from M’. When M’ = (), it means that
all ¢ data packets are decoded and the outputs 5;(z) are the
decoded data packets for all j € {0,1,...,¢ — 1}. Therefore,
all the data bits are successfully decoded and the unknown
data packets are successfully decoded by the zigzag decoding
algorithm. O

Note that when the code is not zigzag decodable, Algorith-
m 1 exits in Step 2. If the ¢ x ¢ matrix satisfies the increasing-
difference property, it has been proved that we can always find
h* and j* in Step 2 [5] and it is zigzag decodable.

Consider that & — ¢ data packets and ¢ coded packets of
the proposed new zigzag-decodable codes are used to decode
the k data packets, where 0 < ¢ < r. We can first subtract
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k — ¢ data packets from each of the ¢ coded packets to obtain
£ packets that are linear combinations of the unknown ¢ data
packets with encoding matrix corresponding to ¢x ¢ sub-matrix
of B, in Eq. (2). By Theorem 1, we can recover ¢ unknown
data packets, if we can always find h* and j* in Algorithm
1. The next theorem shows that the zigzag decoding condition
in Theorem 1 is always satisfied.

Theorem 2. Given k — ¢ data packets and ¢ coded packets
of the proposed new zigzag-decodable codes with encoding
matrix in Eq. (2). One can always recover the { unknown
data packets by zigzag decoding for £ =1,2,...,r.

Proof. We first check that the matrix consisting of the last
r—1rows of E, 1 in Eq. (2) satisfies the increasing-difference
property. Recall that the exponent matrix E, . of the encoding
matrix in Eq. (2) is

0<j<k—1

E.xi, = [ehvj}oghgrq = [hrj _ h]oﬁjﬁk—l

0<h<r—1-
Letl<z<z' <r—-1land0<y <y <k-—1, we have
that

€ty — €ty =2/ — 2 — ('Y — )
=2/ (r¥ — 1Y)
>x(ry/ —rY)
=€py — €zy > 0.

Thus, the matrix consisting of the last » — 1 rows of E,
satisfies the increasing-difference property and we can always
recover the £ unknown data packets if the ¢ x £ matrix satisfies
the increasing-difference property [5].

We only need to consider the ¢ x ¢ sub-matrix of Eq. (2)
consisting of the first row and any other ¢ —1 rows. The matrix
FEy«¢ can be written as

Eoxe = [ena,,J0555001 = [har™ — ha]g28271, O
where 0 =hy < ... <hp_1 <r—1,0<jp<...<jp_1 <
k—1and 1 < ¢ < r. Since €ho,j, = 0, Eq. (3) does not
satisfy the increasing-difference property. However, we will
prove that we still can apply the zigzag decoding on Eq. (3).

After determining g, o1, ..., ay—1 information bits of the
¢ unknown data packets by zigzag decoding, respectively, the
updated lowest degree w(z"=vn; (2)) becomes

w(zivn; (2)) = hat? — hy + oy,

where 0 < ag, aq, ..
the set

Lap—rand 0 <z, y </ —1.Let S, be

min

S, = arg
ye{0,1,...0—

Jy _
1}{hQE?" ha + oy}
If the number of elements in S,, |S;|, is greater than or equal
to 2 for all z, then the zigzag decoding algorithm fails due
to the failure of Step 1. We next prove that the above failure
does not occur by contradiction. The proof is similar to that
given in the proofs of Lemma 1 and Theorem 2 in [5].
Assume that |S,;| > 2 for all x. First, we prove that S, has
the following properties:
1) Sy = S, for ' < x*. That is, the smallest element in
S, is larger than or equal to the largest element in S;«.

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

2) |Se NSpy1| <1, forz=0,1,...,0—2.
3) Uz=0,1,.....—1S; can be partitioned into ¢ disjoint sub-
sets: Sp \ S1, 81 \ So, ..., Svo \ So_1,80_1.
Consider the first property. Let ' < x* and y' € S,r,y* €
S.+, we need to prove that 3y’ > y*. As 3/ € Spr,y* € S,
for all y € {0,...,¢— 1}, we have

hw?"jy’ — hyr + Ay < hx’rjy — ha + Qys @)
Ry 195" — Bge + Qe < hyerdv — hys + Qy. 5)

Recall that the matrix consisting of the last » — 1 rows of
E, ., in Eq. (2) satisfies the increasing-difference property.
For 0 # 2’ < z*, we have

B (ij _ rjy/) < By (ij — r,«jy/)’Vy >y

When 2’ = 0, the above inequality is still hold since 0 <
By (riv — r3v'), Yy > 3. By Eq. (4), we have

Qy — vy < hyr(rPv — i) Wy € {0, ..., 0 —1}.
We thus obtain that
Qyr — vy < hye (170 —170) Vy > o
which can be further written as
By 198" — hys + oy < B9 — hgw + oy, Yy > y. (6)

Eq. (6) means that f(y) = hy«1r/v — hy + y is larger than
f) for y > y'. By Eq. (5), we have f(y) is larger than or
equal to f(y*) for all y, which means that f(y) achieves the
minimum value when y = y*. Clearly, y* is not larger than
y', as f(y) > f(y') for y > y'. Therefore, we obtain that
y <y

