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Abstract—Universal coding of integers (UCI) is a class of
variable-length code such that the ratio of the expected codeword
length to max{1, H(P)} is bounded by a constant factor, where
H(P) is the Shannon entropy of the decreasing probability
distribution P. However, if we consider the ratio of the expected
codeword length to H (P) for UCI, the ratio tends to infinity when
H(P) tends to zero. To resolve this issue, we introduce a class
of codes, called generalized universal coding of integers (GUCI),
where the ratio of the expected codeword length to H(P) is
bounded by a constant factor K.

First, the definition of GUCI is proposed. The coding structure
of GUCI is introduced. Next, we propose a class of GUCIs C to
reach the expansion factor K¢ = 2, and we show that the smallest
minimum expansion factor is in the range 1 < K™ < 2. Then,
by comparing UCI and GUCI, we show that when the entropy
is very large or P(0) is not large, there are also cases where
the average codeword length of GUCI is shorter. Finally, the
asymptotically optimal GUCI is presented.

Index Terms—Universal coding of integers, Source coding, and
Elias coding.

I. INTRODUCTION

There are three major categories of lossless source coding:
variable-to-fixed length (VF) codes (e.g., Tunstall code [2]),
fixed-to-variable length (FV) codes (e.g., Huffman code [3]),
and variable-to-variable length (VV) codes (e.g., Khodak
code [4, 5]). As their name implies, VF codes encode a
variable-length sequence of source symbols into a constant-
length codeword. FV codes encode a constant-length sequence
of source symbols into a variable-length codeword. In particu-
lar, variable-length codes map the source symbols to a variable
number of bits, which is the most important type of FV code.
VF and FV codes are special cases of VV codes; the main
study of VV codes has been focused on redundancy rates [4—
71.

Universal coding of integers (UCI) is a variable-length code
(i.e., a type of FV code) for discrete memoryless sources with
infinite alphabets, and the probability distribution of sources
does not require prior knowledge. In 1968, Levenshtein [8]
proposed the first UCI, although UCI was not yet defined. In
1975, Elias [9] established the fundamental framework of UCI.
Elias considered discrete memoryless sources S = (P,.A)
with a countable alphabet set A = N* = {1,2,3,---} and
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a decreasing probability distribution (DPD) P of N* (ie.,
> P(n) = 1, and P(m) > P(m + 1) > 0, for all
m € N*). Let H(P) = — %", P(n)log, P(n) denote the
Shannon entropy of P. Let C be a variable-length code for
the source S = (P,NT); it maps the positive integers NT
onto binary codewords {0,1}*. Let L¢(-) denote the length
function such that L¢(m) = |[C(m)|, for all m € N*t, where
C(m) 1is the corresponding codeword of m. Furthermore,
Ep(Lc) = Y07, P(n)L¢(n) denotes the expected codeword
length of C. We say that C is universal if

Ep(Lc)
max{L, H(P)] = ¢
for all DPDs P with H(P) < co. K¢ is called the expansion
factor of UCI C, and K} £ inf{K¢ |V DPD P and H(P) <
oo} is called the minimum expansion factor of UCI C. More-
over, C is called asymptotically optimal if C is universal and
there exists a function Re(-) such that

Ep(Le)
ﬁfﬂp)} ch(H(P)),

for all DPDs P with H(P) < oo and

(D

2

lim

H(P))=1.
H(P)—>+ooRC( (P))

UCI has two main categories [10], namely, the message
length strategy and the flag pattern strategy. The 7y, § and w
codes proposed by Elias [9] are associated with the message
length strategy. With this strategy, UCI is the main recursive
code used to minimize L¢(m) for large m € N. For example,
two classes of UCIs were proposed by Stout [11] to improve
w code for large m. Furthermore, Yamamoto [12] cleverly
designed a delimiter with a length greater than 1 to construct
a new class of UCIs whose length function satisfies

Le(m) < logym +logy(logym) + - -+ + logg*(m) m

)

where t*(m) is the largest positive integer ¢ satisfying
loghm > 0. However, the UCI with the message length
strategy should be used in an error-free environment. In-
stead, the UCI with the flag pattern strategy, first studied by
Lakshmanan [13], compensates for this problem, and it has
certain resynchronization properties. The family of Fibonacci
codes [14] is likely the most famous flag pattern strategy for
UCI. However, this approach is not asymptotically optimal and
involves complicated encoding and decoding. A UCI with a
new flag pattern strategy, proposed by Wang [15], has been
improved in the above two aspects. Yamamoto ef al. [16]
further improved upon Wang’s coding scheme. Furthermore,
Amemiya et al. [17] provided a new group strategy UCI such
that the message length strategy coding can be regarded as a
special group strategy coding.
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Recently, Avila er al. [18] proposed a new family of UCIs
whose length function can reach the bounds in [8, 19, 20]
with a constant difference. Allison er al. [21] focused on the
universality of the Wallace tree code. Yan et al. [22, 23] first
studied the range of the minimum expansion factor of UClISs.
If a class of UCIs C has the smallest minimum expansion
factor K, then C is called the optimal UCL' The authors
proved that the optimal UCI is in the range 2 < K7 < 2.5,
where K = 2.5 is achieved by ¢ code [23]. Today, UCI is
used in many applications, such as biological sequencing data
compression [24, 25], inverted file index [26], H.264 advanced
video compression standard [27], H.265 high efficiency video
coding [28],2 standard MIDI (Musical Instrument Digital
Interface) file format [30], evolving secret sharing [31], and
unbounded search problems [19, 32].

A. Motivations

1) For a UCI, the ratio of Fp(L¢) to max{l, H(P)}
is bounded by a constant. However, when H(P) is
extremely small, the expected codeword length of a
variable-length code is

Le)=Y P(n)Le(n) > > P(n)-1=1. (3)
n=1 n=1

Therefore, for a UCI, the ratio of Ep(L¢) to H(P)
cannot be bounded by a constant K when H(P)
approaches zero. That is, the UCI cannot satisfy the
following inequality:

Ep(Lc)

H(P) < Ke. “4)
We found that the reason the UCI cannot satisfy (4)
is that Ep(L¢) of variable-length codes have a lower
bound (3).

