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Abstract—An (n, k) recoverable property array code is com-
posed of m x n arrays such that any &k out of n columns suffice
to retrieve all the information symbols, where n > k. Note that
maximum distance separable (MDS) array code is a special (n, k)
recoverable property array code of size m x n with the number
of information symbols being km. Expanded-Blaum-Roth (EBR)
codes and Expanded-Independent-Parity (EIP) codes are two
classes of (n, k) recoverable property array codes that can repair
any one symbol in a column by locally accessing some other
symbols within the column, where the number of symbols m in
a column is a prime number. By generalizing the constructions of
EBR and EIP codes, we propose new (n, k) recoverable property
array codes, such that any one symbol can be locally recovered
and the number of symbols in a column can be not only a prime
number but also a power of an odd prime number. Also, we
present an efficient encoding/decoding method for the proposed
generalized EBR (GEBR) and generalized EIP (GEIP) codes
based on the LU factorization of a Vandermonde matrix. We
show that the proposed decoding method has less computational
complexity than existing methods. Furthermore, we show that
the proposed GEBR codes have both a larger minimum symbol
distance and a larger recovery ability of erased lines for some
parameters when compared to EBR codes. We also present a
necessary and sufficient condition of enabling EBR codes to
recover any r erased lines of a slope for any parameter r, which
was an open problem in [2]. Moreover, we show that EBR codes
can recover any r consecutive erased lines of any slope for any
parameter 7.

Index Terms—Array codes, Expanded-Blaum-Roth codes,
Expanded-Independent-Parity codes, local repair, efficient encod-
ing/decoding.

I. INTRODUCTION

Modern distributed storage systems require data redundancy
to maintain data availability and durability in the presence of
failures. Two major redundancy mechanisms are replication
and erasure coding. Compared to replication, erasure coding
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can deliver higher data reliability with much lower storage
overhead.

There are many constructions of erasure correcting codes. In
this work, we focus on array codes, which are a class of erasure
correcting codes with only XOR and cyclic-shift operations
being involved in the coding process. Array codes have been
widely used in storage systems, such as the Redundant Array of
Independent Disk (RAID) [3]. Consider an array code of size
m X n elements, in which each element stores one symbol in
the array code. Among the n columns, the first £ columns store
m X k information symbols to form k information columns,
and the remaining = n — k columns store m X r parity
symbols, encoded from the m x k information symbols, to
form r parity columns. The value of m depends on the code
construction, and the m symbols in each column are stored in
the same disk (or node) of a storage system.

Maximum distance separable (MDS) array codes are a special
class of array codes, where any k out of the m columns
can retrieve all m x k information symbols stored in the &
information columns (i.e., providing fault tolerance against any
r disk failures). More generally, we define (n, k) recoverable
property array codes as the m x n array codes such that we
can recover all the information symbols from any k out of the
n columns, where the number of information symbols is no
larger than km. When the number of information symbols is
km, (n, k) recoverable property array codes are reduced to
MDS array codes. There are many existing MDS array codes
in the literature, and most of them are designed to tolerate
two or three failed columns. For example, EVENODD [4], [5]
and RDP [6] are two important codes that can correct double
disk failures. STAR codes [7], [8] and triple-fault-tolerance
codes [9] can correct three disk failures. Examples of array
codes that can tolerate four or more column failures include
Generalized RDP codes [10], Independent-Parity (also called
generalized EVENODD) codes [11], Blaum-Roth (BR) codes
[12], the codes in [13], and Rabin-like codes [14], [15].

To minimize the storage overhead, it is important to design
codes with the larger length for a given overhead. Modern
distributed storage systems often store the data files that are
geographically distributed across nodes, racks, and data centers.
Data should be accessible even if some nodes, racks, or data
centers are offline. This motivates designing storage codes
that can locally recover single-symbol failure and quickly
recover large correlated failures such as multi-node failure,
rack failure and data center failure, and have fast encoding and
decoding algorithms. Recently, Expanded-Blaum-Roth (EBR)
[2], [16] codes and Expanded-Independent-Parity (EIP) codes
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[2] extend BR codes [12] and Independent-Parity codes [11],
respectively, and propose to tolerate any 7 column failures and
locally repair one failed symbol within any column (called
local repair property) by adding some parity symbols into
each column. This improves the performance of repairing a
failed symbol, as the repair can be locally done within a
column without accessing the symbols in other columns. In
addition, EBR codes can recover some erased lines of a slope.
Therefore, one possible application of EBR codes and EIP
codes is the sectors or pages failures in a device, like locally
recoverable codes (LRC) [17]. Another possible application
is in large-scale distributed storage. We need to explicitly
deal with significant correlated failures, such as rack failures,
data center failures, and some other correlated failures. EBR
codes can quickly recover some erased lines of a slope that
can naturally be employed in large-scale distributed storage
to recover correlated failures, i.e., some correlated nodes are
erased in a way corresponding to the erased lines of a slope.

A. Basics of EBR and EIP Codes

An EBR code is represented by an m x m array, where
m =k +r and m > 2 is a prime number. It stores o X k
information symbols in the %k information columns with «
information symbols each, for some o < m, and uses the
« X k sub-array of information symbols as input for encoding.
Specifically, for: = 0,1,...,m—1land j =0,1,...,m—1, let
a;; € Fy be the element in row ¢ and column j of the m x m
array, where ¢ is a power of 2. For j =0,1,...,k—1, the m
symbols ag j, a1 j,...,am—1,; in column j are represented as
an information polynomial

aj(x) = 0,07]‘ + asz: + e + am_lvjfﬂmil

over the quotient ring F,[x]/(1+2™). Given the ¢ information
symbols ag j, a1, ..,0a—1,j, W& compute m — « symbols
Ga,js Gat1,js-- - Gm—1,; for local repair, such that the polyno-
mial a;(z) is a multiple of (14+x)g(z), where g(x) is a factor of
142 +---+2™ L. Similarly, the m symbols in column j with
j=kk+1,...,m—1 are represented as a parity polynomial
a;(x) over Fy[z]/(1 + a™). The relationship between the
information polynomials and the parity polynomials is given

as
H, - [ao(z) ay(z) am_l(x)]T =07,

where H,.,, is the r X m parity-check matrix

1 1 1 cee 1
1 T x2 e ™1

erm = : : : . : I} (1)
i xr;l x2(7:71) I(rfl).(mfl)

and 07 is an all-zero column of length r. In solving the above
linear equations, all the r parity polynomials are multiples of
(14 z)g(x). The resulting codes with the parity-check matrix
in Eq. (1) are denoted by EBR(m, r, ¢, g(x)).

An EIP code is an m x (m + r) array, where m = k
and m is a prime number. It stores « X m information
symbols in m columns with « information symbols each,
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for some o < m, and uses the a X m sub-array of in-
formation symbols for encoding. Let a;; be the element
in row ¢ and column j, where ¢ = 0,1,...,m — 1 and
73 =01,....m+r—1 For 5 = 0,1,...,m — 1, given
the o information symbols ag j, a1 j, ..., @a—1,j, W€ cOmpute
m — o symbols a j, @at1,j,- - -5 @m—1,; for local repair, such
that the information polynomial

CLj(I) = QOJ‘ + aij + e + am_lﬁjxmfl
is in F4[z]/(1 + ™) and is a multiple of (1 + z)g(z), where
g(z) is a factor of 1 + 2 + --- + 2™~ L. For j = m,m +
1,...,m+r — 1, the parity polynomials a;(x) representing
the m symbols stored in column j are computed by

[(lm(l') am+1(l') aerrfl(x)]
=lao(z) a1(x) am—1(2)] -
1 1 e 1
1 T I'r‘fl
i xrr;fl . :C(rfl)'(mfl)

The above code is denoted by EIP(m,r, g, g(x)).

B. Contributions

In this paper, we propose a generalization that can be used
to construct (n, k) recoverable property array codes with new
parameters. The following are our main contributions:

1) First, we give constructions of generalized EBR (GEBR)
codes and generalized EIP (GEIP) codes that can support
more parameters when compared to EBR codes and EIP
codes, respectively. We show that the m x (m =n =
k+7r) GEBR codes satisfy the (n, k) recoverable property
(i.e., all the information symbols can be reconstructed
from any k out of n = m columns) if m is a power of
an odd prime. The m x m EBR codes [2] are a special
case of our GEBR codes with m a prime number.

2) Second, we present an efficient decoding method for
GEBR and GEIP codes based on the LU factorization
of a Vandermonde matrix. We show that the proposed
LU decoding method has less complexity than existing
methods.

3) Third, we show that GEBR codes have a larger minimum
symbol distance than EBR codes for some parameters.
We also show that GEBR codes can recover more erased
lines than EBR codes for some parameters. In addition,
we present a necessary and sufficient condition of
recovering any r erased lines of slope ¢ for 0 < ¢ <r—1
for any r such that 1 < r < m — 3 for EBR codes.
Note that the lines of slope ¢ are taken toroidally, and
an erased line of slope ¢ means that the m symbols in a
line of slope ¢ are erased.

LRC codes [17]-[19] can also locally repair a single-symbol.
An example is the code used by Facebook in its f4 storage
system [20]. More general construction of LRC is called
grid-like codes (with global parity symbols) or product codes
(without global parity symbols) [21]. Some constructions of
LRC are given in [22]-[24]. The main difference between LRC
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and ours is as follows. LRC contains both local parity symbols
and global parity symbols, while all the parity symbols in our
codes are local parity symbols. Each symbol in our codes can
be repaired by either some symbols in the same column or
the symbols along a line, while not in LRC [17]. Please refer
to Section VII for the detailed comparison of LRC, product
codes, and the proposed codes.

C. Paper Organization

The rest of the paper is organized as follows. Section II
gives the generalized coding method. Section III presents the
construction of GEBR codes based on the coding method and
proposes the LU decoding method. Section IV presents the
construction of GEIP codes. Section V discusses the minimum
symbol distance for the proposed codes. Section VI shows
that GEBR codes can recover some erased lines. Section VII
compares GEBR codes with other related codes. Section VIII
concludes the paper.

II. GENERALIZED CODING METHOD OF ARRAY CODES
WITH LOCAL PROPERTIES

In this section, we present a coding method for array codes
that can encode an « X k sub-array of information symbols
into an m X (k + r) array, where each element in the array is
in the finite field IFy, ¢ is a power of 2, m = p7, p is a prime
number, and «a, k, r, T are positive integers with a < (p — 1)7.
The primary objective of the coding method is to extend the
constructions of EBR and EIP codes to support much more
parameters. In particular, EBR codes can be viewed as a special
construction of the proposed coding method with 7 =1 and
k + r = p, while EIP codes are an explicit construction of the
coding method with 7 =1 and k& = p.