The second property follows from the first one. The
third property can be proved by mathematical induction.
We can partition Sp U & into Sp \ &1 and S;. Assume
that Uz=0,1,...m—1S; can be partitioned into Sy \ S1,S1 \
Sayo oy Sm—2 \ Sm—1, Sm—1. We can partition Uy—0 1,... 1mSs
into

SO \ (81 Usm), Sl \ (SZ USHL)7 e 7$m—2 \ (Sm—l Usm)7 Sm
The first two properties imply that for x = 0,1,...,m — 2,
Sa: \ (Sz+1 U Sm) = Sm \Sa:+1'

We thus have proved the third property by induction. There-
fore, we have

£—2
| U:E:O,l,...,ﬁfl S$| :Z |S:r \ Sw+1‘ + |S€71|
=0
SP-14+2=0+1,

which is a contradiction. Therefore, we can always iteratively
decode the information bits by the zigzag decoding method
for all selected ¢ coded packets. O

From Theorem 2, we can decode all the patterns of failures
for the proposed zigzag-decodable codes by zigzag decoding
method.
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B. Repair Process

We present the repair algorithm for any data packet. Assume
that packet f fails, where 0 < f < k—1 and all n—1 surviving
packets participate in repairing packet f. By the h-th row of
the encoding matrix in Eq. (2), where h =0,1,...,r—1, we
have

Sik+h = Si,0 * Si—hr+h1 +  F Si_prk—14p k-1,

fori=0,1,..., L+ hr*~' —h — 1. Thus, we can repair a bit
S5 by

Sik+h T 25;11 Si—hrith,j f=0;

Sithr! —hk+h T Z;:é,j# Sivhrf—hrig 1< f<k—1

(7
When we say a bit s; ¢ is repaired by packet k + h, it means
that we access all the bits in Eq. (7) to recover s; r. Given
integers a and b, let (a), be the remainder of a divided by
b. The repair algorithm is stated in Algorithm 2. There are
some common bits between the bits downloaded by different
packets. Hence, we can carefully choose the packets to repair
the failed bits in order to make the number of common bits as
large as possible in Algorithm 2. This is the essential reason
for achieving asymptotically optimal repair bandwidth of any
data packet. The next theorem shows the repair bandwidth of
one data packet with Algorithm 2.

Algorithm 2 Repair procedure of one data packet failure.
1: Suppose that the packet f has failed.

. for (i),s+1 € {0,1,...,rf —1}. do

Repair s; y by packet £, i.e., by Eq. (7) with h = 0.

cfort=1,2,....,r—1do

for (i),s11 € {trf,trf +1,...,(t+ 1)rf —1}. do
Repair s; ¢ by packet k4 r —t, i.e., by Eq. (7) with
h=r—t.

AN A I

Theorem 3. Assume that L is a multiple of r*. We can repair
data packet f by Algorithm 2 and the repair bandwidth is

nL/r — L/rf+1. (8)

Proof. We first show that packet f can be repaired by Algo-
rithm 2. By Steps 2 and 3 in Algorithm 2, the bits s; ; are
recovered by Eq. (7) with i = 0 when

(1)1 € {0,1,...,70 =1} 9)

and ¢ € {0,1,...,L —1}. As ¢ ranges from 0 to L — 1 and
L is a multiple of 7/*1, (),;41 is uniform distributed over
{0,1,...,77*1 — 1}, Thus, the total number of bits s; ; that

are recovered by Eq. (7) with h =0 is rf% rf =L/r.
By Steps 4 to 6 in Algorithm 2, for t =1,2,...,r — 1, the
bits s; ¢ are recovered by Eq. (7) with h = r — ¢ when
()yrr € {trf o trf + 1, (t+ 1)rf =1} (10)

and ¢ € {0,1,...,L —1}. As (i),s+1 is uniform distribution,
the number of bits s; ; that are recovered by Eq. (7) with
h=r—tfort=1,2,...,r—11is (r —1)L/r. Since

{rf o+ Dl =1y {1 =1 =0
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for 0 <t =#t <r—1, the indices of all the bits in packet f
are distinct and all L bits are recovered by Algorithm 2.

Next, we calculate the repair bandwidth of packet f by
Algorithm 2. First, consider the case of 1 < f < k — 1. We
first download L/r information bits s; ; for j = 0,1,..., f —
1,f+1,...,k—1 and L/r parity bits s, with indices in
Eq. (9) in Steps 2 and 3. Then, we only need to download the
bits in Steps 4 to 6 which have not downloaded in Steps 2 and
3. Consider the needed information bits s; (,—¢),s —(r—t)ri
with j = 0,1,...,f —=1,f+1,...,k — 1 in Steps 4 to 6,
where ¢ are in Eq. (10). Given ¢, the index of the needed
bit S; 1 (r—t)rs —(r—typi; 181 =i+ (r — trf — (r — t)rt. If
(i")s+1 € {0,1,..., 7/ —1}, then we do not need to download
the bit s;s ;, as it is downloaded in Steps 2 and 3. Otherwise,
it should be downloaded.

We first consider the bits s,/ ; for 7 = 0,1,...,f — 1. If
(i),s+1 = trf, then there exists an integer m such that i =
mrf*1 + trf. Thus, we have

(i) pr+r =(i + (r —t)rf — (r —t)r7), 101
=T —(r—t)yrfas f>j—1.