Next, we show that neither FV codes nor VF codes
can satisfy the inequality similar to (4). Let C,, be an FV
code for the discrete memoryless source S = (P, A),
and it maps A™ onto binary codewords {0, 1}*, where
n is a fixed positive integer. Let P™ be the probability
distribution over .A™. Due to

(@)=Y P()

£ P
TEA™

TeA"

Epn(Le,) =1,

then C,, cannot satisfy
E n L
Epn(Le,) / H(P) < K¢
n

when H(P) approaches zero. Since the size of the
alphabet A is infinite, there can be no bijection mapping
from an infinite subset D of A* to {0,1}"; i.e., no such
FV code exists.

IThe optimal UCI may not exist, but there exists a family of UCIs such that
the minimum expansion factor tends to a minimum value. In this paper, we
approximate the limit of a family of UCIs to UCIs. We follow the previous
research and assume that the optimal UCI exists.

2There is a class of UCIs, termed Exp-Golomb codes, which is used in
H.264 and H.265. In addition, arithmetic codes [29] are also used in H.264
and H.265.

Therefore, we introduce VV codes in this universal
coding problem to address this issue. First, by introduc-
ing VV codes, it is possible to construct a new class of
code that satisfies the inequality similar to (4). Second,
due to

Ep(Lc) Ep(Lc)
max(L, H(P)} = H(P)

the VV code C is still a UCI as long as an inequality
similar to (4) is satisfied. That is, (4) is a stronger
requirement than (1) is.

In short, the aim is to propose a new class of code
satisfying the inequality similar to (4).

2) When the study of the problem is extended from
variable-length codes to VV codes, the mapping of
an individual input symbol to {0,1}* we consider is
changed to the mapping of sequences of input symbols
to {0,1}*. Therefore, we next introduce the related
concept of universal source coding (USC) [33, 34].

USC considers the stationary and memoryless source
S = (P, A), where A is the alphabet and P is an
unknown probability distribution on A. Let {C,}5,
be a sequence of prefix-free FV codes, where C, is a
mapping from A™ to {0, 1}*. Let P(.A) denote the set of
all probability distributions on A, and Pg(A) = {P €
P(A) | H(P) < oo}. Let D(P || Q) denote the relative
entropy between two probability distributions P and Q.
Thus, we obtain

< KC7

D) 5 0 tog, )
g}ﬁ 2 Q)
=LY P oy Q) — H(P)
a:E.A”
=LY Pra)e, (@)~ H(P)
ze A"
= Belbe) pp)

where L, (z) = —log, Q(z) for all z € A3 A class

T C P(A) is called weakly universal if there exists a
sequence {Cp,}o2; such that
Epn(L
sup lim <P<C) - H(P)) =0.
PeYx N n

And is called strongly universal if there exists a se-
quence {C,,}22; such that

Epn(L
lim sup (P(c") - H(P)> = 0.
n—oo PeY n
When T = Py (A) and A = N*, there is no weak
USC [34, 36].

Therefore, there are two subsequent research di-
rections for [36], as follows. One is to consider the
strong universality of the proposed method over sub-
collections of distributions [37], and the other is to

3In [35, P429], Q(x) = 2Len (*) g the distribution that corresponds
to the codeword lengths L¢,, (). Let us note that to make ) a probability
distribution, C,, ensures that the Kraft inequality is equal.
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consider the almost lossless (lossy) source coding over
T =Py (A) [38].

In a broader sense, this work can also be considered
a follow-up study for [36]. The sources we consider
are arbitrary probability distributions* over the infinitely
countable alphabet A; the encoding we consider is
lossless. We define the parameter K in Definition 3
as a metric for measuring the universality of the code.

B. Contributions

In this paper, we introduce a family of codes called gen-
eralized universal coding of integers (GUCI), which is a
generalization of UCI via VV codes. The position of GUCI
in VV codes is equivalent to that of UCI in FV codes. GUCI
satisfies an inequality similar to (4) for any discrete memory-
less source. In particular, GUCI is suitable for small entropy.
For example, the frequency domain coefficients have many
zeros in image compression after the quantization process [39].
The minimum expansion factor for GUCI is also studied. The
major contributions of this paper are as follows.

1) The definitions of GUCI and asymptotically optimal
GUCI are presented.

2) A family of GUCIs and asymptotically optimal GUICs
are proposed.

3) In the proposed family of GUCISs, a class of GUCls is
proposed to achieve the expansion factor 2. Then, we
show that the smallest minimum expansion factor is in
the range 1 < K* < 2.

4) The relationship between UCI and GUCI is presented.

5) A sufficient condition for the average codeword length
of GUCI to be shorter than that of UCI is obtained. In
addition, when the Shannon entropy H(P) is large or
P(0) is not large, there are some cases in which the
average codeword length of GUCIs is shorter.

C. Organization of this paper

In the remainder of this paper, Section II provides some
background knowledge. In Section III, we define GUCI. A
family of GUCISs is provided in Section IV. In Section V, the
expansion factor of GUCIs is discussed. In Section VI, we
compare the average code length of this family of GUCIs and
the original UCIL. In Section VII, we study the definition and
properties of the asymptotically optimal GUCI. Section VIII
concludes this work.

II. PRELIMINARIES
A. Notations

Let N = {0} ([UN* denote the set of nonnegative numbers.
Let a(m) denote the unary representation of the positive
number m. For example, a(1) = 1, «(2) = 01 and «a(5) =
00001. Let 8(m) denote the standard binary representation of
a positive integer m and [3(m)] denote the binary code by

4Each probability distribution can be turned into a DPD by adjusting the
order.

removing the most significant bit 1 of 3(m).> For example,
B(9) = 1001 and [3(9)] = 001. Then, we obtain

a(m)| = m,
[B(m)| =1+ [logy m],
|[B(m)]| = [logy ],

for all m € N*, where |a| denotes the length of string a.

B. Elias vy code and the codeword lengths of several classical
UClIs

Now, we introduce the specific structure of the Elias v code.
For other classic UClIs, please refer to [9, 22, 23]. The Elias ~
code was introduced by Elias [9]. It is an encoding scheme for
message length. Elias v code: N™ — {0, 1}* can be expressed
as

v(m) = a(|B(m)B(m)],

for all m € N7T. The role of the leading (s is to ensure that
the Elias 7y code is a prefix code. The codeword length is given
by
[y(m)| = la(1 + [logy m|)| + |[B(m)]|

=1+ [logym] + [logy m|

=1+ 2|logy m].
For example, v(9) = 0001001 and |v(9)| = 14+2|log, 9] = 7.
The Elias v code is universal; however, it is not asymptotically

optimal. Next, we provide a lemma about the length function
of other classic UCIs.