Let s;,; € F, be the element of the m x (k + r) array
in row ¢ and column j, where ¢ = 0,1,...,m — 1 and j =
0,1,...,k+r — 1. The ok information symbols are s; ; with
i =0,1,...,.a—1and 5 = 0,1,...,k — 1, and the other
m(k + r) — ak elements of the array are parity symbols.

For 7 = 0,1,...,k+r — 1, we represent the m symbols
stored in column j (i.e., So 5, 51,5, - - - y Sm—1,5) by a polynomial
s;j(x) of degree m — 1 over the ring F[z], i.e.,

m—1

2
5;(0) = S0,5 + 81,52 + 52,537 + -+ Smo1 2",

where s;(z) with j = 0,1,...,k — 1 is an information
polynomial and s;(z) with j = k,k+1,...,k+r —1is
a parity polynomial. Let R,,,(q) = F4[z]/(1+2™) be the ring
of polynomials modulo 1 + x™ with coefficients in F,. We
observe that multiplication by 2% in R, (g) can be interpreted
as a cyclic shift, and hence it does not involve finite field
arithmetic nor XOR operations.

Given « information symbols sg j, 81,5, - , Sa—1,;, We need
to determine m — « parity symbols sq j, Sa+1,5, " » Sm—1,;>
where j =0,1,...,k— 1. Let g(z) be a polynomial with coef-
ficients in F, such that g(z) divides 1+27 +---+2(®~Y7 and
ged(g(z),1427) = 1. Let 1+ 27 +---+2P~D7 = g(2)h(z).
Note that g(z) may not be an irreducible polynomial so that
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we can factorize g(z) as a product of powers of irreducible
polynomials over Fg, i.e.,

g9(x) = (fr(2))"
where ¢; > 1 fori=1,2,...
for ¢ > j.

Let Cp-(g(x), T, g, d) be the cyclic code of length m = pr
over F, with generator polynomial (14 z7)g(x) and minimum
distance d. For j = 0,1,...,k — 1, we create m — « parity
symbols Sq j,Sa+1,5, " » Sm—1,; by encoding « information
symbols g j, 51,5, ;Sa—1,5, such that the polynomial s;(z)
is in Cpr(g(2), 7, ¢, d).

Given k information polynomials so(x), s1(x),. .., sk—1(x),
we can compute the r parity polynomials si(x),sk41(z),

., Sk+r—1(x) by taking the product

[sk(z)  spsa(x) Skr—1(2)]
= [50(,1:) sl(x) Sk_l(ﬁ)]'kar (2)

with operations performed in R, (q), where Py, is the k x r
encoding matrix which is the remainder sub-matrix of the
systematic generator matrix by deleting the identity matrix. We
can also compute the r parity polynomials by

[s0(x) s1(z) Sktr—1(2)] Hi oy =0 (3)

over Ry (q), where H,.y (1) is an 7 x (k + r) parity-check
matrix.

Note that Cp,(g(x),T,q,d) is an ideal in R, (q), be-
cause Ve(x) € Rp-(q),Vs(z) € Cpr(g(x),T,q,d), we have
c(z)s(z) € Cpr(g(z),7,¢,d). Recall that g(z)h(z) = 1+
7 4+ --- 4 2P~U7 The polynomial h(z) is called parity-
check polynomial of Cp-(g(z), T, q,d), since the multiplication
of any polynomial in Cp,(g(x),T,q,d) and h(z) is zero.
We show in the next theorem that R, (¢) is isomorphic
to Fylz]/g(x)(1 + 27) x Fylz]/(h(z)) under some specific
conditions.

Theorem 1. When ged(g(z),h(z)) =
7, h(z)) = 1, the ring Ry-(q) is
Fylz]/g(2)(1 +27) x Fy 2]/ (h(x)).

Proof: When gcd(g(x),h(z)) = 1 and ged(l +
27, h(z)) = 1, we have ged(g(z)(1 + 27), h(z)) = 1. By
the Chinese Remainder Theorem, we can find an isomorphism
between Ry (q) and F,[z]/(g(x)(1 + a7)) x Fyfa]/(h(z)).
The mapping 6 is defined by

0(a(x)) = (a(z) mod (g(z)(1 +27)),
where a(x) € ’Rp (q).

Let h(x) mod g(z)(1 + 27) be the remainder of dividing
h(z) by g(z)(1 + z7) which is in Fy[z]/(g(z)(1 + z7))
and g(z)(1 + 27) mod h(z) be the remainder of dividing
g(z)(1 + 27) by h(z) which is in F,[z]/(h(x)). Since
h(

(fa(@) = (fela))™
¢ and deg(fi(z)) > deg(f;())

1 and ged(1 +
isomorphic to

a(x) mod (h(z))),

ged(g(z)(1 + z7),h(z)) = 1, there exists the inverse of
x) mod g(z)(1+ 27) in Fy[z]/(g9(x)(1 + 27)) and denote

(h(z) mod g(z)(1 +27))~! as the inverse. Similarly, denote

(g (m)(1+x ) mod h(z))~! as the inverse of g(x)(14+27) mod
h(z) in Fy[z]/(h(x)). The inverse mapping 6~ i

) in
0~ (a1 (), az(2)) = (a1 (x)h(z)(h(x) mod (g(x)(1 +27))) "+

@uw>u+xxwma+f»mnwmm*wmda+ﬂm
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where a4 (z)

Fy[z]/(h(x)).

Then we have
(07" (a1(2), a2(2)))
=9((a1(w)h(w)(h(x) mod (g()(1 +27))) ™" + az(2)g(x)
(1+27)((g(x)(1 +27)) mod (h(x))) ") mod (1 + x”))
=(((a @) () mod (9(@)(1 +27))) " mod (g(x)(1 + 7))
+az(z)g(x) (1 + ") ((g(x)(1 + 7)) mod (h(x))) ")
mod (1+277) mod (9(x)(1 +27))),
((al(w)h(ﬂc)(h(fc) mod (g(x)(1+27)))"" mod (h(z))+
az(2)g(x) (1 + 27)((9(2)(1 +27)) mod (h())) ")
mod (1 + 27) mod (h(w))))
=(a1(z), az(z)),

and the theorem is proved. [ |

Note that the result in Lemma 2 in [25] can be viewed as
a special case of our Theorem 1 with g(z) = 1 and ¢ = 2.
By Theorem 1, we can directly obtain that C,.(g(z), 7, ¢, d)
is isomorphic to F,[z]/(h(x)), and we give the isomorphism
in the next lemma.

€ F,lz]/(g(z)(1 + z7)) and as(z) €

(
)
(

Lemma 2. When ged(g(x),h(z)) = 1 and ged(l +
27, h(z)) = 1, the ring Cp-(g(x),7,q,d) is isomorphic
F,lx]/(h(z)), the isomorphism 0 : Cp.(g(x),T,q,d) —
[ 1/(h(z)) is 6(a(x)) = a(r) mod h(x) and the inverse
isomorphism =% : ]Fq[x}/(h(x) — Cpr(g(x),7,q,d) is
0=\ (a(x) = a(z) - g@@)(1 + 27) - (g(x)(1 + o7)) mod

(h(z))~"

In the next lemma, we show a necessary condition of a
polynomial in the ring C,(g(x), T, ¢, d).

mod (1 + 2P7).

Lemma 3. If the polynomial s;(z) = Z?;Bl i 2t is in
Cpr(9(x),7,q,d), then the coefficients of polynomial s;j(x)
satisfy the following equation

p—1
E :SZTJr#’j =0,
=0

T—1.

“4)

where n =0,1,...,

Proof: The proof is similar to that in Theorem 1 in [25].

|

When g(z) = 1, the next lemma shows that the necessary
condition given in Lemma 3 is also the sufficient condition.

Lemma 4. [25, Theorem 1] When g(x) = 1, the polynomial

sj(z) = Z:Z_ol ;. ;2 is in Cpr(1,7,q,d) if and only if Eq. (4)
holds.

When g(z) = 1, we have that the weight (the number of
non-zero coefficients) of s;(x) € C,-(1,7,¢,d) is a positive
even integer by Lemma 4.

When g(z) = 1 and ¢ = 2, the ring Cp,(1,7,2,d) has
been used in the literature to give efficient repair for a family
of binary MDS array codes [9], [25] and to provide new
constructions of regenerating codes with lower computational
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complexity [26]. When g(z) =1, ¢ = 2, and 7 = 1, the ring
is discussed in [12], [13], [15], [27]-[29]. When 7 = 1, the
ring is used to construct array codes with local properties [2].

When g(z) = 1, if we delete the last 7 rows of the mx (k+r)
array of our coding method, then the obtained (p—1)7 x (k+71)
array is reduced to the coding method given in [25].

Note that the ring Cp, (1, 7,2,2) is reduced to a finite field
of size 2(P~D7 if and only if 2 is a primitive element in
Z, and T = p' for some non-negative integer i [30]. When
7 is a power of p and p is a prime number such that 2 is
a primitive element in Z,, we have g(z) = 1, d = 2 and
h(z) =14 27 +--- + (P~ is an irreducible polynomial
in Fy[x].

III. GENERALIZED EXPANDED-BLAUM-ROTH CODES

In this section, we first give the construction of GEBR codes
and then propose the LU decoding method that can be used in
the encoding/decoding procedures of GEBR codes.

A. Construction

The proposed GEBR code is a set of arrays of size m x
(k + r) by encoding k« information symbols, where m = pr,
a < m, k+r <m, T is a positive integer, and p is an odd
prime number. The constructed GEBR code is denoted by
GEBR(p, 7, k,7,q, g(x)) with parity-check matrix given as

1 1 1 1

1 T 1‘2 xk—i—r—l
er(k+'r) = .

i .Tr'—l xQ('r"—l) x('r'—l)(.k-i-r—l)

5

Note that we have more than one solution of
skp(x), Sk+1(x)y ..y Skqr—1(x) in Eq. (3). We need
to choose one solution such that all r polynomials
sk(7), sk41(), -, Skr—1(z) are in  Cpr(g(x),7,q,d).

Since we will show the (n,k) recoverable condition of
GEBR(p, 7, k,7,¢,9(z)) in Theorem 5 and Theorem 8,
we assume that the parameters p,7,k,r q,g(x) satisfy
the (n,k) recoverable condition given in Theorem 5 or
Theorem 8, and there exists only one solution such that
all r polynomials sg(z),sg+1(x),...,Skrr—1(z) are in
Cpr(9(z),7,q,d). For general polynomial g(x), we require
that ged(g(x), h(z)) = 1, ged(1 + 27, h(x)) =1, 1 + 2* and
h(x) are relatively prime over F,[z] fori=1,2,...,k+r—1,
GEBR(p, 7,k,7,q,9(x)) are (n,k) recoverable property
codes. Please refer to Theorem 5 for the detailed proof.
When g(z) = 1, let 7 = ~p”, where v > 0, 0 < ~ and
ged(y,p) = 1. The codes GEBR(p, 7, k,r,q,1) are (n,k)
recoverable property codes if and only if k+r < p”*!. Please
refer to Theorem 8 for the detailed proof.