By repeating the above procedure for (i),s;+: = trf +
1,...,(t+1)rf — 1, we can obtain that
(i) s = I — (r = t)rd P — 1
0,1,....,r  —(r—t)ri -1 (11)

when (i),s+: runs from ¢r/ to (¢ + 1)rf — 1. Thus, the bits
siy; with 7 = 0,1,...,f — 1 and 4’ in the union set of all
the values in Eq. (11) are needed, and the union set of all the
values in Eq. (11) is

{rf T — (= D)rd, T 10,0, =T 1,

which can be rearranged as

{0,1,...,0F —¢f =17/ F —(r =D)L T 1) (12)

Since rf — 7t —1 <rf — 1</ — (r —1)r9,

{0,1,....rf =07 — 1P — (=)t T -1}
MO Lot =1} = (74— (= e - 1),

We only need to download (r — 1)Lr’~f information bits
sy,; from packets j for j = 0,1,..., f — 1 with ()41 €
{r/+ —(r = 1), ..., rfT1 — 1} in Steps 4 to 6.

By applying the same procedure to the information bits s;/ ;
with j=f+1,f+2,...,k—1, we can prove that

(i,)rf+l = O,l,...,’l"f -1

when (4),s+1 runs from tr/ to (¢ + 1)rf — 1. In this case, all
needed bits have already been downloaded in Steps 2 and 3
and we thus do not need to download bits from packets j for
i=f+1,f+2,...,k—1in Steps 4 to 6.

We can count that the total number of bits downloaded from
k 4+ r — 1 packets to repair the data packet f is

f-1
kL/r+ (r—1)L/r+ Z(r — 1)L~ =nL/r — L/rf+,
j=0
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which is equal to Eq. (8). When f = 0, we can show that the
repair bandwidth is (n — 1)L/r with the same argument. [J

By Theorem 3, the repair bandwidth increases when f
increases. When f = 0, the repair bandwidth is (n — 1)L/r,
which achieves the lower bound in Eq. (1). When f =k — 1,
the repair bandwidth is

nL/r — L/r* <nL/r,

which is strictly less than —"5 times of the value in Eq. (1).
Therefore, the repair bandwidth of any one information failure
can achieve the optimal repair in Eq. (1) asymptotically when
n is large enough.

IV. A GENERIC TRANSFORMATION FOR
Z1GZAG-DECODABLE CODES

A zigzag-decodable code contains k data packets
s0(2),81(2), ..., 8p—1(2) and r  coded  packets
sk(2), $k+1(2),y - -+, Sg+r—1(2), where each node stores o = 1
packet. We call k + r packets so(z),51(2), ..., Sptr—1(2)
as a codeword of the zigzag-decodable code. Note that the
repair bandwidth of zigzag-decodable code is sub-optimal.
In order to minimize the repair bandwidth of this code, in
this section, we present a generic transformation that can
convert a zigzag-decodable code into a transformed code with
minimum repair bandwidth for a set of any r nodes. For ease
of presentation, we assume that the chosen r nodes are the
last r nodes in the following.

We first provide a brief overview of the proposed
generic transformation. In the transformed code, each n-
ode contains r packets. We first generate r codeword-
s 56(2),51(2),..., 84y, 1(2) of a zigzag-decodable code
according to the r x k data packages we want to en-
coded in the transformed code, where ¢ is the index of
the r codewords of a zigzag-decodable code and ¢ =
0,1,...,7 — 1. Note that the r x k data packages are in
s6(2),85(2),...,s4_1(2), where £ = 0,1,...,7 — 1. The
packets sf,(2), sf,1(2), ..., s, _1(2) are called intermediate
packets as they are used to compute the coded packets stored
in coded nodes of the transformed code. Specifically, the r
intermediate packets s,(2), sg,1(2), ..., s} ,_(2) are com-
puted by the multiplication of & data packets [s§(z), s{(2), .. .,
st_1(2)] and a specific encoding matrix such as the matrix
in Eq. (2). We can represent the r(k + r) packets of the
r codewords by an r x (k + r) array, where the entry in
row £ and column j is s%(z) with £ = 0,1,...,7 — 1 and
7 =0,1,...,k 4+ r — 1. Data node j stores r data packets
in column j of the array, where j = 0,1,...,k — 1. In order
to enable minimum repair bandwidth of each coded node, we
should store the r coded packets in coded node which are
linear combinations of the chosen intermediate packets. By
Eq. (1), the minimum repair bandwidth of repairing the failed
r coded packets in a coded node is k + r — 1 packets when
d = k +r — 1. In the repair procedure, we first download
k data packets in a row of the r x (k + r) array (within a
codeword) from k data nodes to retrieve the r intermediate
packets in the same row of the r x (k + r) array, and then
download r—1 coded packets from other surviving r—1 coded
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nodes to recover the failed r coded packets, which achieves
the minimum repair bandwidth. Therefore, we should carefully
design the linear combinations to satisfy the following two
requirements: (i) we can recover the failed r coded packets
from the downloaded r — 1 coded packets and k data packets
within a codeword; (ii) we can retrieve all data packets from
any k nodes, i.e., the transformed codes satisfy MDS property.
Note that the size of coded packet is no less than L.