Lemma 1 ([9, 22, 23]). The following classic UCIs satisfy
Le(1) = 1. For all 2 <n € N,
1) the length function of the § code satisfies Ls(n) =1+
[logy 1] + 2[logy(1 + [logy 1)) |,
2) the length function of the 1 code satisfies L, (n) = 3 +
[logy(n — 1)) + | FEG=20 );
3) the length function of the 0 code satisfies Lg(n) = 3 +
|log, n| + [log, [logy n | + | Leg2lipeanll |,
4) the length function of the v code satisfies L,(n) = 2 +
[logy n] + | FEgEn
5) the length function of the w code satisfies L, (n) =1+
St (1 4+ X™(n)), where \(n) 2 |logyn| and \™
denotes the m-fold composition of \, and t = t(n) € NT
is a unique integer satisfying \'(n) = 1. Furthermore,
L, (n) <3+ 2[logyn].

C. Run-length encoding

Run-length encoding (RLE) [40] is essentially a method of
encoding run-length rather than encoding individual values.
For example, a scan line consisting of black pixels B and
white pixels W may read as follows:

WWWWWWWBBBWWWWBWWWWW
WWWWWWWWBBWWWWWWWWWW.

With the RLE algorithm, it is encoded as
TW3B4AW1B13W2B10W.

SWhen m = 1, [8(m)] is a null string.
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Moreover, the RLE can be modified to accommodate data
properties. For instance, the above scan line can also be
encoded as

(W,7,3,4,1,13,2,10),

where a prefix code can encode the numbers.

D. Variable-to-fixed length codes

The VF codes can be divided into two parts, called the pars-
er and the string encoder. First, the parser partitions the source
sequence into a concatenation of variable-length strings. Each
variable-length string belongs to a dictionary D containing
a set of strings. Next, the string encoder maps the variable-
length string o € D into the fixed-length string. To ensure the
completeness and the uniqueness of the segmentation of the
source sequence, D must be proper and complete.

Definition 1 ([41]). 1) If every variable-length string o; €
D is not a prefix of another variable-length string o; €
D, then D is termed proper.
2) If every infinite sequence has a prefix in D, then D is
termed complete.

For example, the dictionary D = {1,00,01} over {0,1} is
clearly proper. If the first element of the infinite sequence is
1, then 1 € D is its prefix; if the first element of the infinite
sequence is 0, then 01 € D or 00 € D is its prefix. Therefore,
the dictionary D is complete.

E. Variable-to-variable length codes

VV codes can be considered a concatenation of VF codes
and FV codes [5-7]. First, the VF encoder maps the variable-
length string « € D into the fixed-length string. Then, the FV
encoder maps the fixed-length string into the variable-length
string. Nishiara et al. [42] defined the almost surely complete
(ASC) dictionary and the corresponding VV code rate.

Definition 2 ([42]). 1) For every infinite sequence, if the
probability that the dictionary D has a prefix of the
infinite sequence is one, then D is termed almost surely
complete.

2) Let C be a VV code with a proper and ASC dictionary
D and a VV encoder . Then, the coding rate of C is

>aep P(@)]o(a)|
>aep Pla)|e
We have an example of a dictionary D = {1,01,001,---}

over {0, 1} that is proper and ASC. However, D is incomplete
because the all-zero infinite sequence has no prefix in D.

Re =

III. GENERALIZED UNIVERSAL CODING OF INTEGERS

In this section, we first formally define our problem. We
consider the stationary and memoryless source S = (P, A),
where A = N is an infinitely countable alphabet,® and P is

%In the setting of the GUCI problem, we denote the alphabet A as N, not
NT. For an infinitely countable alphabet A, this is essentially indistinguish-
able. In this paper, we denote the alphabet A as N for ease of expression in
subsequent constructions.

an unknown probability distribution on 4. Encoding source S
with VV codes, i.e., we consider mapping sequences of input
symbols to {0,1}*.

Second, we define GUCI and explain the rationality of
the definition. Let C = (D, ¢) denote a VV code C with a
proper and ASC dictionary D and a VV encoder ¢, where the
dictionary D is over the alphabet A and C = (D, ) satisfies
the prefix property. A VV code C = (D, ) that satisfies the
prefix property means that ¢(f5) is not a prefix of () for
any 8 # « € D. By introducing the VV codes, the definition
of GUCI is as follows.

Definition 3 (GUCI). Let C = (D, ) be a VV code. The
encoder ¢ : D — {0, 1}* is prefix free. C is called generalized
universal if there exists a constant K¢ independent of P for
all DPDs P with 0 < H(P) < oo such that

Rc
< K,
orp) = "¢

S

where R is the coding rate of C and K¢ denotes the expansion
factor of GUCI C. Let

K} £ min{Kc |V DPD P and 0 < H(P) < o<}
denote the minimum expansion factor of GUCI C.

Remark 1. Each GUCI C has a unique K} corresponding to
it. K is a measure of the compression effect of GUCI C. The
smaller K is, the better. Therefore, we define the smallest
minimum expansion factor

K* £ inf{K} |V GUCI C}.

Let us note that there may exist an optimal GUCI C such that
K} = K*, or there may be only one family of GUCIs {C,, }52,
such that limy, o Kz = K*.

Next, we discuss the rationality of Definition 3. First,
the definition of GUCI is an extension of UCI. Comparing
inequality (1) with inequality (5), since the denominator of
the fraction on the left-hand side of (1) removes the max
function, it is extended from this perspective. The numerators
of the fractions on the left-hand side of the two inequalities
are essentially equivalent. Since the variable-length code is
a special VV code, when the dictionary D of the VV code
is equal to the alphabet N, the VV code degenerates into
a variable-length code. Let us note that when the VV code
C = (D,p) = (N,p), C is a variable-length code with a

coding rate
2aen P(@)lp(a)]
EQEN P(a) x 1

= P(n)lo(n)

= Ep(Le).

Re =

At this time, R¢ denotes the expected codeword length of
C. Thus, Ep(Lc) is a special Rc. Essentially, both R and
Ep(Lc) represent the average codeword length required for a
source symbol. Therefore, for convenience, R¢ and Ep(Lc)
can be collectively referred to as the average codeword length.
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The average codeword length Ep(Lc) of the variable-length
code C is greater than or equal to 1. Then, the ratio

Re  Ep(Lc)
H(P)  H(P)

tends to infinity when H(P) tends to 0. Hence, there is no
such thing as a variable-length code C that is GUCI. Therefore,
a class of UCIs C must not be a GUCL

Finally, we prove that the expansion factor of GUCI has the
same property as that of UCI. In a groundbreaking paper [9],
Elias proved that Ep(L¢) > max{l, H(P)}. Therefore,
the expansion factor of UCI is greater than or equal to 1.
Before presenting the relevant theorem, we first introduce two
important lemmas.