The encoding procedure is described as follows. We first
replace each entry a(x) of the parity-check matrix in Eq. (5)
by a(z) - g(=)(1 +27) - (9(z)(1 + 27)) mod (h(z))~! mod
(14 2P7) that is in Cp,(g(x), T, ¢q,d) by Lemma 2 and then
solve the r polynomials si(x), Skt+1(2), ..., Sk+r—1(x) based
on the modified parity-check matrix over C,-(g(x),7,q, d).
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From row ¢ of the parity-check matrix in Eq. (5), where
i =0,1,...,7 — 1, the summation of the k + r symbols in
each line of slope ¢ of the m x (k + r) array is zero, i.e.,

S0,0 + Se—i1 T Se—2i2 T+ So—(kpr—1)i ktr—1 = 0,

for £ = 0,1,...,m — 1. The indices are taken modulo m
throughout the paper unless otherwise specified. For example,
when 7 = 1, we have

so(x) + s () +-- 42" sy, 1 (z) = 0mod (142™).
Recall that

m—1
2 sj(z) =2’ ( Z s057%)
=0

=Sm—jj + Sm—j+14T + -+ 0527+
Slﬁjler] + -+ Sm_j_17j$m71,
forj =1,2,...,k+r—1. We can obtain that the summation of
the k + r symbols s¢0,80-11,- - S¢—(k4r—1),k+r—1 i0 €ach
line of slope ¢ = 1 is zero. The following array is an example
of m = 5 and k+r = 4, where the symbols 51 o, 50,1, 54,2, 53,3
with bold font are in one line of slope 7 = 1:

S0,0 So,1 So0,2 S0,3
S$1,0 S1,1 S1,2  S1,3
S20 S2,1 S22 523
$3,0 S3,1 S32 83,3
S40 S4,1 S4,2 543

Note that the code proposed in [16] is a special case as
GEBR(p,7 = 1,k,r =p—k,q,g9(x) = 1), and GEBR(p, 7 =
1,k,r = p—k,q,g(x)) is the EBR code in [2]. In the p X p array
of EBR code in [2], the summation of the p symbols along a line
of slopes 0, 1, ..., r—1 is zero, the polynomial corresponding to
the p symbols in one column is a polynomial in F[z]/(1+zP)
which is a multiple of g(x)(1 + ). In the pr x pr array of
our GEBR(p, 7, k,r = pr — k, ¢, g(x)), the summation of the
symbols in each line of slope 0, 1, ..., r—1 is zero, as like EBR
codes. The difference is that the polynomial corresponding to
each column of EBR codes is a multiple of g(x)(1+ ), where
g(z) is a factor of 1+ + --- + 2P~1. While the polynomial
corresponding to each column of GEBR(p, 7, k,r = pr —
k.q,g(x)) is a multiple of g(z)(1+27), where g(z) is a factor
of 1 +27 +--- 4 217 such that ged(g(x),1+27) = 1.

B. The (n, k) Recoverable Property

When we say that a code is (n, k) recoverable or satisfies
the (n, k) recoverable property, it means that the code can
recover up to any r erased columns out of the k + r columns.
One necessary and sufficient (n,k) recoverable condition
of GEBR(p, 7,k,r,q,9(x)) with ged(g(x),h(z)) = 1 and
ged(1 4+ 27, h(z)) = 1 is given in the next theorem.

Theorem 5. When ged(g(x),h(z)) = 1 and ged(1 +
27, h(z)) = 1, we can compute all the ko informa-
tion symbols from any k out of k + r polynomials
so(x),s1(x), ..., Skqr—1(x), if and only if, the two polyno-
mials 1 + x* and h(zx) are relatively prime over F[z], where
i=1,2,. . k+r—1
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Proof: By Lemma 2, it is sufficient to show that the
determinant of any r X r sub-matrix of H, x4, in Eq. (5) is
invertible over Fy[z]/h(x). Any r x 7 sub-matrix of H, . (51,
is a Vandermonde matrix, the determinant can be written as
the multiplication of power of = and r different factors 1+ z°,
where i € {1,2,...,k 4+ r — 1}. Note that the coefficient of
constant term of h(z) is non-zero, we have ged(z/, h(z)) =1
for any positive integer j. The determinant can be viewed as a
polynomial in F,[z]/h(z) after modulo h(z), and is invertible
over the ring F,[z]/h(x). Therefore, we can compute all the
ko information symbols from any %k out of k + r polynomials,
if and only if, 1 + z’ is invertible over F,[z]/h(z) for all
i=1,2,...,k+r—1 [ |

If 7 is a power of 2 and g(x) = 1, we have

h(z) =142+ ... +2P D" = (144 . +2P71).

We can check that ged(g(z) = 1,h(z)) = 1 and ged(1 +
27, h(z) = (14+x+...+2P~1)7) = 1. The (n, k) recoverable
condition in Theorem 5 is reduced to that 1 + 2% and 1 + z +
...+ 2P~ are relatively prime over F[z] when T is a power
of 2. Note that 1 + 2° and 1 +x + ... + 2P~ are relatively
prime over F,[z] for i =1,2,...,p— 1 [12]. Therefore, when
7 is a power of 2 and g(z) = 1, GEBR(p, 7, k, 7, ¢, g(x)) are
(n, k) recoverable if k +r < p and are not (n, k) recoverable
iftk+r>p.

According to Theorem 5, GEBR(p, 7, k, 1, ¢, g(x)) are (n, k)
recoverable if and only if ged(h(x),1 + 2) = 1 for i =
1,2,...,k+r — 1. In the following, we present an equivalent
necessary and sufficient (n, k) recoverable condition.

Lemma 6. The codes GEBR(p,7,k,r,q,9(x)) are (n,k)
recoverable if and only if the following equation

(1+2")s(x) = ¢(x) mod (1 + 2P7) (6)

has a unique solution s(z) € Cp-(g(z),7,q,d), given that
c(z) € Cpr(g(z), 7,¢,d) and i € {1,2,... , k+r—1}.

Proof: First we prove that Eq. (6) has a unique solution
s(x) € Cpr(g(x),T,q,d), given that c¢(x) € Cp,(g(z),T,q,d),
if and only if, 1 + 2 and h(z) are relatively prime over F[z]
fori e {1,2,...,k+r—1}.

(=) Since both s(x) and c¢(x) are in € Cp,(g(x), T, q,d), we
have

1+ JZZ)S(Z‘) = ¢(x) mod (1 + zP7)
& (I+2%a(z)(1+27)g(x) = b(x)(1+z7)g(z)
mod (1 + z7)g(z)h(x)
(

& (14 2%a(x) = b(z) mod h(zx). (7

Assume that ged(1+ 2%, h(x)) = d(z). Then, d(z)|b(z). Since
c(x) is any element in Cp-(g(x), T, q,d), this is possible only
when d(z) = 1.

(«<=) Note that, in Eq. (7), both deg(a(z)) and deg(b(z))
are less than deg(h(z)). Given any valid b(x), we need to
prove that there exists only one solution a(z) for Eq. (7). Let
1+ 2* mod h(z) = e(z). Since ged(1 + 2%, h(x)) = 1, we
have ged(e(z), h(z)) = 1 such that the inverse of e(z) exists.
Note that deg(a(x)) < deg(h(z)) and the only solution a(x)
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for Eq. (7) is a(z) = e(x)~'b(z) mod h(x). By Theorem 5,
this completes the proof. [ ]

Next we prove that to determine the condition given in
Eq. (6), we only need to check for the case c¢(x) = 0.

Lemma 7. Eq. (6) has a unique solution s(x) €
Cp‘r(g(x)v 7,4, d)) given that C(ZL‘) € CPT(g(x)? 7,4, d) lf and
only if Eq. (6) has a unique solution s(x) = 0 when c¢(z) =0

Proof: The “if” part is obvious such that we only need
to prove the “only if” part. By Eq. (6), we define the
transformation g; : Cp-(g(z),7,¢,d) — Cpr(g(x), T, ¢, d) as

gi(s(z)) = (1 + 2%)s(z) mod (1 4 zP7),

where s(z) € Cpr(9(x),7,q,d). It is easy to see that this
transformation is linear. Since (1 + z%)s(x) = 0 has unique
solution s(x) = 0, the kernel of g; is of dimension 0. According
to the rank theorem, the dimension of the range of g; is the
same as the dimension of Cp,(g(z), 7, ¢, d). Hence, g; is a one-
to-one and onto mapping such that, for any g;(s(x)) = ¢(x),
Eq. (6) has a unique solution s(x) € Cp,(g(x), T,q,d), given
that ¢(x) € Cpr(9(2),T,q,d). |
When g(z) = 1, we can locally recover any one symbol
with the minimum parity symbol (one local parity symbol
for p — 1 data symbols in each data column), which is
practically interesting in storage systems. For example, the
LRC implemented in Facebook [20] employs one local parity
symbol in each group. In the following, we investigate the
necessary and sufficient (n,k) recoverable condition when
g(x) = 1. When g(x) # 1, the (n, k) recoverable condition of
GEBR(p, 7, k,7,q,9(x)) is a subject of future work.

Theorem 8. Let 7 = ~p¥, where v > 0, 0 < ~ and
ged(y,p) = 1. Then, the codes GEBR(p,T,k,r,q,1) are
(n, k) recoverable if and only if k +r < p**+L.

Proof: We need to show that the codes
GEBR(p, 7,k,r,q,1) are (n, k) recoverable if k +r < p¥*1
and are not (n, k) recoverable if k + 7 > p”*1.

We first consider that k+7r < p**1. Let1 <i<k+r—1<
p”*t1—1. In order to prove that GEBR(p, 7, k, 7, ¢, 1) are (n, k)
recoverable, we have to show that Eq. (6) has a unique solution
s(x) = 0 when c(x) = 0forall 1 <i < p”*!—1by Lemma 7.
Suppose that we can find a non-zero polynomial s(z) €
Cpr(1,7,q,d) such that (142")s(z) = 0 mod (1+2P7) holds,
we can deduce a contradlctlon as follows. Without loss of
generality, let s(z) = S-?7 " 5,2" and 59 = 1. Then we have

S((£—1)3) mod pr + S(¢i) mod pr = 0,

for 0 < /¢ < pr — 1. By induction, we have

S(¢i) mod pr = 1. (3
Let ¢ = ged(i,pr). Recall that 1 < i < p¥*! — 1, we have
¢ = ng(iapT) = ng(Z‘aFYpV+1) = ng(iarypu) = ng(i7T)'
Then,
{(tiymodpr: 0<<pr—1}={c:0<e<? 1},
9)

Since, in particular, ¢ divides 7, we have

{(trio<t<p-1}c{tc:o<e< 1} (o0
C
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By Eq. (8), Eq. (9) and Eq. (10) we have sy = 1 for all
0<s< p — 1 and therefore > 7_ yi 0 s¢r = 1, which contradicts
to Ze —o Ser = 0 (since s(x) € Cpr (1,7, ¢, d)).