Let m; be the length of packet sﬁ(z), where j =
0,1,...,k+r—1.Whenj =0,1,...,k—1, wehave m; = L
and when j = k,k+1,...,k+r —1, we have m; > L.
Denote the packet sf () with length m; by column vector
S5 = [56,,81,s-+++5m,_1,;] - Suppose that m; is an even
number in the following, otherwise, we add a zero at the head
of s;, ie.,

Sj = (0,805, 81,55+ Smy—1,5]-

We also assume that L is an even integer. In order to enable
optimal repair bandwidth for the last r nodes, we need to
replace some entries in the r X r square matrix by a linear
transformation. On the other hand, in order to make sure that
the repair bandwidths of the first £ nodes of the obtained
transformed codes are the same as those of the underlying
codes, we need to carefully design the linear transformation.
The following definitions are used in the transformation.

Given a column vector s; = [sg,;, 51,5, -, 5m,—1,5] With
length m; being an even number, we define §; as

S; =|[s Lo+ ey S —L—1.7580.75 1.7y« -
,] [ m2 . mj +1,] yom L 1,]7 0,]7 1,J7 9
Smjzi 71’j’$mj*%vj’smj*%+17j""’SMJ—LJ"S’"J‘—LJ?
T
—L+17.7'""’Smj—§—1,j] y when m; >L,
S; :[smjfg,j7sm17%+1,j7 o '7S’mjfl,jvsmjfL,jvsmjflA»l,j»

.S when m; = L,

L »]T
mj—5 =141 >

and define s; as

S; :[30¢j751,j7--~,Sm]'fL_lj707~~-70,3mj—L,j7
o) )
™m;j —L
L5
", wh L
Sm_jfL+1,j7~~~35m]-7%71,j707~"30] , when mj; > L,
L
2
§; =[s i\ S i s 0 0]", when m; = L
j —ISmj—L,jsSmj—L+1,55---> mj_£_17j7 P ) J = -
2 N——

ol

For example, when m; = 6 and L = 4, we have

1",

21 1 1 1 1 1 1

S; [31,1730,1734,1a55,1a52,1a53,1
5l 1 1 1 T
S [50,13();52,1353,130;0]

The definitions of §; and §; are used in designing the linear
transformation that is used to replace entries of the r X r matrix
to enable optimal repair bandwidth of the last r nodes. The
summation of two column vectors s;,s3 both with length m;
is defined by

1 2 _ 7.l 2 1 2 sk T
8; @8] = [0, + 50,5515+ 51502 Sy 5 T Sy ]
For j = 0,1,...,k — 1, data node j stores r vectors
s(]), sjl, ,s;_l, where each vector has L bits and there are in
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total 7L information bits. The rm; parity bits stored in each
coded node can be created by the following three steps.

1) Cyclic-right-shift ¢ positions of the ¢-row (¢ =
0,1,...,7 — 1) of the following r x r matrix
0 0
Sk 51f+1 Sk+7—
pl Sk Skt Sk+r 1
TXTr T . .
r—1 r—1 r— 1
Sk Sk+1 Tt Sk
to obtain the matrix
0 0 0 0 0
) Sk Sled Sllc+2 Sllc+'r72 Sllc+r71
5 Sktr—1 Sk Skq1 Sk4r—3  Sk4r—2
P = . . . . :
r—1 r—1 r—1 r—1 r—1
Sk+1 S/c+2 Sk+3 7 Sgyr—1 Si

2) Recall that (a), is the remainder of a divided by b. For
i,7 € {0,1,...,r—1}, the entry in ¢ row and j column
of the matrix P?,, is s}, (, ;. Wheni+j <r—1,
replace the entry in ¢ row and j column of the matrix
Pl bY St (i), ©815 (i, Whenitj > r—1,

replace the entry in ¢ row and 7 column of the matrix

TXT by Sk+(rfi+j)7 @SH( —it3)r @g;ﬁ% —]z+g),,: The
resulting matrix P, . is given in Eq. (13).

3) The rm; parity bits p],pj,...,pg ! stored in coded
node j are the 7 entries in column j of the matrix P2, .
for j =0,1,...,r—1.

Note that the storage overhead of the transformed codes is the

same as that of the original zigzag-decodable codes.

Given columns j; and j2 (jo > j1 > 0) of the matrix

P32, in Eq. (13), the entry in row 7 — 1 —j; and column j, is
ar—(1+31) sr—(1+71)

s (1+32) 5 S
k+(14+j1+72)r k+(14+j1+72)r k+(1+] +j2)r°
—(1+72) ®s
)

row r—1—js and column j; is Sk+(1+gl+j2 )

The next lemma shows that we can obtain SZ;(i
ST*(1+j1)
k+(1+j1+752)r

Lemma 4. The following statements are valid.
1) Sk+tz and sk_wfrom SkH@SkH and sk+f@sk+€®sk+l’
2) Sk+e & Sk+€ from Sp4e and Sppe @ s,CH ® skH,
3) SI@H ® SkH@ skM‘from skH and sy, , @ Sk+€’
J aJ =7
4) sy, from S, © S,

and the entry in
r—(1+j1)
Skt (1451 +72)r”

+32)
+j1472)r and

from the two entries.

i i J
Proof. C(_)n51der _the first statement. From s;,, & s;,, and
i aJ = :
Shy¢ D Sy, ¢ D Sy, We can obtain

Stkte 8] g for 0 <t <mype—1,

i Mpte — L
J
Stk+é-|—5M tk+f+8t”“” for0<t< ——M— —1,
i j Myte — L
Sy oo + 5 Mo~ L for ———— <t <mpye— L —1,
t— —EEE ke 2