Lemma 2. [42] Let S = (P, A) denote a discrete memoryless
source with entropy H(P) < oo and a countable alphabet A.
Given a VV code C with a proper and ASC dictionary D; then,

H(D) = H(P)U(D),

where H(D) = — 3 .p P(a)logy P() denotes the entropy
of D and I(D) = ) ,cp P(a)|a| denotes the average length
of D.

Lemma 2 was first described by Nishiara er al. [42], but
they did not provide a complete proof. The complete proof of
Lemma 2 can be found in [43].

Lemma 3. 1) Ifn positive integers Ly, Lo, - - - , Ly, satisfy
2?21 2~Li < 1. Then, there are n positive integers
My, Ms,--- M, that satisfy 27 Mio = 1 and

L; > M, forall i € {1,2,--- ,n}.
2) If the integer sequence {L }o2, satisfies Y oo, 271 <
1. Then, there is an integer sequence {M;}5°, that
satisfies Zfi1 2=Mi — 1 and L; > M; for all i € N*.

The proof of Lemma 3 is given in the Appendix. Next, we
present a theorem similar to Ep(L¢) > max{1, H(P)} for
variable-length codes.

Theorem 1. Let S = (P, A) denote a discrete memoryless
source with entropy H(P) < oo and a countable alphabet
A. Assuming that a VV code C = (D, ) satisfies the prefix
property, then Rec > H(P).

Proof. From Lemma 2, we obtain

e — Saeo PO o HD)
(D) (D)
— 3 P)lp(a) = HD) = - 3 P(a)log, Pla)
aEeD aeD
= Y P()(|p(@)] +1og, P(a)) = 0
acD
> Z P(a)log, 2P‘<(F(O)l)‘ > 0.

Below, we prove that the last inequality holds. As the code-
word set {¢(a) | a € D} satisfies the prefix property, we

have
Z 2~ le(@)] < q
a€eD

due to Kraft inequality [44]. From Lemma 3, we can find an
integer set {M,, | « € D} that satisfies

> oM =1

aeD

and |p(a)| > M, for all € D. Then,

P(a) P(a)
ZP 982 571 ( a>|fZP 1°g22 M.,
a€eD a€D
= D(P || Pn)

20,

where the probability distribution represented by P, satisfies
Py(a) = 27Mo for all a € D. O

Remark 2. [45, P11] proves that ), . P(a)|p(a)l >
H (D). Therefore, Theorem 1 can be proved according to [45]
and Lemma 2 as well. Since [45] does not use Lemma 3 in
the proof, we provide an independent proof here.

From Theorem 1, we obtain that the expansion factor of
GUCI is greater than or equal to 1.

IV. EXPLICIT CONSTRUCTION OF GUCIs

In this section, the explicit structure of a family of GUClISs is
proposed. The traditional UCI cannot satisfy the inequality (4),
as there is no constant K¢ available to satisfy the inequality
(4) when H(P) tends to 0. Thus, we consider the case in
which H(P) tends to 0 in the construction of GUCIs. When
H(P) tends to 0, without loss of generality, we assume that
P(0) tends to 1. In this case, the nonnegative integer source
string contains several consecutive 0's, which the RLE can
compress. Specifically, the proposed VV code C = (D, ¢) is
the concatenation of RLE and UCI . The encoding process
is as follows.

First, the dictionary D g selected by the encoder is

Drre ={00---0nli € Nyn € NT}.

Next, the encoder maps the variable-length string 00---0n €

Drre into the fixed-length string (i + 1,n). Finezllly, the
encoder maps string (¢ + 1,n) into ¥ (i + 1)y (n) via UCI
. That is, (00 --0n) = (i + 1)p(n).

Drre 18 properl and incomplete, as the all-zero infinite
sequence has no prefix in Dy p. However, as the probability
of the all-zero infinite sequence is 0 due to H(P) > 0,
Drre is the ASC. We prove that the constructed VV code
C = (DrLE, py) is @ GUCI when UCI ¢ satisfies the easily
reachable condition below. First, we present two auxiliary
lemmas.

Lemma 4. The following inequality holds.
—log, (P(())lp(n)> > 1+ logyn + logy(i + 1),

for all DPDs P and every i € NT and n € NT.
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Proof. Since P is DPD, we obtain

P(0)’ (1 - P(O))

n

P(0)'P(n) <

Let g(z) = 2'(1 — ), for 0 < 2 < 1. We know that g(z)
is strictly increasing when = € (0, ;77) and g(x) is strictly

decreasing when z € (577, 1) via its derivative. Thus,

: 1 i 1 i\

P0)'P(n) < —- =—- - .
O7P() < 2 g(¢+1> n it <i+1>

We prove that the sequence {a; =
monotonically decreasing below. Let

1 . % 11
- 2o (3= (1)
7 7

Then, {a;}$2; strictly monotonically decreasing is equivalent
to {b;}22, strictly monotonically increasing. Due to the in-
equality of arithmetic and geometric means, we obtain

() ()

{1 +i(l+ 1;]”1

—_

(7)0}52, is strictly

i1
1 i+1
:<1+i+1)
= bit1.
Thus,
, 1 1 i \" 1 1 1
P(O)ZP(”)Sn'iH'(Hl) L irl

and hence,

—log, (P(O)zp(n)) > 1+ logyn + logy (i + 1).

Lemma 5. Given two positive numbers a and b, then

—(2a+b)log, (P(O)Z‘P(n)) > 2a+ blogy n + blogy (i + 1),
(6)
for all DPDs P and every i € N and n € N¥.

Proof. We first consider ¢ =
rewritten as

0. In this case, (6) can be

2a + blogyn < —(2a + b) log, P(n).

As P(0) > P(1) >---> P(n) > ---, then

1= P(m)> Y P(m)=>(n+1)P(n),

m=0 m=0
and hence, — log, P(n) > logy(n + 1), for n € NT. Thus,
—(2a + b)log, P(n) > (2a + b) logy(n + 1)
= 2alogy(n + 1) + blogy(n + 1)
> 2a + blogy n.

6
Then, we consider 7 > 1. Due to Lemma 4, we have
~ (2a + b) log, (p(oyp(n))
> (2a +b) (1 +1log, n + log, (i + 1))
> 2a + blogyn + blogy (i + 1).
O

Now, we present the main theorem in this section.