Next, we consider that k + r > p”*l. We will show that
Eq. (6) has a non-zero solution s(x) € C,(1,7,q,d) when
clx)=0and i€ {1,2,...,k+r—1}.

Note that m = pr = yp*+!. Let

+ 207 (11

v+1

,(12)

v+1 v+1
sola) =147 a2 4o
v+1

si(x) =P 2P TP 4 P O

and s(z) = so(x) + s1(x) mod (1 + z™). We first show that
the polynomial s(z) = so( )+ s1(x) is in Cpr (1,7, ¢, d).
Note that 31( ) = a?" so(x), we have 1+ 2™ =1+ 277"
and (1 + 2P )so(z) = 1 + 27", Note that 1 + 27 =
1+277" divides 1+277""". Since ged(, p) = 1, by Euclidean
algorithm, gcd(l + 2P 14 27") = 1+ 2#". Since (1 +
mp”“)(l_,_ Py et _|_x(’7*1)17y+1) — 1 =
(14-277" ) (x) and gcd(l—i—xp ,14+27P") = 1427, we have
(1+x’YP )|(1+mp )(1+xp +x2py+l+...+x(7—1)pv+l .
Hence, s(x) = so(z)+s51(z) = (1+2?")(14a2?"" +22" 4
xh VP mod (14 2™) is also divided by 1+ 277" =
1427, ie, s(x) € Cpr(1,7,q,d). It is clear that so(x) +
s1(z) # 0.

From the definitions of so(x) and s1(x), we have

:Epwlso(ac) —zP
v+1

+ prlh#l + ‘rspu+1 + . + x,ypu+l
2 v+1 3 v+1
SRR A S AN SRR o |

=5s0(x) mod (1 4 ™),

::L'p

where the second equation above comes from that 2P =

2™ = 1mod (1 + 2™). Similarly, we can obtain that
v+4+1

2?51 (x) = s1(x) mod (1 + ™). Therefore, we have

)s(x) = (1+2#" ) (so(x)+s1(x)) = 0 mod (1+2™),

and s(z) # 0 is a solution to (1 + ¢ )s(z) = 0 mod
(1 4+ 2™). The theorem is proved. |
We can directly obtain the following result from Theorem 8.

Corollary 9. The codes GEBR(p, 1,k,7,q,1) with k4+r = pt
are (n,k) recoverable if and only if T = p¥, where v is a
non-negative integer.

By Theorem 5, the codes GEBR(p,7,k,r, q,g(x)) are
(n, k) recoverable if and only if ged(1 + %, h(z)) = 1 for
all ¢ = 1,2,...,k+r — 1. When g(z) = 1, we have
h(z) =1+27 +---+2®P~Y7 According to Corollary 9, the
codes GEBR(p, 7, k,7 = m — k,q,1) are (n, k) recoverable
if p is an odd prime and 7 is a power of p. Combining the
results in Theorem 5 and Corollary 9, we can directly obtain
the following theorem.

(1Jr:137"y+1

Theorem 10. If p is an odd prime and T is a power of p,
then we have gcd(1+ 2, 1427 + ... +x®=D7) =1 for all
i=1,2,...,pT— 1L

Since Cp-(g(z),7,¢,d) is a cyclic code, the proposed
GEBR(p, 7, k,7,q,9(x)) can recover either a burst of up to
7+deg(g(x)) (consecutive) erased symbols or up to d—1 erased
symbols in a column. Specifically, we can recover a burst of up
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to 7+ deg(g(x)) erased symbols as follows. First, cyclic-shift
the polynomial such that the 7 + deg(g(x)) erased symbols
are in the last 7 + deg(g(x)) locations. Then, encode the first
« symbols of the obtained shifted polynomial systematically.
Finally, apply the inverse cyclic-shift to the encoded polynomial
to obtain the decoded polynomial.

Example 1. Consider the code GEBR(3,3,6,3,2,1), i.e., T =
p =3, k=06 and r = 3. The entries of an array in the code
can be represented by the nine polynomials

s5(2) =0, + 51,% + 52,527 + s352° + 542" + 55 27+
(80, + 83,5)2° + (51,5 + 84,5)7" + (82,5 + 85,7)2%,

where 0 < j < 8 and the 36 information symbols are
8i.0,5i,15 54,2, 51,3, Si,4, Si,5 with 0 < i < 5. The parity-check
matrix of the code is

11 1 1 1 1 1 1 1

T $2 56‘3 1'4 JU5 .736 l‘7 .138

1
1 22 g4 6 8 10 12 14 16

According to Corollary 9, the code GEBR(3,3,6,3,2,1) is
(n, k) recoverable. Also, each column can recover up to three
consecutive erasures.

C. Efficient Decoding

In the encoding/decoding procedures of
GEBR(p, 7, k,7,q,9(x)), we need to solve a Vandermonde
linear system over R, (g) such that the solved polynomials
are in Cp-(g(z),7,¢,d). In the following, we present an
efficient decoding method for solving the Vandermonde linear
system over R,,(q) based on the LU factorization of the
Vandermonde matrix. The efficient LU decoding algorithm we
propose relies on an efficient algorithm for division by 1 + 2?,
and we first present the efficient division.

1) Efficient Division by 1 + x° over R,,(q): We need to
first give an efficient decoding algorithm for dividing by 1+ 2°
over R,-(q) before showing the efficient LU decoding method,
where b is a positive integer such that 1 + x* and h(z) are
relatively prime. Given the integer b and the polynomial f(x) €
Cpr(g(x),T,q,d), we want to solve r(z) € Cp,(g(x),T,¢,d)
from the equation

(1 + 2%)r(z) = f(x) mod (14 2P7).

The next lemma shows a decoding algorithm for solving r(z) €
Cpr(9(x),T,q,d) from Eq. (13) when ged(b,p) = 1.

Lemma 11. Consider Eq. (13) with 1 < b < pr and
ged(b, 7) = a. If ged(b, p) = 1, then we can first compute the

13)

coefficients r; of the polynomial r(x) with j =0,1,...,a—1
by
p—1
2 T
1 =YY feu-t)rbivrg (14)
u=1/¢=1
and the other coefficients of r(x) iteratively by
Toetj = foetj + Toe—1)+j (15)

with the index ¢ running from 1 to pt/a — 1 and j =
0,1,...,a—1.
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Proof: See Appendix A. [ ]
Lemma 20 in [2] and Lemma 4 in [25] are special case of
Lemma 11 with 7 =1 and g(z) = 1, respectively. By Lemma
11, there are a(25* - 7 — 1) + (pr — a) XORs involved in
solving r(x) from Eq. (13). In particular, if a = 1, we have
that the number of involved XORs is w.

Example 2. Consider the example of p = 7 and T = 2.
Let f(z) = 1+ 2+ 25+ 27 + 219 + 211 + 212 + 213 ¢
Cra((1+ 2 +12°),2,2,4), ie, fo=f1=fo=fr=fio=
Ju=fie=fis=land fo=fs=fas=fs=fs = fo=0.
We want to solve r(x) from (1 + z3)r(x) = f(z). According
to Eq. (14), we have

ro=fo+ fie+ fr+fio+fs+fe=1
The other coefficients can be computed as

rL=ry =16 =19 =710 =711 =0,

Ty =T3=7T5=T7 =78 =Tz ="r13 =1,

according to Eq. (15). Therefore, r(x) = 1 + 22 + 23 + 25 +
27 + 2% + 212 + 213, We can check that r(x) € Cr.o((1+ 22 +
2%),2,2,4).

When 7 is a power of an odd prime p and g(xz) = 1,
GEBR(p,7,k,7 = m — k,q,1) are (n,k) recoverable by
Corollary 9. If ged(b,p) = 1, then we can solve Eq. (13)
by Lemma 11; otherwise, if b is a multiple of p, then the
decoding method is as follows.

Lemma 12. Consider that T = p¥, where v is a positive
integer. Let b = up®, where ged(u,p) = 1 and 1 < s < v.
We can compute the coefficients rpu+1_ps; of the polynomial

T’(l‘) in Eq. (13) with 7 =0,1,...,p° —1 by
pV75+1_3
2
Tpr+l_psqj = Z foiupstup+3 (16)
i=0

and the other coefficients of r(x) iteratively by

Tptt—patjrbups = Jpril—pejttups + Tprtt —ps i (6—1)upe

v=s+1 _ 1. Recall that the indices are

throughout the paper.

where { = 1,2,....p
taken modulo m = p"*1

Proof: See Appendix B. [ ]
s(p’_t'-3 v41 s
By Lemma 12, there are p°(——5—>) + p"™' — p°® =

?”’%E’ps XORs involved in solving r(z) from Eq. (13).

Example 3. Consider the example of p =1 = 3. Let f(x) =
T+ao+a3+27 €C33(1,3,2,2), ie, fo=fi=fz=fr=1
and fo = f4 = f5 = f¢ = fs = 0. We want to solve r(x) from
(14 23)r(x) = f(x). According to Eq. (16) in Lemma 12, we
have

re =f3 =1,
r7 :f4 = 07
T8 :f5 = 07

and the other coefficients are rq = ro = r5 = 0 and 1, =
r3 =14 = 1. Therefore, r(x) = x + 2° + x* + 25, which is in
C3‘3(1a 3,2, 2)
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2) LU Decoding Method: Let V,y.(a) be an r X r
Vandermonde matrix,

1 o x(r—l)al
1 IG‘Z . x(rfl)aQ
err(a) = : : . . ) (17)
i x‘.lr . I'(""f'l)ar
where a = (a1, -,a,) and aq,as,...,a, are dis-

tinct integers that range from 0 to k& + r — 1. Let
u = (w(z),...,ur(x)) € Cpr(9(x),7,¢,d)" and v =
(vi(x),...,vr(x)) € Cpr(9(x),T,q,d)". Consider the linear
equations

uV,x.(a) = vmod (1+ zP7). (18)

We first review the LU factorization of a Vandermonde matrix
given in [31] and then show the LU decoding algorithm for
solving u from the Vandermonde linear system in Eq. (18).