' j ; L

7 7 J
St ke 1+ 8 L +s for mpse — L <t <mpgse— = —1
T gL, T Ttk 5 ~ L

L
Stk+g+5 formk+e—§§t§mk+g—1.

t+L k+e
mgte—L
We can first compute smkH L for0 <t < 5 1
by
i J i J J
(8t ke T 5L pge) + (St pre + Smpge=t o, T St hae)
5 ,
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9
0 r—1 0 r—2 0 1 0
) Sy, © 8, . Sleﬂ ® Sk72L1 Sk+r7% D Spyr_2 . Sllc+r71 )
r— r— & S
Skyr—1 DSk S D sy, Sktr—3 Skyr—2 DSk 0 DSy, o
. . . (13)
r—2 r—1 r—2 1 AT—2 =r—2 0 Ar—2 —r—2
sk+2@fk+2 , skJr:13 X ) sk@skl@sk . skgl@sk#@sk#
r— r— ar— Sr— ar— ST— ar— ST
Sk+1 Sky2 DSk DSy o Shtr—1 DSy 1B Sp S, @8, DSy
; —L . .
and compute slmkH,L C s for 0 <t < % — 1 by column jq, for £ = 2,3, ...,k —t. Recall that the entry in row
—t,k+ . .. — (147 .
> r — 1 — j; and column j; is SZ+211§;1) . We obtain
. . . e
j i J
s L + (S'mpyo—t +s L )
e Lk L Ay N Mmete L ’
2 tk+e 2 wt 2 tk+t {sr*(1+j1) ST*(1+j1) Sr*(lJrjl) }
k4+(14251)7 Tk+(14g14+72)» "7 Tk (4d14dk—t)r

Let t/ = mk%ﬂ — ¢, we can obtain that

=1, ML
whent =0,1,..., m’“%ﬂ—l. That is to say, we have already
computed the bits s; ,, and Sy fort =12, mel
We can compute s{ ., by Si”"“rj*L,kM + (Sim’“gf’L,kH +
53 ¢)» and compute sf ., by sg 4y + (8440 + 50 pre)-
Then, we compute Si,k+€ for "”“J“TPL <t<mpye—L—1

by

J i J
S _ + (s + s
t,ynk%‘eb7k+e ( t,k—‘r@ t

),

mpppe—L
— kA ke

ands{’,ﬁe for%ﬁtﬁmkﬁ—[/—lby

i 4 J
St ke T (St,k+€ + 5t,k+e)~

The other bits of s}, , , and si ¢ can be computed by repeating
the above procedure for myy, — L < t < myyp. We can
compute s}, , and sj, with 3mj,, XORs ir.1vqlved.

The other three statements can be proved similarly. O

In the following, we show that the transformed codes also
satisfy the MDS property, if the original zigzag-decodable
codes satisfy the MDS property.

Theorem 5. The transformed codes satisfy the MDS property
if the zigzag-decodable codes satisfy the MDS property.

Proof. The transformed codes satisfy the MDS property if any
k out of n nodes can reconstruct all the information bits. It is
equivalent to show that the k£ data nodes can be reconstructed
from any ¢ data nodes and any k — ¢t coded nodes, where
max{0,k —r} <t < k. When ¢t = k, we can obtain the k
data nodes directly.

In the following, we consider the case of ¢ < k. Suppose
that data node 41, 49,...,7; and coded nodes ji, jo, ..., Jr—¢
are selected with 0 <i; < ... <4 <k—1and 0 < j; <
co. < Jg—t <r—1. The entry in row » — 1 — j; and column

; ix P3 r—(1+j2) g7 —(1+i1)
j? 0<f1f1'e>>matr1X o k(L4 +g2)r & Skt (L1 +52).
—(r— J1))* .

k+(1J(rf-1+j)2)r, while tl(lle en)try in row 7 —1— j5 and column j;

co T (172 r— (1471

18 Sjot (1471 452)r O Skt (141 42)r

s”’*(1+J2) and Sr7(1+gl)
k+(1+j1+352)r k+(1451+52)r

wr 15 8

. By Lemma 4, we can obtain

from the above two entries.

s i T (1de) r—(1441)
Similarly, we can obtain Skt (141 +de)r and St (144140 ) from

the entries in row r» — 1 — 77 column j, and row r — 1 — j,

together with the data vectors in row r — 1 — j; and data
nodes i1, 19,...,%, we can compute all other data vectors in
row 7 — 1 — j; according to the MDS property of the zigzag-
decodable codes.

By the same argument, we can recover all data vectors in
rows r—1—ja, ..., r—1—j,_+. Once the vectors in rows r—1—
j2,...,7—1—7j,_, are known, we can recover all other vectors
similarly, followed by solving the unknown packets according
to the MDS property of the (k+r, k) zigzag-decodable codes.

O

The idea behind the proof of Theorem 5 is similar to
the proof of Theorem 1 in [10] and Theorem 1 in [24].
The technical difference is that our linear transformation is
designed for zigzag-decodable code but the transformations in
[10] and [24] are designed for non-binary MDS codes and
binary MDS codes, respectively. The next theorem shows that
the r coded nodes of the transformed code are with the optimal
repair bandwidth.