Theorem 2. Let S = (P, A) denote a discrete memoryless
source with entropy 0 < H(P) < oo and a countable alphabet
A. Given that the VV code C = (DrrE, py) satisfies

Ly(n) < a+blogyn, forn € NT, (7

where a and b are two positive constants. Then we have

Rc
— <2
P = a+b,

for all DPDs P.
Proof. From Lemma 5 and (7), we obtain

(00 Q)| = Ly(n) + Ly(i + 1)
1 < 2a+blogyn+blogy(i+1) ®)
< —(2a+b)log, (P(O)’P(n)),
for all s € N and n € N*. From Lemma 2, we have

_ Yaepnrs P(@)|oy ()]
H(P) H(DgrrE)

i POP()(Lo() + Ly + 1)

= ¥4 P(0)'P(n) logy (P(0)P(n))
(@) Lo PO)' ()| — (20 + b) log, (P(0)'P(n))]
<

= 210 P(0) P(n) log, (P(0)P(n))
=2a+b,
where (a) is due to (8). O

Remark 3. A variable-length code ) satisfying (7) is a
sufficient condition for i to be a UCI [13]. To the best of
our knowledge, all UCI codes currently proposed satisfy (7).
Therefore, when we construct a GUCI C = (DgrEg, ¢y), we
can choose any known UCI code.

V. THE TIGHTER UPPER BOUND OF K*

Based on UCIs, we have provided a family of GUCIs. In
this section, we explore the expansion factors of some specific
GUCISs, and we obtain a tighter upper bound of K*. For any
UCI C, its expansion factor K¢ is greater than or equal to
2 [22]. The best-known UCI to date is the ¢ code [23] with
K, = 2.5. Therefore, the optimal UCI is in the range 2 <
K < 2.5. Theorem 1 shows that K™* is greater than or equal
to 1. In this section, we investigate the tighter upper bounds
of K*.

When constructing a VV code C = (Dgrrg, ¢y), we select
the Elias «y code as the UCI . From Theorem 2 and L. (n) =
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1+ 2[logyn| <1+ 2log,n, we obtain K¢ = 4. It has been
shown [1] that C = (DgrrE, ) can reach Ko = % ~
2.584. However, this result is not tight, and we show that the
VV code C = (DRLE,@W) can achieve K. = 2. First, we

present two auxiliary lemmas.

Lemma 6. For all DPDs P defined on N and all m € N,
we find
D ST PU) < gt
2 I PO) < (759)
3) Let A,, £ 2™ x m! x (ﬁ) ; then, A,, <1;
4) Let Byy 2 Y7 (1++10gy j +logs P(j) ) then, By <
0.

Proof. 1) We prove that 37", P(j) < ;™ by contradic-

tion. Let us suppose that there exists a DPD F, defined

on N such that 377", Py(j) > ;247 Thus,

“ 1
Py(0)<1-— Py(j) < ——,
0(), ;0(]) ma 1

and hence,

m
m+1’

1 mPy(0) > ;Po(j) >

J

which is a contradiction. Thus, the assumption is not
true.

2) Due to the inequality of arithmetic and geometric means,
we obtain

m m_ P(i m 1 m

IGOE (Z“ m) ()"

, m m+1

j=1

3) We prove that A,, < 1 by mathematical induction.
When m =1, then A; =2x1Xx % < 1. Let us suppose

that A,, < 1 holds when m = n. When m = n+ 1, we
have

1 n+1 1 n

1 n+1
=24, x (n+ )

n -+ 2
(a) 2\ 2
<24, x (2
<2 (3)
9
<1,

where (a) is calculated from the fact that the sequence
{ai = (757)"}2, is strictly monotonically decreasing.

4) From the above results, we obtain

By = ilogQ (24 % P()

Jj=1

=logy [ 2™ x m! x HP(j)

j=1
< log, (Zm x m! x (1)”)
m+1
= logy, Am
<0.

O

Lemma 7. For all DPDs P defined on N and all m € NT,
we define

Sm 2> P(j)(1+ logy j + log, P(j) ).
=1
Then, S,, < 0 for all m € NT. Furthermore, we have
> P()(1+10gy 5 +logy P(j)) < 0.
j=1

Proof. When m = 1, we have 51 =
m > 2, we obtain

P(1)B; < 0. When

Sm=P(1)B1 + > P(j)(B; — Bj_1)

= (P()=P(2))B1 + P(2)B2 + Y P(j)(B;—B;1)
j=3

< P(2)Ba+ Y P(j)(B; — Bj_1)
j=3

A

< P(m—1)Bpy—1+ P(m)(Bm — Bm-1)

S P(m)Bm,

<0.
Thus, we have

. . Y < T _
ZlP(j)(l—Hogzj—Hogz P(])) ml—l)I—r&-loosm_mgr-Ii-looO 0.
j=
O

Now, we present the main results of this section.

Theorem 3. Let S = (P, A) denote a discrete memoryless
source with entropy 0 < H(P) < oo and a countable alphabet
A. Given a VV code C = (DrpE, py) satisfying
Ly(n) < a+2alogyn, for n € NT, )
where a is a positive constant. Then,
Re
H(P)

< 2a,

for all DPDs P.
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Proof. From Lemma 2 and (9), we obtain
Re _ Tacopys Plos(e)
H(P) H(P){(DrLE)
R0 PO P() (Ll + 1) + Ly(n))
H(DrrE)
_ 205 T PI0) PO (1-+og, ntlogs (i-+1)
- H(DrrE) '

Therefore, proving % < 2a is equivalent to showing that

2o

(1 + logy n + log, (7 + 1)) < H(DgrrE)-

(10)
When 7 > 1, from Lemma 4, we have
14+ 1logyn +logy(i + 1) < —log, (P(O)lP(n)>
Thus, we obtain
ZZP <1+10g2n+log2(z+1))
1=1 n=1 (11)
Z Z P(0)!P(n) log, (P(O)’P(n)).
=1 n=1
When i = 0, from Lemma 7, we have
> P(n)(1+1logyn) < ZP )log, P(n).  (12)
n=1

From (11) and (12), (10) holds. O]

Remark 4. As 1 < Ly(1) < a, the minimum of a in
Theorem 3 is 1. From Theorem 3 and L. (n) < 1+ 2log,n,
we know that C = (DrrE, p~) can reach K¢ = 2. Thus, the
Elias v code achieves the best case of Theorem 3.