Theorem 13. [31] For a positive integer r, the r X r
Vandermonde matrix V. .(a) in Eq. (17) can be factorized
into

Vixr(a) = LOL®  LO-Yur-Hul=2  uld

where Ug) is the upper triangular matrix

Ir,g,1 0
1z 0 0 0
0 1 a2 0 0
U — v
' 0 : :
0 O 0 1 %
i 0 O 0 0 1 |
and Lg) is the lower triangular matrix
Ir—E—l 0
1 0 . 0
1 gfr—e+1 4 gpar—e . 0
0 :
0 0 x4 + -t
fort=1,2,....r—1.

When r = 3, the 3x 3 Vandermonde matrix Vsy3(a1,as, as)
can be factorized as

Lgl)LgQ)Uff)U(l)
1 0 0 1 0 0
=10 1 0 (1 oz o 0
_0 1 x% + g% 0 1 % + x
(1 292 0 1 0 O
0 1 x% 0 1 x*
0 0 1 00 1

With the LU factorization of the Vandermonde matrix in
Theorem 13, we can solve the Vandermonde linear system in
Eq. (18) by solving the following linear equations

uLML® | Lr-Hyut-Hyu-2 gl = v,

Algorithm 1 Solving a Vandermonde Linear System

Input: positive integer r, prime number p, integers
a1,as,...,a., and v = (vi(z),v2(x),...,v.(x)) €
CpT(g(I)7 7,9, d)r

Output: u = (ug(x),uz(x), ... ur(x)) €

Cpr(g(z),7,q,d)" that satisfies Eq. (18).

Require: %1 + z%: is relatively prime to h(x) over F[z]
forall 0 <i; <i9g <k-+r—1.

ILLua<v

2: for i from 1 tor —1 do

3: for jfromr—i+41tordo

u; () <= uj(x) + wj_y(z)ztti-r

: for ¢ from r —1 down to 1 do

Solve g(z) from (2% +z%~)g(x) = u,(x) by Lemma

11 or Lemma 12

(@) < g(x)

for j fromr —1 downtor—i+ 1 do
Solve g(z) from (z% + z%~)g(z) = (u;(x) +
uj4+1(x)) by Lemma 11 or Lemma 12

10: uj(z) + g(x)

11 Up—i() ¢ Up—i(@) + Up—ig1 ()

12: return u = (uy(x), ..., u.(x))

A A

R

The decoding algorithm for solving the Vandermonde linear
system based on the LU factorization of a Vandermonde matrix
is given in Algorithm 1. In Algorithm 1, Steps 2-4 require
r(r —1)/2 additions and r(r — 1)/2 multiplications and Steps
5-11 require r(r — 1)/2 backward additions and r(r — 1)/2
divisions by factors of the form =% + x% .

Example 4. Continue from Example 1, where 7 = p = 3,
k =6 and r = 3. We have six information polynomials

where each polynomial is in Cs.3(1,3,2,2). The parity-check
matrix of the code is

11 1 1 1 1 1 1 1

1 z 22 28 2+ 25 26 7 a8
1

1'2 1‘4 $6 !L‘S ZCIO .1‘12 1’14 .’1716

Therefore, we can obtain

1 2% =2 r+z>+at 428
[s6(z) s7(x) ss(x)] |1 27 2'| = |l4+a+a"+2° +2°+2®
1 2% 26 14 2% 425428
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According to Theorem 13, the above Vandermonde matrix can
be factorized as

[1 28 212 1 0 0

1 27 z%| =10 1 0

_1 28 16 0 1 27428

1 0 1 25 0 1 0 0
1 28 +27 1 27| -0 1 28
10 1 20 er 1 0 0 1

By Algorithm 1, we can solve the three parity polynomials
as follows. First, we solve the following linear system

1 0 0
[s¢'(x) s7'(x) sg'(2)] |0 1 af
00 1
z+ 2% 4 2t 4 o8 T
=|1+z+az*+2°+ 20 +28
1425 + 25 + 28
to obtain
sg'(x) r 422+ ot 4 28
s(z) | = [1+z+a*+ 25+ 25 + 28
s§'(x)) 1+z+22+23+27 +28
Then, we solve the following linear system
1 25 0
[s6(x) s7(z) sg(x)] |0 1 2T
0 0 1
r+ 2%+t + 28 T
=|1+z+azt+2°+ 25+ 28
l+z+z2+2° 42" + a8
to obtain
sg(z) x+ 2%+t + 28
si(z) | = 1424 —|—x + 27
sy (z)) 14+z+23+ a2t 4+ 25+ 28
Next, we solve the following linear system
1 0 0
[s6(x) s7(z) sg(@)] |1 2®+2" 0
0 1 2% + 28
x4+ 2%+t 4 28

= 1+ a2t + 2%+ 27
1+ x+23+a* + 2% + 28
to obtain
24+ b T 4 2B
=|z+a®+a®+a"
a? + 2% + 120 + 2°

V)

/

6
sh(x
ss(x)

Finally, we solve the following linear system

Table T
ExAMPLE OF GEBR(3, 3,6, 3,2,1).

— = O Ol O O =| = O
O~ OO O O O = | O
— = O = = O] O O O
(=] L el fel l ol fo Fo) K}

O OO O = —| | —=| =
O O O = =] O =] —=| D
OO OO —| OO —=| S
O OO —| O —=| = | | —
OO O = = D —=| = S

Table I shows the example of GEBR(3,3,6,3,2,1).

In the following, we only evaluate the encoding complexity,
and we can obtain the decoding complexity similarly. We define
the normalized encoding complexity as the ratio of the total
number of XORs involved in the encoding procedure to the
number of information symbols. In the encoding procedure
of GEBR(p, 7, k,,q,1), we first compute 7 parity symbols
for the first & columns that takes k7(p — 2) XORs. Then, we
compute the multiplication of k£ polynomials and the r X k
Vandermonde matrix that requires (k — 1)rpr XORs, and
solve the Vandermonde linear system. In solving the 7 X r
Vandermonde linear system, there are r(r — 1) additions that
require 7(r — 1)pr XORs, r(r — 1)/2 divisions that require
(r(r —1)/2) - ((3p7 — 7 — 4)/2) XORs.! Therefore, the
normalized encoding complexity of GEBR(p, 7, k,r,¢,1) is

sr(r=1)(7pr =7 —4) + (k — V)rpr + k7(p — 2)

k(p—1)T '

The encoding/decoding method of EBR is given in [2], [16],
and the normalized encoding complexity is
(Ar2=3r+2"4+rk—1)p+1r(r—1)(3p—5) + k(p —2)

k(p—1) ’

where k =p — 7.

We give the comparison of EBR and our proposed codes
about the encoding complexity in Table II. The results of
Table II show that the proposed LU decoding method has less
encoding complexity compared with the decoding methods in
(2], [16].

Table II
COMPARISON OF ENCODING ALGORITHMS.

[p 7] r [k=p—r ] EBR [ GEBR [ Improvement % |
511 3 2 8.88 825 7.0
71| 4 3 1322 11.28 14.7
m[1]5 6 14.42 11.48 20.4
717 10 25.63 15.11 41.0
91 8 11 38.69 17.67 543

23 [ 1] 10 13 100.72 | 22.88 773

IV. GENERALIZED EXPANDED INDEPENDENT PARITY

CODES

In this section, we present the construction of generalized
expanded independent parity (GEIP) codes. The constructed

10 0 a2 + 27 + 257
[s¢(z) s7(x) ss(x)] [0 1 0 = |zt a® 427
0 1 a7 4a® 2 + 2% + 2° + 2°
to obtain
s6(x) ot 425 427 4 28
sr(x)| = |z + 2% +a* +2°
sg(x) zt + 27
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'Suppose that ged (b, 7) = 1.
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GEIP code is denoted by GEIP(p, 7, k, r, q, g(z)) with encod-
ing matrix given in Eq. (19).

1 1 1 1

1 T x? T

Pixr = 19)

1 xk‘—l x2(l;—1) JC(r—l‘)(k—l)

As the first k polynomials are in C,r(g(z),7,q,d), the
computed r polynomials are also in Cp-(g(z), 7, ¢,d). Note
that the EIP code proposed in [2] is a special case as

GEIP(p,7 = 1,k,7,q,9(2)).

Table III
EXAMPLE OF GEIP(p = 3,7 =3,k =3,r = 2,q,9(z) = 1), WHERE
Si,j = Si—6,5 T Si—3,j FOR? =6,7,8 AND j =0,1,2.

Lo [ T [ 2] 3 l 4 l
$0,0 | So,1 S0,2 | S0,0 + 80,1 +S0,2 | So,0+ S8,1 + 87,2
S$1,0 | S1,1 | S1,2 | S1,0 +S1,1 + 81,2 | S1,0+ S0,1 + 88,2
$2.0 | S2,1 S$2,2 | S2,0+ 82,1 +82,2 | S2,0+ S1,1 + 80,2
$3,0 | S3,1 3,2 | 3,0+ 83,1 +832 | S$3,0+ 82,1 +S1,2
S$4,0 | S4,1 S4,2 | S4,0 + 84,1 + 84,2 | S4,0 + 83,1 + 82,2
S50 | S5,1 S$5,2 | 5,0+ 85,1 +85,2 | S50+ 84,1 +832
$6,0 | S6,1 $6,2 | S6,0 + 86,1 +86,2 | S6,0+ 85,1 + 84,2
s70 | S7,1 s72 | S7,0+ 871+ 872 | S7.0+ 86,1+ 85,2
S$8,0 | S8,1 58,2 | S8,0+ 88,1 +88,2 | S8,0+ 87,1+ S6,2

Example 5. Consider « = 6,p =7 =k = 3,r = 2 and
g(x) = 1. The 18 information symbols are s; ; € ¥y for i =
0,1,...,5 and j = 0,1,2. The encoding matrix of GEIP(p =
3, 7=3,k=3,r=2,q,9(x)=1) is

1 1
P3><2 = |1 X
1 22

Example 5 is illustrated in Table Ill, where s; ; = s;_¢; +
Si—3,; fori=06,7,8 and j =0,1,2.

A. The (n, k) Recoverable Property

The codes GEIP(p, 7, k, 7, q,g(z)) are (n, k) recoverable, if
the determinant of any square sub-matrix of Py, in Eq. (19)
is invertible in C,,(g(x), T, q, d). Recall that C,.(g(z), 7, ¢, d)
is isomorphic to F,[z]/(h(x)) by Lemma 2, the (n, k) recover-
able condition is reduced to that the determinant of any square
sub-matrix of Py, in Eq. (19), after reducing modulo h(x),
is invertible in Fy[z]/(h(z)).

Theorem 14. Let p be a prime number such that 2 is a primitive
element in Z,, and T be a power of p. If (p — 1)7 is larger
than

lkr min(k,r)— i(rnin(lc, r))® — 9 max(k,r)+ 2 min(k,r)—4,
4 12 4 12 20)

then the codes GEIP(p,,k,r,2,g9(x) = 1) are (n, k) recov-
erable for r > 9.