Theorem 6. The r coded nodes of the transformed codes are

with the optimal repair bandwidth.

Proof. For 5 = 0,1,....,r — 1, we show that we

can recover coded node j by accessing k vectors
r—1-—j3 _r—1—j r—1—j . : -

Sy .81 y-+-y8;_7 © and 7 —1 entries in row r — 1 —j

of the matrix P32, . except the entry in the failed column j.

- —1—j r—1—j —1-j

By accessing s, ’,s]  7,...,s,_; ’, we can compute
r—1-—53 r—1—j r—1—j . . r—1—j

Sy +Spy1 “s---3Spyp_1- With the obtained Skt (1429),

and the accessed r — 1 entries in row j of the matrix P2,

except the entry in the failed column j, we can compute all r
vectors in parity column j by Lemma 4. O

We show in the next theorem that the repair bandwidth of
both the original zigzag-decoded codes and the transformed
codes is the same if the repair process of a data node satisfies
some condition.

Theorem 7. In the (k+r, k) zigzag-decodable codes, suppose
that we can repair node f by downloading the bits s; ; for
alli € S;and j = 0,1,...,f =1, f+1,....k+r—1,
where 0 < f < k —1 and S; denotes the set of indices of
the downloaded bits from node j. Then, we can repair node f
of the transformed codes by downloading sf7 j for all i € S,
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£=0,1,...,7—1, 7=0,1,..
the following bits

Lf-Lf+1,...,k—1, and

p?,07V7: S Sk:
pzl,0>\v/i € S/ﬁLT*l

p?,r717Vi S Sk-H"—l
p%,r—bv’i S SkJrT*?

Py 1, Vi € Sk
pii, Vi€ Sk

pl 0 ,VZ € Sk+2 pIEQ,V’L‘ € Sk+s pl e 17VZ € Sk+1

Pio Vi€ Siyt p;]l,Vi € Sk+2 pwfl,Vz € Sk
from nodes k. k+1,....k+r—1,1if

. L . ] L

2—1-5 € Sk+j, Vi € Spj andmj—nggmj—g—l,
where j =0,1,...,r — L
Proof. Givenj =0,1,...,7r—1,fori € Sp4; and m; — L <
1< m j — % — 1, the bits downloaded from p{,, Vi € Sy and

Pi L,Vi e Sy, are

0o _ .0 r—1
Dio =Sik TS

0 _ .0 r—1
PivL o =SipL T 5L
and
0 r—1
pzr 1 Szk+si+%k7
r—1 _ r—1 r—1
Piyr . *5i+%,k TS T Sk

respectively. We can first compute 5221 by

r—1

r—1
Sik

:pl+L0+pz+£r 1’

and then compute s? & by si K =Dlo+ si.". Finally, we can

r— 0
compute s, +L ! & and s, ., by
r—1 _ .0 r—1
Si-‘,—%,k - Si,k +pi,r—17
and
0 _ r 1
SivLk T Sip L +pz+L 0

respectively. Similarly, we can compute

P 1-j2
zk+(1+31+32) ’
r—1—js
i+ 4 k+(1+d1442)

Pl 1-7j1

S e (14+j1472)0

r 1—71
'L+g7k’+(1+]1+]2)

from

r—1—j1 r—1—j1

r—1—j2
=S.
+s z+§,k+(1+]1+gz)r

D 4, i k(1441 +72)r
r—1—j1 _ r—1—j2
i+ Lo Ttk Lkt (14jitde)r
r—1—j1
ik (141 +52)r
172

=5, Jk+(1451+752) - +s
r—1—j2
i+% b+ (1+71+52)r

r—1—j1

p Sid L kb (14jr+ia) T

S
r—1—j1
8 e+ (14+51+52)00
P 1—j1
z+§,k+(1+11+32),

r—1—7j2
va]l

r—1—ja __

pi+%,j1

for jo > j1 2 0,4 € Skt (1441442), A0 M(14j,4j5), — L <
U< M1 441 442)y — % — 1. We thus obtain the bits sf’j for all
1€8;,j=kk+1,...,k+r—1and£=0,1,...,r—1. Recall
that we can recover sg ¢, S1,¢,...,55—1,f by downloading the
bits s; ; forall 7 € S; and j =0, 1,. ..7f Lf+1,...,k+
T — 1 Therefore, we obtain the bits s ; forall i € SJ, Jj=

R 1,f—|—1,...,k+r—1and€—01 ,r—1,
and all the bits in node f can be recovered. O
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In the repair process of the transformed codes, the bits
downloaded from nodes k,k + 1,...,k + r — 1 are linear
combinations of the needed bits in repairing a data node. We
need to solve the needed bits from the downloaded bits of
nodes k,k+1,...,k+r—1 in order to achieve the sam repair
bandwidth of the original zigzag-decodable codes. In Theorem
7, we give the condition under which we can solve the needed
bits from the downloaded bits of nodes k, k+1,..., k+r—1.
Although our transformation is designed for zigzag-decodable
codes, it is also applicable for MDS array codes. We only need
to make the length of both data packets and coded packets be
the same when apply the transformation for MDS array codes.