Next, we discuss K ¢s for GUCIs constructed by using other
classical UCIs. Before presenting the results, we derive an
upper bound on the length function in the form a + 2alog, n
for each code listed in Lemma 1.

Lemma 8. For all n € NT,

1) the length function of the & code satisfies Ls(n) < 3 +
8 log, n;
3 g2 M,

2) the length function of the n code satisfies Ly(n)

6 12 .

14+21logy 5 + 1+2log, 5 10g2 n,

3) the length function of the 0 code satisfies Lo(n) < % +
8o ;
3 g2 n,

4) the length function of the v code satisfies L,(n) <
%o :
3 g2 M,

5) the length function of the w code satisfies L., (n) <
21,
5 log, n.

IN

_|_

ol

+

=t

Proof. 1) Obviously, the inequality |log,(1+x)] <

holds, for all € N. Thus, we obtain
Ls(n) =1+ [logyn| + 2[logy(1 + |logy n])]

1 5
<1+ [logyn] +2 <6 + 6Llog2nj>

1)
+52

[N

4
S §+§log2n

TABLE I: The expansion factors that can be achieved for VV

code C = (DRLEa(PdJ>
UCI ¢ expansion factor K¢
~ code 2
7 code ﬁigs ~ 2.13
w code L r24
§ code, 6 code and ¢ code % ~ 2.67

2) Let f(n) £ 1= ?ngs + 1+211(2)g25 log, n. We directly
verify L,(n) < f(n) for n < 16. When n > 16, we
have

[logy(n — 1)

Ly(n) = 3+ [logy(n — 1)] + | =222

]
<3+ %LlogQ nj

<1+ 2[logyn]

< f(n).

3) Obviously, the inequality 2 + 2 [log, 2| < 2z holds, for
all x € NT. Thus, we obtain Ly(1) =1 < % and

Lo(n)=

<3+ |logyn|

3+ [logg ] + Llogy Llog, ]| + (122210821

3
+ 3 [logs [logy 1] |

— 5+ ogyn) + (5 + 3 o o, 1)
_4
g 3 10g2 n,
for n > 2.
4) We obtain L,(1) =1 < 5 and

1+ [logym| |

Lg(n) =2+ [logyn] + | 2

5 3

< 5T 3 |logy
4 8 7

= 3 gUng n|+ 6 (1 — [logyn])
4 8

< 313 logy n,

for n > 2.

5) We directly verify L, (n) < i +
When n > 16, we have

L,(n) <3+2|logyn|

2 Jog, n for n < 16.

11 22 4

=9 *UOg2 nj + 9 (4 — [logyn])
11 22
6 + jlogzn

O

From Theorem 3 and Lemma 8, Table I lists the expansion
factors of GUCIs when choosing various UCIs. Let us note
that, based on previous proofs, we find that 1 < K* < 2.

VI. COMPARISON OF THE AVERAGE CODEWORD LENGTHS
OF UCI ¢ AND GUCIC = (DrLE, ¢y)

In this section, we compare the expected codeword length
Ep(Ly) of UCI % and the coding rate Rc of the GUCI
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C = (DgrE,¢y)- Intuitively, when the Shannon entropy
H(P) is small or P(0) is large, Ep(Ly) > Rc; When the
Shannon entropy H(P) is large or P(0) is small, Ep(Ly) <
R¢. The following two conclusions can be drawn from the
investigation in this section. First, when P(0) is relatively
large, Ep(Ly) > Rc. That is, a sufficient condition for the
average codeword length of the GUCI to be shorter than that
of the UCI is obtained. Second, when the Shannon entropy
H(P) is very large or P(0) is not large, there are still cases
where Ep(Ly) > Re. A detailed discussion is given below.

First, we recall a definition. If a class of UCIs 1) satisfies

Ly(m) < Ly(m+1), for m € N. (13)

Then, v is termed minimal [9]. For all DPDs P, Ep(L¢) can
be minimized when (13) is satisfied. Hence, the definition is
natural.

Ep(Ly) and R¢ are defined as

ZP n) Ly (n + 1),

Re = ZaeDRﬂhﬁw(a)\ '
I(DrLE)

Let us note that the definition of Ep(L,), where n starts from
0, is slightly different from that defined in the Introduction
section, where n starts from 1. Furthermore, we obtain

I(DrLe) :iip +1)

=0 n=1
=Y P(n )(ZP +ZZP >
n=1 =0

Y ()

I
—
—_
|
Y
—
(@)
=
N——

1— P(0) (1 B P(O)>2
_ 1
~1-P(0)’
and
> Pla)lpy(a)]
a€EDRLE
=33 PO P)(Ly(i +1) + Ly(n)
=0 n=1
=Y P(n)Y_ PO)'Ly(i+1)+Y_P(0)" Y P(n)Ly(n)
n=1 1=0 =0 n=1
(1 PO)) Y PO L+ 1) + Zo=t DTl
=0

Thus, we have

Re = (1 - P(O))2 ST POYLy(i+1)+ Y P(n)L

=0 n=1

w(n).

9
Let
A £Re = Bp(Ly)
~(1-p ) ZP )Ly (i + 1) — P(0)Ly(1)
_;P(n)(L¢(n+1) ~ Lo(n)) "

( ) ZP Ly(i+ 1) — P(0)Ly(1)
—ZP(n)A

where Ay (n) £ Ly(n+1) — Ly(n) is the jump value of ¢ at
n. We note that A is a function of the probability distribution
P and the length function Ly(-).

When analyzing A without imposing restrictions on ), it is
difficult to determine which is larger between A and 0. Then,
we restrict ¢ with reasonable conditions, and we conclude
that A < 0 when P(0) is relatively large. The main theorem
is proposed.