Proof: When 2 is a primitive element in Z,, and 7 be a
multiple of p, then h(z) = 1427 4+ 22" + ...+ @7 is an
irreducible polynomial [30]. If a polynomial whose degree is
less than (p — 1), then the polynomial is relatively prime to
h(x). It is sufficient to show that the maximum degree of the
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determinants or all the factors of the determinants of all square

sub-matrix is less than (p — 1)7. It is shown by Theorem 4 in

[32] that the maximum degree of the determinants or all the

factors of the determinants is equal to the value on the left side

in Eq. (20) when r > 9. Therefore, GEIP(p, 7, k, 7,2, g(x) =

1) are (n, k) recoverable for r > 9, if Eq. (20) holds. [ ]
If 7 is a power of 2, then

T+a +2% +. . 2PV = (U to+a®+.. 2P

Recall that, since 2 is a primitive element in Z,, 1+ + 2% +
...+ zP~ 1 is irreducible over Fy. It is sufficient to show that
the maximum degree of the determinants or all the factors of
the determinants of all square sub-matrix is less than p — 1,
and we can obtain the following theorem with a proof similar
to that of Theorem 14.

Theorem 15. If 2 is a primitive element in Z,, T is a power
of 2 and p — 1 is large than the value in Eq. (20), then the
codes GEIP(p,T,k,r,2,g(x) = 1) are (n,k) recoverable for
r>9.

When r < 3, the determinant of any square sub-matrix
can be written as a multiplication of factors 1 + z?, where
i€{1,2,...,k— 1}. Therefore, GEIP(p, 7, k,7,q, g(z) = 1)
are (n, k) recoverable for r < 3, if 1+2* and h(z) are relatively
prime. When 4 < r < 8, we can list the prime numbers p
for which GEIP(p, 7, k, 7, q, g(z) = 1) are (n, k) recoverable
with similar proof of the MDS condition in [27].

Note that EIP codes share the same (n, k) recoverable condi-
tion as IP codes (also called generalized EVENODD codes [4],
[11] or Blaum-Bruck-Vardy (BBV) codes [32] in the literature).
By letting 7 be a power of p, our GEIP(p, 7, k, 7, ¢, g(x) = 1)
codes not only support much more parameters, but the codes
may be (n, k) recoverable for some parameters with p < k,
compared with EIP codes. Example 5 is an (n, k) recoverable
property code, as 1+ z? is relatively prime to 1+ 2 + 2 for
1=1,2,3.

B. Encoding/Decoding Procedure

The encoding procedure of GEIP(p, 7, k, r, ¢, g(z)) is as fol-
lows. Given ko information symbols s; ; withi =0,1,...,a—
land j =0,1,...,k— 1, we obtain (m — «)k parity symbols
855 withi =o,a+1,...,m—1and j =0,1,...,k—1 by
systematically encoding such that s;(z) € Cp-(g9(x),7,q,d)
for j = 0,1,...,k — 1. Note that when g(xz) = 1, we can
do the systematic encoding by Eq. (4); when g(z) # 1, the
systematic encoding is similar to that of cyclic codes [33, Ch.
7.8]. Then, we compute the last r polynomials by Eq. (2) with
encoding matrix Py, in Eq. (19).

Next, we consider the encoding complexity of
GEIP(p, 1, k,r,q,9(x) = 1). First, we compute
Z9 .

Stp—1)rtpi = Dopeo Str4u,y for j = 0,1,...0k — 1

and p=0,1,...,7 — 1, which takes k7(p — 2) XORs. Then,
we compute the r parity polynomials by Eq. (2) with encoding
matrix Ppy, in Eq. (19), which takes r(k — 1)pr XORs. The
encoding complexity is k7(p — 2) + r(k — 1)p7 XORs. Recall
that the encoding complexity of EIP code with g(z) = 1
is k(p —2) + r(k — 1)p XORs. Therefore, the normalized
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encoding complexity of GEIP(p, 7, k,r, ¢, g(x) = 1) is equal
to that of EIP code with g(z) = 1.

Suppose that 7 information columns have failed and up to
d — 1 symbols or a burst of up to 7 + deg(g(x)) symbols
in each of other £ columns have failed. We can first recover
up to d — 1 erased symbols in each of the k£ columns or a
burst of up to 7 + deg(g(z)) erased symbols. Suppose that
GEIP(p, 7, k,r,q,9(x)) is (n, k) recoverable. Then, we can
recover r failed columns by first subtracting the other k —
r non-failed information polynomials from each of r parity
polynomials and then solving the r x » Vandermonde linear
equations by applying the LU decoding method in Algorithm
1. Note that if some of the erased columns are among the r
parity columns, we can not formulate the » X r Vandermonde
linear equations and the LU decoding method is not applicable.

Example 6. Suppose that columns 0 and 1 in Example 5 have
failed. We can obtain three polynomials

5j(x) = s0,j + 5150+ -+ 5,52,
for j =2,3,4. By subtracting s2(x) from each of ss(z) and
s4(x), we have

[s3(z) — s2(x) sa(x) — a?sz(x)] = [s0(x) s1(2)] [1 1} .

1 =z

Therefore, we can solve so(x) as

so(x) = sa(w) — 2%s5(x) — x(s3(x) — s2(2))

1—2x

)

by Lemma 11 and s1(z) = s3(x) — sa(x) — so(x).

V. MINIMUM SYMBOL DISTANCE

In this section, we consider the symbol distance of the
proposed array codes, which is the number of symbols in
which two codewords differ. Minimum symbol distance is a
measure of the maximum number of failed symbols that the
codes can tolerate.

Theorem 16. Let D be the minimum symbol distance of an
(n, k) recoverable property array codes constructed by the
coding method in Section II. Then, we have D > d(r + 1).

Proof: The proof is similar to the one of Lemma 28 in
[2]. For completeness, we present the proof. Since the code is
(n, k) recoverable, there are at least r + 1 non-zero columns,
and since each non-zero column has weight at least d, we
obtain D > d(r + 1). [ |
We first consider the (n, k) recoverable property array codes
with each entry of the encoding matrix Py, being a power
of x.

Theorem 17. If each entry of Py, is a power of x, then
D =d(r+1).

Proof: Let k — 1 out of the k data polynomials be zero
and the remaining data polynomial be a non-zero polynomial
in Cp,(g(x), T, q, d) with weight d. Note that the multiplication
of % and a polynomial can be implemented by cyclic-
shifting ¢ positions of the polynomial. By encoding the %k data
polynomials, we have that the obtained r parity polynomials
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are all in C,- (g(z), 7, ¢, d) with weight d. Therefore, we obtain
a code with symbol distance being d(r + 1) and we can obtain
the result by Theorem 16. [ ]
By Theorem 17, the minimum symbol distance of
GEIP(p, 1, k,r,q,9(x)) is d(r + 1). Next, we consider the
minimum symbol distance of GEBR(p, 7, k, r, ¢, 1).

Lemma 18. Let s(z) = 2'(1 + 277) € Cp,(1,7,q,2) with
weight 2, where 1,7 are integers with 0 < 1 < pT and 1 <
Jj<p#2 Ifc(z) € Cpr-(1,7,q,d) such that (1 + z%)c(zx) =
(1 + 2°)s(x) mod 1 + zP7, where 0 < a,b < 7 and a # b,
then the weight of c(x) is larger than 2.

Proof: Note that d > 1 because (14+27)|f(x), where f(x)
is the generator polynomial of C,-(1,7,q,d). We assume that
the weight of ¢(x) is 2, we can always obtain a contradiction
as follows and therefore the weight of c¢(z) is larger than
2. Let ¢(z) = a%(1 + 2¢) with 0 < ¢ < pr. Since c(z) €
Cpr(1,7,¢,d), ¢ # 0 is a multiple of 7. From (1 + 2%)c(z) =
(1 + 2%)s(x), we have

xffi(l _|_xa +JUC _|_xa+c) =1 +.73b _|_ij +$b+jT.

Let e = £ — 4. Then 0 < e < pr. When e = 0, we have
{0,a,c,a+c} = {0,b, j7,b+j7} mod pr. By the assumption,
a#b,a# 0 and a # jr. Thus, a = b+ j7 mod pr. Since
b < 7 and j < p, we have a = b+ j7 which is impossible due
toa <7andj>1.

Next, we consider that e # 0 and we have {e,e + a,e +
c,et+a+c} ={0,b,j7,b+ j7} mod pr. Note that £+ ¢ < pr.
Since ¢ # 0 is a multiple of 7, we have ¢ < (p — 1)7. Assume
that e = 0 mod pr. This is impossible since e < p7. Assume
that e + @ = 0 mod pr, ie.,, f —i+a =pr. Thatis, a —i =
pT — £ > 7 which contradicts to the fact a < 7. Assume that
e+ c=0mod pr, i.e.,, { — i+ c = pr. Since £ + ¢ < pr, it
is impossible. Finally, assume that e + a + ¢ = 0 mod p7. We
have { —i4+a+c=prduetol{+c<pranda—i<T.
Sinceb< jr<b+jrandande<e+a<e+c,e=b<T,
e+a=j7 <27,and e+c=0>b+j7.Hence, j =1 and c = 7.
Therefore, a +b=pr—7=(p—1)rande+a=b+a =
j7 = 7. Since p > 2, we have a contradiction. Therefore, the
weight of ¢(z) is larger than 2. [ |

Theorem 19. Suppose the codes GEBR(p,t,k,r,q,1) are

(n, k) recoverable. When r = 2 and 7 < |*E1|, the minimum

symbol distance of GEBR(p,T,k,r,q,1) is 2(r +1) = 6.
When r = 2 and T > k + 1, the minimum symbol distance
of GEBR(p,T,k,7,q,1) is 8 When r = 3, and 7 < L%j
the minimum symbol distance of GEBR(p, T, k,r,q,1) is 2(r+

1) =38

Proof: By Theorem 16, if we can find a codeword
composed of 7 4+ 1 non-zero polynomials each with weight 2
and k£ —1 zero polynomials, then the minimum symbol distance
is 2(r +1).

When r = 2, by Theorem 16, each non-zero codeword
contains at least three non-zero polynomials. Without loss of
generality, suppose that the three non-zero polynomials are
sa(x),s8(x), sy(x) and the other k — 1 polynomials are zero,
where 0 < a < f < v < k + 1. Suppose that the weight of
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Sa(x) is 2. According to Eq. (5), we obtain that

sa(z) | |1 1 sp(x)
Ll = Lo 2] (6]

Therefore, we can compute that (z° + z7)s,(z) = (
2%)so(x) and (2 +27)sp(z) = (2% +27) s, (). If | EEL |
7, we have k+1 > 27. Let (o, 8,7) = (0,7,27) and so(x)
1+2" € Cpr(1,7,q,2) with weight 2, then we can obtain
sr(x) =a™ + 2P 7 and so-(x) = 1+ P77, which are both
with weight 2. Therefore, the minimum symbol distance of
GEBR(p, | 55L] > 7, k,r =2,¢,1) is 2(r + 1) = 6.