V. CONSTRUCTIONS OF ZIGZAG-DECODABLE
RECONSTRUCTION CODES

In Section III, we present a construction of zigzag-decodable
codes that can achieve asymptotically optimal repair band-
width for repairing any data node. In this section, we propose
two explicit constructions of zigzag-decodable reconstruction
(ZDR) codes that can achieve asymptotically optimal repair
bandwidth for not only any data node but also coded node. The
first constructed ZDR code is obtained by directly applying
the transformation in Section IV for the code in Section III.
The second constructed ZDR code is obtained by recursively
applying the transformation in Section IV for any zigzag-
decodable code.

A. The First Construction

The proposed ZDR codes contain £ > 2 data nodes and
r > 2 coded nodes. Each data node stores r data packets
and each coded node stores r coded packets. For easier
understanding, we divide the encoding process into two steps.
First, we generate r instances of zigzag-decodable codes with
the encoding matrix in Eq. (2). Second, convert the obtained
zigzag-decodable codes with the encoding matrix in Eq. (2)
into the transformed codes by the transformation given in
Section IV.

According to Eq. (2) and the transformation, the length
of the vector pj,; is L + jr*~' — j. The proposed ZDR
codes is denoted by ZDRl(k r). To differential vectors
pkﬂ and skﬂ, we call skJr as intermediate vector and
pL +; as coded vector. By the transformation in Section IV,
ZDRl(k r) has the same storage overhead as that of the
zigzag-decodable codes, the storage overhead of ZDR4 (k,r)
is at most (r — 1)r¥=t — r 4+ 1 that is negligible when
L> (r—1)rkF1 —r41.

For example, when (k,
packets s0(z), sg(2), s7(2),

r) = (2,2), we have four data
s1(2) and the encoding matrix is

-

2ol-1 )]
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where ¢ = 0,1. Then, we can compute four coded vectors
stored in two coded nodes as

0_.0 1
P2 =s; sy,
0_.0
pS _537
1 _ 1
p2 *ng

1_0 ol o sl
P3 =S ©S; @ S;.

The example given in Section II is exactly the example of the
proposed codes with (k,r) = (2,2).

According to Theorem 5, we can decode all data packets of
ZDR4(k,r) by zigzag decoding from any k nodes. Further-
more, according to Theorem 6, we can repair a coded node
f by downloading all £ + r — 1 packets in row f and the
repair bandwidth is optimal. Recall that the repair algorithm
of data node f of the original zigzag-decodable codes is given
in Algorithm 2, and the repair bandwidth of each data node is
asymptotically optimal by Theorem 3. In Algorithm 2, if a bit
Sik+; in node k + j with 7 = 0,1,...,r — 1 is downloaded
to recover node f, then s;,1/3 x4; is also downloaded in
the repair process, as L is a multiple of k". Therefore, the
condition given in Theorem 7 is satisfied, and we can recover
data node f of ZDR(k,r) with asymptotically optimal repair
bandwidth.

B. The Second Construction

The second construction of ZDR codes is designed by
recursively applying the transformation for a zigzag-decodable
code. In the following, we take an example of zigzag-
decodable codes with the encoding matrix given as

1 z e Zk_l
E,. = _ (14)
i Z'r"—l Z(r—l.)(k—l)

to show the construction.

By applying the transformation for the r coded nodes of
the zigzag-decodable code with the encoding matrix given in
Eq. (14), according to Theorem 5, we can obtain a transformed
code that can be decoded by zigzag decoding from any %k nodes
and, according to Theorem 6, has minimum repair bandwidth
for r coded nodes. We can also apply the transformation
for the chosen r data nodes of the above resulting codes
such that, by Theorem 5, the newly transformed code has the
zigzag decoding property. Furthermore, by Theorem 6, it has
minimum repair bandwidth for both the chosen r data nodes
and r coded nodes. By applying the transformation recursively
for [@] times, we can obtain the transformed ZDR code,
denoted by ZDR2(k,r), that has minimum repair bandwidth
for all nodes. Note that in ZDRy(k,r), o = r[*1. The
storage overhead of the original zigzag-decodable codes is
(r—1)(k—1). As ZDRy(k, ) has the same storage overhead
as that of the original zigzag-decodable codes, the storage
overhead of ZDRy(k,r) is also (r—1)(k—1) that is negligible
when L > (r —1)(k —1).

We present an example of (k,r) = (2,2) to illustrate the
construction process. First, we choose a zigzag-decodable code

http://dx.doi.org/10.1109/TCOMM.2020.3011718

TABLE II: Codes with (k,7) = (2,2) by applying the
transformation for the two coded nodes.

Node 0 | Node 1 Node 2 Node 3
sJ sy s) & st sJ
S S s [ Sesies)

TABLE III: Example of ZDRy(2,2).

Node 0 Node 1 Node 2 Node 3

U 2 0 0ol 0

0% = R

SOE.;SO iy 52®S§®S2
B e
ST Sg DSy DSy S3 s; B S; O Sy

with (k,r) = (2,2). Given two data vectors s, s;, we com-
pute two coded vectors ss,s3 of the zigzag-decodable code
such that any two vectors can retrieve the two data vectors.
Second, we apply the transformation for the zigzag-decodable
code to obtain the transformed code in Table II. Finally, we
obtain the ZDR4(2,2) by applying the transformation for the
code in Table II, and ZDR2(2,2) is shown in Table IIL

We can recover all the data vectors from any two nodes in
this example. From the first two nodes, by Lemma 4, we can
obtain s, s}, s3 and s3 from

0me? almed 0 ma2ma? ol madmad
So © 8,80 D Sg,Sp D Sy D Sp, 89 D Sy D Sp-

Similarly, by Lemma 4, we can compute all the data vectors
from nodes 2 and 3. Now we consider the decoding from nodes
1 and 2. We can first compute s} and s} from two vectors s}
and s}, as the original zigzag-decodable code has the MDS
property. Then, we can compute s3 by si @ (s @ s3), together
with s?, we can compute s and s3. After computing §3 &S] by
subtracting s} from s} @83 @83, by Lemma 4, we can decode
s3 from 83 @ s3. We thus can compute s? and s from s3
and s3. The two vectors s2 and s7 can be computed similarly.
With the same argument, we can decode all the data vectors
for other cases.