Theorem 4. When constructing a VV code C = (DrLE, ¢y),
the UCI v is minimal, and its length function satisfies

Ly(n) <a+b|logyn|, for 2<neNT,

where a and b are two positive constants. If there exists t €

(0,1) such that
tG
<0
1t8> -

then A < 0 when P(0)> t, i.e., Re < Ep(Ly) when P(0)>t

Ly(1) <t+1—3> +a(1—t)+b(1-1) (1+t2+

Proof. First, we perform calculations. We know that

P(0)"[logy(i + 1)

= P00 1-P0
:Z”‘ (0) — (0)

n=2
1 > n
_ P 2" —1
1= P0) ; 0)

15)
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and that

<Ly(1)+ 1“P;)0()0) +53" P(0)*[logy (i + 1))
aP(0 b = on_q
=Ly + 7= 1(9()0) 1— P(0) ;P( )
<Ly(1)+ 1“_P]£(()())) + 1b_P]§(z())) (1+P(0)2+;J P(0)0+5")
B aP(0)  bP(0) ,  P(0)S
_L’“’(1)+1—P(0) 1-P(0) <1+P(0) * 1—P(0)8>
We then have
A (g)( )2§:P 0) Ly (i + 1) — P(0)Ly(1)
2 aP(O)
<(1-PO) [Lo) + - P(0)
6
1—]312(22)) (1 P() :1(3()()0)8)}_“0)%(1)

+ b(1 - P(O)) (1 + P(0)2 +

2 po) L) <t + % ~ 3) +a(l—t)

+b(1—t) <1+t2+128>}

<0,

where (c) is because 1 is minimal, (d) follows the monotonic
decrease in gl( ) = x+773 g2(x) = 1— 2 and g3 =
(1 —x2)( ) over the interval (0, 1). O

We apply several UCIs to Theorem 4 to yield several
examples. In the first example, the corresponding parameters
oftheEhas'ycodeareL (1) =1, a—landb:2.Let
h(z) £ (z+1-3)+(1—-2)+2(1—z) (142 — ). We know
that /(0.81) < 0 by calculation. Thus, when P(O) > 0.81,
the coding rate Rc of C = (Dgrg,p~) is less than the
expected codeword length Ep(L,) of the Elias v code. In
another example, the corresponding parameters of the ¢ code
are L(1) =1, a = 2.5 and b = 1.5. When P(0) > 0.83, R¢
of C = (DgrLE, .) is less than Ep(L,) of the ¢ code.

Let us note that R¢ is less than Ep(L,) not only when
the entropy is small. In other words, P(0) is relatively large,
which does not mean that the entropy is small. For example,
we consider the probability distribution

1
10n> )

Due to Theorem 4, we know that Rc < Ep, (L,). How-
ever, taking the limit n — 400, the entropy H(Py) =
0.11og,(10n) —0.91og, 0.9 tends to infinity. This tells us that
when the entropy is large, R is still less than Ep (L~ ). How-
ever, if P(0) is relatively large, a long string of zeros is prone
to appear. Considering the structure of C = (Drrg, ¢y), it is
reasonable that Rc is less than Ep (L) at this time.

Finally, we explore the situation in which P(0) is not large.
This situation must be analyzed with a specific UCI. Since
the Elias  code performs best regarding the expansion factor,
we use the Elias v code for analysis. Due to L,(n) = 1+
2|log, n| and (15), (14) can be rewritten as

0))2 3 P(O)
1=0

‘(1 +2[1ogy(i + 1)) ) = P(0)
@2(1 P(0 ) ZP )¢ logy(i+1)]
(0)) ZP(O) - (0)2ip(2t

- 2(1—13(0)) ; PO 41— 2; P -

where (a) is because when n € {2t — 1|t € NT},
A, (n) = “))=2;

when the positive integeris n ¢ {2'—1|t € NT}, A, (n) = 0.
Considering the probability distribution

(14 2|log, 2°]) — (1 + 2|log, (2

Py = (Pa(0) = Po(1) = P2(2) = Po(3) = 0.24,

Pat) = Po5) = - Paln+3) = 1)
we obtain
6
A < 2P(0) (1= P2(0)) (1+ Po(0)? + %)

+1-2P(0) —2P(1) — 2P»(3)

= 0.3648 x 1+00576+% 0.44
o ' 1—0.248 '

~ — 0.054.

Taking the limit n — 400, the entropy H (P,) tends to infinity.
Therefore, when P(0) is not large, Rc may be less than
Ep(Ly). Let us note that from the calculation, we know that
the main reason for A < 0 in this example is the displacement
term — Y2 P(n)Ay(n).

In summary, Theorem 4 shows that when P(0) is relatively
large, R is less than Ep(L,). When P(0) is not large, it is
difficult to judge whether A is positive or negative. When the
entropy is very large or P(0) is not large, it is still possible
that A is less than 0.
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VII. ASYMPTOTICALLY OPTIMAL GUCI

In this section, the asymptotically optimal GUCI is dis-
cussed. First, the formal definition of the asymptotically opti-
mal GUCI is given as follows.

Definition 4. (asymptotically optimal GUCI) C is said to be
an asymptotically optimal GUCI if C is a class of GUCIs and
there exists a function T¢(-) such that

R
T;) < Te(H(P)),

for all DPD P with 0 < H(P) < oo and
Te(H(P)) = 1.

(16)

lim
H(P)—+o0
Then, we present an important property of the asymptoti-
cally optimal GUCI.

Theorem 5. Let S = (P, A) denote a discrete memoryless
source with entropy 0 < H(P) < oo and a countable alphabet
A. Let C = (DrrE, py) denote the VV code satisfying (7)
and let UCI 1 be minimal. If there exists a function Rq(-)
satisfying (2) and

lim

H(P)) =
polm Ry(H(P) =c.

where c is constant, then there exists a function T¢(+) satisfying
(16) and
lim
H(P)—+oco
Proof. From (14), we have
Re . A+ EP(L?/J)
HP)  HP)

Te(H(P)) = c.

2 .
where A = (1-P(0))" 2% P(0)'Ly(i+1) = P(0)Ly(1) -
>0 P(n)Ay(n). (7) indicates that there exists an integer ng
such that
Ly(n) <n, for ng <n e NT.

From (17) and Ay (n) > 0, for all n € N, we obtain

A7)

A< (1-PO) S P(O0) Ly + 1)
=0
< Oi: Ly(i+1)+ (1 - P(O))2 3" P(0)i(i + 1)

i=no

= Z Ly(i+41) + (no +1-— nOP(O))P(O)nO

< Ly(i+1)+1,

where (a) is because f(z) = (ng + 1 — noz)z™ is strictly
monotonically increasing over the interval (0, 1) by calculating
the derivative of f(x). Furthermore, when H(P) > 1, we find
that
Re . A+ EP(Lw)

H(P) H(P)
S Ly(i+1)+1

H(P)

< + Ry (H(P)).

When H(P) < 1, we have fie < 94+ b due to Theorem 2.