Ifk+1<7,wehave 0 < vy —a < k+1 < 7 and
0 < v—p8 <k < 7. Suppose that the weight of s, (x) is
2, by Lemma 18, the weight of sg is larger than 2. Since
sg(z) € Cpr(1,7,¢,2) (the number of non-zero coefficients
of sg(x) is an even number by Lemma 4) and the weight of
sp(x) is larger than 2, the weight of sg(x) is no less than 4.
Consider the polynomial s,(z). Since the weight of s, (z) is
at least 2, the minimum symbol distance of GEBR(p, 7 >
k+1,k,r=2/¢1) is at least 8. Let («a, 5,7) = (0,5,208)
and sp =1+ 2", where 8 < (k+ 1)/2 < 7. Then we obtain
sop(z) = aPT=F 4 gPT=AFT) modpT " \which has weight 2.
Since 1+2% = (1+27)?2, we can obtain sg(x) = 2P7F(1+
2T)(1+2P), ie., sg(x) = 14+a7 42?78 gpr—F+r) mod pr.
which is with weight 4. We can thus obtain that the minimum
symbol distance of GEBR(p, 7 > k+ 1,k,r = 2,¢,1) is 8.

When r = 3, by Theorem 16, we have at least four non-zero
polynomials. Without loss of generality, suppose that the four
non-zero polynomials are so(x), sg(x), sy(x), s;(x) and the
other k£ — 1 polynomials are zero, where 0 < a < < v <
1 < k+2. We assume that the weight of s, (z) is 2. By Eq. (5),
we have

[

Sa () 1 1 1 sg(z)
%s4(z) | = |2z 2" sy(x)
2%, () 2P 22 g Sy ()

Since L%J > 7, we have k + 2 > 37. Let (o, 8,7,7) =
(0,7,27,37) and sg(x) = 14 27, then we can compute
sr(x), s2,(x), s3-(x) as follows,

S.,—(I’) x7'+l.p7'727'
sor(a)| = | 14 |
837(3;) xpT—3T+$pT—2T

which have all weight 2. Therefore, the minimum symbol
distance is 2(r + 1) = 8 when [%2| > 7 and r = 3. |
By Theorem 19, the minimum symbol distance of
GEBR(p,7 > k+ 1,k,r = 2,q,1) is larger than that of
GEBR(p,7 = 1,k,r = 2,q, 1), i.e., EBR codes with r = 2.

Theorem 20. Suppose the codes GEBR(p,7,k,r,q,1) are
(n, k) recoverable. When r = 4, g(x) = 1 and 7 < L%J,
the minimum symbol distance of GEBR(p,1,k,4,q,1) is no
larger than 12.

Proof: It is sufficient to find a codeword such that
the symbol distance is 12 when r» = 4. As the code
GEBR(p, 7,k,7,q,1) is (n,k) recoverable, each codeword
contains at least » + 1 non-zero polynomials that are in
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Cpr(1,7,q,d), with the weight d of each non-zero polynomial
being a multiple of 2 by Lemma 4.

Consider = 4. Without loss of generality, suppose that the
five non-zero polynomials are sq (), sg(x), s (), ss(x), s,(x)
and the other k£ — 1 polynomials are zero, where 0 < a < 8 <
v < d <n < k+ 3. Suppose that the weight of s, (x) is 2.
According to Eq. (5), we have

[sa(z) a%a(x) x*¥sq(x) @3%sq(x)]

1 28 22 238
1 zv 2 g
:[56(33) sy(z)  ss(x) s,,(x)] 1 20 20 230
1 xn g2 g

Since 7 < [%J, we have 47 < k + 3. Let (o, 3,7,6,1) =
(0,7,27,37,47) and so(z) = 1+ 27, then we can take

sor(T ::C(P*E’)T + x(P*3)T + m(P*Q)T + 1’

)
s, .’E) T _’_x(PfS)T,
)
z) =¢P=07T 4 (=27,

Therefore, the minimum symbol distance is no larger than
12 when r =4 and 7 < [£+2 ], ]

Lemma 30 in [2] is a special case of Theorem 19 with 7 = 1
and 2 < r < 3. To determine the minimum symbol distance
of other parameters is an open problem.

VI. RECOVERY OF ERASED LINES OF SLOPE 7 IN
GEBR(p, 1, k,7,q,1) CODES

In this section, we assume GEBR(p, 7, k, 7, ¢,1) are (n, k)
recoverable and want to show that GEBR(p, 7, k,r ¢q,1)
can recover some erased lines of slope ¢ with ¢ =
0,1,...,7—1, under some constraint. We first consider the code
GEBR(p, 1,k,r,q,1) with 7 = 1, that is, an EBR code. Recall
that the k + r symbols in line ¢ of slope ¢ of the m x (k +r)
codeword array are s¢,0, S¢—i,1,5¢—2i,2, " " -
for{=0,1,....m—1andi=0,1,..

Theorem 21. The code GEBR(p, 1, k,r,q,1) can recover any
r erased lines ey, es,...,e. of slope i for 0 <i <r—1, if
and only if the following matrix

y St—(k+r—1)ik+r—1
Lr—1

r 1 1 e 1 7]
b} x®? xfr
1‘61'271 3762'271 xer~2
xel-(r7i71)71 1,62'(7‘71-71)71 L. xer(rfifl)’l
per (=171 ez (=171 ger (=171
xel'(pfz)_l (1'/-62'(1772)_1 xe'r"(p72)_1
| ger (=7 ez (p—1)7! ger (=71

is invertible over Fyx]/(1+x+...+2P~!), where 0 < e; <
eg < -+ < e <p—1and k+r < p. Note that for any
integer { with 1 < ¢ < p—1, {71 is the inverse of { in Z,,
ie, £~ =1mod p.
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Proof: When 7 = 1, we have p > k + r. Suppose that
r lines e1, eo,..., e, of slope O are erased, where 0 < e; <
eg <---<e <p—1.Forl=0,1,...,p— 1, we represent
k + r symbols s¢0,5¢,1,---,5¢k+r—1 Dy the polynomial

k+r—1

§g($) =Sp0+ ST+ ...+ Sektr—1T

over F[z]/(1+ zP). As
Se0tSe1+ ...+ Spkyr—1 =0,
by Lemma 4, we have?

5[(1’) € Cp(lv ]-7 Q7d)

Cp(1,1,q,d) is an ideal of Fy[x]/(1+2P) and is isomorphic to
Fylz]/(14+2+...+2P~1) by Lemma 2. For j = 0,1,...,k+
r — 1, the summation of the p symbols in column j is zero,
we can thus compute

p—1
Serj T Sesj T o0t Sepj = Stter i
L=1#ez—e1,...,er—€1
ie.,
Sey(T)+8ey ()4 45, (2) = Z Stte, (2).
l=14#ex—eq,....er—e1
21
According to row ¢ of Eq. (5), we have
0= so(a) +alsi(x) + -+ 2D, ()

= (80,0 + 81,07 + -+ + sp_1,02" )+
xg(sm +si1z+ -+ Sp—1,1$p71)+

. CE(p—l)Z(SO’pf1 + 81 p 1T+ e+ 8p71,p,1xp_1)
_ (So,o +8071xé+_,,+807p71x(p71)e)+
x(s10+siaxt +- -+ 31,p—19€(p71)e)+

A 2P (sp10 + sporaat o
= (50,0 + S1,p—p-1 + -+ Sp_1,p—(p—1)z—1)+
T Sp-1p—(p-1)e-141) o F

+ Spfl,pflx(p_l)e)

¢
(50,1 + 81 p—p-141 + -

—1)¢
$(p ) (So,p_1 + S1,p—t—14p—1 + -

where /~1¢ = 1 mod p. Note that £-i # £ - j mod p for i #
je{0,1,...,p—1}and {0,4,--- , (p—1)¢} = {0,1,--- ,p—
1} mod p, we have

50, T S1p—e-14jF + Sp1p-(p-1)e-14; =0
for 3 =0,1,...
s1(e)+2” s

where { = 1,2,...,
can compute

,p — 1. Therefore, we can obtain that
o) +a"'5 o)+ sy

r — 1. From the above equation, we then

—1

weleﬂEel (x) + et 1562 () +--+ zert Se, (x)
p—1
= > A s @) @)
u=1l,u#es—e1,...,e,—e1

2We can set 8¢ ktrs SO ktr41s---,5¢,p—1 all zeros.

+ Spfl,pf(pfl)fflerfl)a

13
By Eq. (21) and Eq. (22), we can obtain
i 1 1 1 Se, ()
xel er me,p 552 (Qj’)
xel(r—l)’1 62(7"—1)71 xer(r—1)71 S, (I)
[ Zu l,utes—e1,...,er—eq Sute (J})
_ u= 1 Ju#egs—eq,...,ep—eq u+61§u+€1 (SE) (23)
) 1
Zu l,u#es—e1,...,er—e1 (u+€1)(r 2 Su+61( )

By applying the isomorphism 6 : Cp(1,1,¢,d) — Fqlz]/(1 +
z+ ...+ 2P7!) in Lemma 2 for the above linear equations,
we can show that, if the determinant of the above r X r matrix
is invertible over F,[x]/(1 + x + ... + 2P~!), then we can
compute 3., (), S, (), ..., 5, (x) by first solving the linear
equations over Fy[z]/(1 + 2 + ...+ 2P~') and then applying
the inverse isomorphism 6~1.