Next, we demonstrate that we can repair any one node
by downloading two vectors from each of the other three
nodes, where the repair bandwidth of any one node is optimal.
Assume node 0 fails, we can recover the four vectors in node
0 by downloading the following six vectors

0ma2ma? ol ;mad mad o2 ad o8 o2 o2 ad o3
So D Sp D 8,80 D Sy D 8y, 83 D $3,83, 83,85 DSy DSy

First, by Lemma 4, we compute s3 and s3 from s & s3 and
s2 @ 83 @ §3. Then, we compute s3,s? and s}, s} from s, s3
and s3, s3, respectively. Finally, we recover s§&s3 and s &s}
2 50 1 a2 o a2 R .
from s§, sg @ S5 @ S5 and s3, sy @ S5 @ S, respectively.
Similarly, we can repair node 1 by downloading six vectors

002 08 0mol o1 0 0,04l oal
So © 8y, 8y D Sy, Sy D Sy, S3,83,8; DSy D Sy,

repair node 2 by downloading

T3 o3 ol o3 20 mal mal o2 5 a3 <3
So @ 8q,S1,83,83,85 D Sy D Sy,85 DSy DSy,

and repair node 3 by downloading

0ma2 2 0 0ma2ma? 0ol o2l
So & 80,81, 81,80 D Sp D S, Sz D 83,8, D S5

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

C. Other Constructions

There exist other constructions by employing the trans-
formation given in Section IV for a zigzag-decodable code
with asymptotically minimum repair bandwidth for some data
nodes. Specifically, we can first construct a new zigzag-
decodable codes that have asymptotically minimum repair
bandwidth for the first v data nodes by designing an encoding
matrix, where k£ > v > 0. Then, we can employ the trans-
formation with for the zigzag-decodable codes with [WT_V]
times. We can show that the transformed codes also have
asymptotically minimum repair bandwidth for all nodes, as
in the transformed ZDR1(k,r) codes in Section V-A.

VI. COMPARISONS

In this section, we compare in the decoding complexity and
storage overhead of the proposed ZDR codes with other related
codes, such as MDS codes with exactly or asymptotically
minimum repair bandwidth in [10], [11], [18], [24].

Table IV shows the comparison of existing high code rate
MDS codes with asymptotically optimal repair bandwidth or
exactly optimal repair bandwidth with the proposed ZDR
codes. Suppose that r data nodes are erased and we define
the decoding complexity as the ratio of the number of XOR
operations involved in recovering the erased r data nodes to
the number of packets stored in a node. In ZDR4 (k,r), each
node contains r packets. We need to recover the erased r2
data packets from the surviving k — r data nodes and r coded
nodes. First, by Lemma 4, we can compute 7(r — 1) coded

packets from @ pairs of linear combinations and it takes
w XORs.! Then, we subtract r(k — r) data packets

in k — r data nodes from the obtained r? coded packets
and it takes (k — r)r?L XORs. Finally, we can recover the
erased 72 data packets in 7 data nodes by solving r linear
systems each of size r x r by zigzag decoding and it takes r3L
XORs. Therefore, the decoding complexity of ZDR4 (k, ) is
O((k—r)rL+72L). Similarly, we can show that the decoding
complexity of ZDRy(k,r) is also O((k — r)rL + r2L).
Since the decoding complexity of the existing MDS codes in
[10], [11], [18], [24] is O((k — 7)rL? + r2L?), the proposed
ZDR codes have less decoding complexity than the other
existing MDS codes listed in the table. Note that the lower
decoding complexity of ZDR codes is obtained at a cost of
the storage overhead. The storage overhead of ZDR4(k,r)
and ZDRa(k,7) is (r — D)r* "L —r + 1 and (k- 1)(r — 1),
respectively. When the packet length L is sufficiently large,
then the storage overhead is negligible.

VII. CONCLUSION

We propose ZDR codes with any k > 2 data nodes and
any r > 2 coded nodes. We present two explicit constructions
of ZDR codes that have asymptotically minimum repair band-
width for all £+ r nodes. Compared with other related codes
with exactly or asymptotically minimum repair bandwidth, the
proposed ZDR codes have the zigzag decoding property and

"When L is large enough, the additional storage overhead is negligible and
the size of a coded packet is roughly L.
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thus have less encoding complexity and decoding complexity.
However, the proposed ZDR codes only have efficient repair
bandwidth for d = k + r — 1, i.e., all the surviving nodes
are connected to repair the failed node. How to design ZDR
codes with asymptotically minimum repair bandwidth for
more flexible parameters (k +1 < d < k+r — 1) is our
future work.
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