H(P)
We define

a [ 20+, if H(P) <1,

Te(H(P)) = { V(H(P)), if H(P)>1,

where V(H(P)) £ W + Ry(H(P)). Hence,
Re

we obtain 5y < Te(H(P)) and

li Te(H(P
L c(H(P))
i Ly(i+ )41 .
= 1 = 1 Ry (H(P
H(P;I—r:-&-oo H(P) H(P;r—r:—i-oo v(H(P))
= C.
O

Finally, we present the theorem describing the relationship
between the asymptotically optimal UCI and the asymptoti-
cally optimal GUCI.

Theorem 6. For any discrete memoryless source S = (P, A)
with entropy 0 < H(P) < oo and a countable alphabet A, the
VV code C = (DrLE, py) satisfies (7), and UCI v is minimal
and asymptotically optimal. Then, C is an asymptotically
optimal GUCL

Proof. From Theorem 2, we know that C = (DgrEg, ¢y) is a
GUCI. Due to Theorem 5 and

polm RG(H(P) =1,
we obtain

B TEAE) =1
Therefore, C is an asymptotically optimal GUCI. [

VIII. CONCLUSIONS

In this paper, GUCIs are proposed to resolve the UCI issue
in which the expected codeword length ratio to H(P) is not
bounded by a constant factor K when H(P) is extremely
small.

We construct a VV code C = (DgrrEg, ¢y) through RLE
and UCI 1. We prove that C is a GUCI or an asymptotically
optimal GUCI when UCI v satisfies certain conditions. We
propose a class of GUCIs C = (Dgrr, ) to reach the
expansion factor Ko = 2, and we show that the smallest
minimum expansion factor is in the range 1 < K* < 2.
Furthermore, when the entropy is very large or P(0) is not
large, it is still possible that the coding rate R is less than the
expected codeword length Ep(Ly). Future work is as follows.

1) Is it possible to achieve K < 2 when VV code C
is obtained by concatenating other FV codes and UCI?
For example, one can use Lempel-Zip coding, but the
extra storage space should be considered when using
dictionary coding.

2) The exact value of K™ is still unknown.
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APPENDIX

Lemma 9 (Lemma 3 Restated). 1) If n positive integers
Li,Ly, -, L, satisfy Y. 271 < 1. Then, there

are n positive integers My, Ms,--- , M,, that satisfy
Y27 Mi=1and L; > M, foralli € {1,2,--- ,n}.

2) If the integer sequence {L;}2°, satisfies Y oo, 2711 <
1. Then, there is an integer sequence {M;}S°, that
satisfies 221 2=Mi — 1 and L; > M; for all i € N*.

Proof. If the Kraft inequality does not become an equality,

ie.,
doohi<u,

Then, {L;} is called redundant. If the Kraft inequality is equal,

ie.,
» ot =
i

Then, {L;} is called complete. Let [n] = {1,2,--- ,n}.

1) If {L;}~, is complete, then let M; = L; for all
€ [n]. If {L;}_, is redundant, we suppose the largest

value among n integers {L;}" ; is L;. Then, 271 is a
multiple of 2L for all i € [n]. Furthermore, we obtain

ir“ =N.27F,

where N € N*. We consider n integers {L;}_,., where
Li=L;—1and L; = L; for all i € [n] \ {t}. Since

N-27he =N "ok <1 =2k a7k
i=1

and both N and 2%t are integers, we have N +1 < oLt

Thus, . .
Yoohizoh N ok
=1 =1

=(N+1)-27"
< oLt  9—L:

=1.

If {L;}" ', is complete, then let M; = = L, for all i €
[n]. If {L; }_, is redundant, then we repeat the above
process until the Kraft inequality is an equality. Let us
note that the above process is performed at most

Z?L)

times since the sum of the n terms increases by at least
2Lt each time. Therefore, after a finite number of the
above procedures, the Kraft inequality is equal.

2) Without loss of generality, we can assume that L, <
L, 1 for all n € NT. There is no maximum value in
the integer sequence {L;}5°,. Otherwise, assuming L;
is the maximum value, then

00 = i2_Lt < iQ_Li <1
i=1 i=1

1- Z?:l 2_L — 2Lt(

2= Ls

If {L;}$°, is complete, then let M; = L; for all i € N*.
If {L;}$2, is redundant, let

oo
a; 2 ZQ*LI' <1.
=1

Let n; be the only positive integer satisfying the follow-
ing inequalities:

17
M 9=r <1 g

Then, we obtain
1-— al
2
Because there is no maximum value in the integer se-

quence {L;}°,, there exists a sufficiently large ¢ € N*
such that

l—a;—27" <

, 1-
l—a;—27™ 421 < 726“.

Thus, we have

ai

17
27m 97l 5 =T 5,

‘We assume that the value of n; is between L;_1 and Ly,
i.e/.,va,l < n; < Li. We consider an integer sequence
{L(1),}22,. where

_ ni, ifi=k,
L(l)l: Li—17 1fZ:/{;+17k+27’t
L;, otherwise.

According to the definitions of {Lﬁ)l 21, we know
that L; > L(1), forall i € N*. Letap £ " 27 1(D;
then,

ap <ap+27" -2 =gy <1-271 <1
We continue the above process indefinitely. Then, we
obtain the sequence {a;}$2, and the sequence {n;}5°,.
The following two facts are proven below.

a) Ny < Ny for all m € NT,
b) lim a,, =1.

m——+oo
Since
Dt = 1~ 27 427k < 1200 g
we have
27l < — g < _Zam < 27"m,

Furthermore, we obtain n,, < N,y for all m € NT,
The first fact is proven. Since {a;}$2; is a strictly
increasing sequence with an upper bound, the limit of
sequence {a;}$°, exists. Therefore, we assume that

12 lim a,<l1.
m——+00

Taking the limit on both sides of (18), we find that
l1—a,, 1-1

1—l= lim (1-amy)< Ll _
m—lg-loo( a +1) _m—lg-loo 2 2
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Furthermore, we have [ > 1. Therefore, [ =

lim a,, = 1. The second fact is proven.
m——+00

Finally, we construct the integer sequence {M; }$2;. For
any given 4 € N7, from the first fact, there exists an

integer n,, such that L(m — 1), _; < ny, < L(m — 1),

—_~—

; 7y
and k — 1 > 4. Let M; = L(mwe note that n,, <

Nyl < Ntz < ---. Thus, L(m), = L(m+1), =

L(m+2), = ---. Therefore, M, is well defined. Due

to the definitions of M; and {L(m),};2,, we know that
L; > M; for all i € NT. Furthermore, we find that

o0

§ 27Mi = lim a,, = 1.
— m——+oo

iz

The proof is complete. O
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