Next, we consider that 7 lines eq, eq, ..., e, of slope i are
erased, where 0 < e; < es < --- <e. <p—1land =
1,2,...,r—1.For{=0,1,...,p—1, we represent the k +r
symbols .0, S¢—i,1,5¢-2i,25- - - Sp—i(k+r—1),k+r—1 in the line
of slope 7 by the polynomial

k+r—1
)

50(x) = 80,0 + 80-i 1T + oo F Sp_i(hpr—1) kpr—17T

whichisin C, (1,1, ¢, d), as the summation of the k+r symbols
is zero. According to row ¢ + 1 of Eq. (5), we have that the
summation of the k£ + r symbols in the line of slope 7 + 1 is
zero, i.e.,

55,08~ (i+1),1F8j—2(i+1),2F 8- (ktr—1) (i41) htr—1 = 0
(24)
for j = 0,1,...,p — 1. Note that all the indices are taken

modulo p in the proof and $; kv, Sj k4+r41, -
zero. Then, we can obtain that

,8j,p—1 are all

50(x) + 251 (2) + 2%59(x) + - -+ + 2P 5,1 (2)
p—1 ‘ p—1 ‘ P
=) 5—ijit’ +$(Z $1-4j@0) 4+ 2P
=0 §=0 j
(50 0+ Sp—1-i,1 + Sp—2-2i2 F + S1_(p-1)ip-1)T
(s—i1+ 510+ S2— (p—1)ip—1 T+ Sp—1-2i,2)T
+ (s—2i2 + s1-i1 + S2,0 + -+ + Sp7173i73)$2 + -4
($—i(p—1),p—1 + S1—i(p—2)p—2 + -+ + 51771,0)3”1)_1
=0,

|
—

Sp—1-ijj2”)

Il
=)

where the last equation comes from Eq. (24). Similarly,
according to row i + £ of Eq. (5), we can compute that

So(z) +2' Si(@)+ o+ 2PV 5, (2) =0,
where ¢ = 1,2,...,r —i—1,—-1,-2,...,—1, then we can
compute

zet” 1591 (z) + z62£_1§(32 (x)+---

p—1
+61()

- ¥

u=1l,u#es—e1,....e,—e1

(u+61)€ 1 (25)
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Since the summation of the p symbols in each column is
zero, we have

50(.17) —|— 51(26) + e —|— §p_1(llf) = O7
together with Eq. (25), we can obtain

r 1 1 1 e
€1 x2 - xcr
Sey (x)
xel(r7i71)71 m(52('1‘77171)71 me,‘(7‘7i71)71 562.(1")
per(e=1"" pe2—17" ger=17" B
Se, ()
I gerp=7" pe2p=)7! per=7" |
r p—1 _ -
1u:1,u;éegfel,.A.,eT—elf“'Fel (1:)
p— utey 5
u=1l,u#ez—eq,..., er—eq T Sutey (:r)
e (uter)(r—i—1)"1 2
- u=1l,u#es—eq,...,er—eq z L Suteq ($) y (26)
p—1 (uter)(p—1)" "¢
u=1l,u#ez—eq,..., er—eq T Sutey (1’)
p—1 (uter) (=)~ 2
L u=1l,u#ezx—ey,...,er—eq T Sute; (I) i
fori=1,2,...,7—2 and
[ ( 1—1)*1 ( 1—1)*1 ( 1—1)’1 Se ()
:L‘el p xEQ p xer p gez (:L‘)
—1 —1 —1
| per(p—r+1) pe2(p—r+1) per(P=r+1) Se, ()
_ p—1 _
u=1l,u#es—ey,...,er—ey Sudeq (lm)
p—1 (uter)(p—1)"" ¢
u=1l,u#eg—eq,..., er—eq T Sute; ('T) (27)
- . ’
p—1 (uter)(p—r+1) "' g
LLiu=1,u#ez—e1,...,er—e1 T Su+teq ($)

when ¢ = r — 1. If the left » x r matrices in Eq. (26) and
Eq. (27) are invertible in Fy[z]/(1+x + -+ -+ aP~1), then we
can compute the erased r polynomials. Therefore, the necessary
and sufficient condition for recovering any r erased lines of
slope i is proved. ]

In Theorem 21, we presented a necessary and sufficient
condition for recovering any r erased lines of slope i for
0 < i < r—1. We have p distinct slopes in the p x (k+7) array;
however the method in Theorem 21 is not applicable to the
slope ¢ with r < ¢ < p—1. The reason is as follows. When 0 <
i < r—1, we represent the erased k4 r symbols in each erased
line by a polynomial which is in C,(1,1, ¢, d). According to
the parity-check matrix in Eq. (5), we can formulate r linear
equations of the r erased polynomials in C,(1,1,¢q,d). If the
corresponding r X r matrix of the r linear equations is invertible
in Fy[z]/(14+2+---+aP~1), then we can recover the r erased
polynomials, i.e., the r erased lines. When r < ¢ < p — 1,
the erased r polynomials are in F,[z]|/(1 + aP), we are not
sure whether each erased polynomial is in Cp,(1,1,¢q,d) or
not. Therefore, there are many solutions in solving the 7 linear
equations of the r erased polynomials, even if the r X matrix of

the r linear equations is invertible in F,[z]/(14+-z+- - -+aP~1).

Finding necessary and sufficient conditions for recovering any

r erased lines of slope ¢ for r < ¢ < p—1 is an open problem.
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By Theorem 21, when r = 1,2, 3, we can check that the
codes GEBR(p, 1, k,r,¢,1) can recover any r erased lines of
slope ¢ for 0 < ¢ < r —1, which is also shown by Theorem 40
in [2]. When r > 4, we need to check that the matrix given in
Theorem 21 is invertible over F,[z]/(1+z+...+xP~!). Note
that when the r erased lines eq, €3, .. ., e, are consecutive inte-
gers modulo p, i.e., ;41 = e;+1mod pfori =1,2,...,r—1,
then the 7 X r matrix is a Vandermonde matrix and is invertible
over Fy[z]/(14+ 2z + ...+ 2P~1). We can directly obtain the
following corollary from Theorem 21.

Corollary 22. The codes GEBR(p,T,k,r,q,1) can recover
any 1 erased lines e1,ea, ... e, with ;11 = e; +1 mod p of
slope i for 0 < i <r —1, where k+1r < p.

Example 7. Consider the code GEBR(p = 11,7 = 1,k =
7,1 =4,q,1). We have k + r = 11 polynomials

sj(x) = so,; + s1,;¢ + 527jz2 +...+ 5107jx10,
where 7 =0,1,...,10 and
$10,5 = S0,j + S1,5 + S2,5 + ...+ Sg ;-
The parity-check matrix of the code is
11 1 1 1 1 1 1 1 1 1

1 x 22 2% * 25 28 27T ¥ 0 M0
1 22 gt g6 8 10 12 414 o160 18 .20
1 23 26 29 12 415 18 421 24 27 30

According to row £ of the parity-check matrix, we have
8;0+ Si—g1+ Si—202+ -+ 5;i—100,00 =0,  (28)

where £ = 0,1,2,3 and i = 0,1,...,10. Note that the indices
are operated modulo p = 11 in the example. Suppose that the
following 44 symbols in four lines of slope 1

50,0, 510,15 59,2, S8,3, 57,4, 56,5, 55,6, 54,7, 53,8, 52,9, 51,10,
51,0, 50,15 510,25 59,3, 58,4, 57,5, 56,6, 55,7, 54,8, 53,9, 52,10,
52,05 51,15 50,2, 510,35, 59,4, 58,5, 57,6, 56,7, 55,8, 54,9, 53,10,
53,0, 52,1, 51,2, 50,35 510,45 59,5, 58,6, 57,75 56,85 55,9, 54,10,
are erased. For i = 0,1,...,10, we represent the following 11
symbols
S4,05 Si—1,1, Si—2,2, Si—3,3, Si—4,4, 5i—5,5,
S8i—6,6, Si—7,7, Si—8,8, 5i—9,9, Si—10,10;
in the line of slope 1 by the polynomial
5i(x) = si0 + si—112 + 81'72,2%2 +-+ 81410,10%10- (29)

By row { = 1 (the second row) of the parity-check matrix,
we have that the summation of all the coefficients of 3;(x)
is zero. Therefore, 5,(x) € Cp(1,1,q,d). We need to recover
Sour polynomials 5¢(x), 51 (x), 52(x), §3(x) from the other 7
polynomials. By Eq. (28) with { = 0, we have

8i0 +8i1+ 82+ -+ 5510=0,

where i = 0,1,...,10. Recall that the polynomial §;(x) is
given in Eq. (29), we have

50(x) + 295 (z) + 2259 (x) + - - - + 2510(x) = 0.
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When ¢ = 2,3, with the same argument, we have

50(.1) + x51 (I) + 13252(:6) —+ -+ 1‘10510(1’) =0,
So(x) + 2% (2) + 255 (x) + - + 2%510(2) = 0.

Since the summation of the 11 symbols in each column is zero,
we have

5()(%) + 51(90) + gg(if) + -+ §10(!E) =0.

Therefore, we obtain

1 2% 2% o8 50(z) Y s ()
AT T I P11 I A S O Y
1z 22 28 S2() 2324 '8 ()
1 26 12 18 53(x) 2324 xﬁigz(x)
Since

1 20 29 a8

11 1 1 "
det 1 2 22 2P mod (1+2")

1

[

1 1.6 T 18

=(1+2)(1+ 2% 1+ 2" (z + 2°)(z + 2'9) (2% + 2™),

which is relatively prime to 1+x+...+x'°. Therefore, we can
solve 50(x),51(x), S2(x), 53(x). Specifically, we can compute
the four polynomials by Algorithm 1.

We have checked that the codes GEBR(p, 7, k, 7 = 4,4, 1)
can recover any r = 4 erased lines e, es, e3,eq4 with 0 <
e1 < ey <eg <e <p—1ofslope i for 0 < i < 3, when
p=7,11,13,19.

We can not employ the above method for the case of 7 > 2
in general, as the polynomial representing the k + r erased
symbols in the line of a slope is not in C,- (1, 7, ¢, d). We show
in the next theorem that the code GEBR(p, 7, k, 7, ¢,1) can
recover up to 7 erased lines of a slope, when 7 > 2. Note that
the erased 7 lines are not arbitrary.

Theorem 23. The code GEBR(p, 1, k,r,q,1) can recover any
T erased lines eq,es,...,e, of slope v for t =0,1,...,r —1,
where Tt (eq —eg) for ao # B € {1,2,..., 7}

Proof: Suppose that 7 lines e, e, ..., e, of slope ¢ are
erased, where 7t (e —eg) for a # 8 € {1,2,...,7}. For

{=ey,e9,...,e.,the erased k+r symbols in the line of slope
L are $¢,0,8¢—i,1550-2i,2, -+ S0—(k4+r—1)i,k4+r—1- By Lemma
4, we have

p—1

S, = Z Spr+£,55

pn=1
where / = 0,1,...,pr — 1 and j = 0,1,....k +r — 1.
For any ¢ = ej,eq,...,e; and j = 0,1,....k + 1 — 1,

the symbol sy_j; ; is erased and the other p — 1 symbols
St—jitr,js S—jit2r,js--+> St—jit(p—1)r,j are not erased, as
Tt (eq —eg) for a # B € {1,2,...,7}. Therefore, we can
recover the erased symbol s,_j; ; by

St—ji,j = St—jitrg T St—jitar Tt St—jit(p—1)r,j-
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By Theorem 23, GEBR(p, 7, k, 7, ¢, 1) can recover up to 7
specified erased lines of slope ¢, for general parameter r. In
the following, we consider the code with » = 2 and 7 > 2.

Theorem 24. If 7 > 2 and pt > 2(k +r — 1), then the code
GEBR(p,,k,r = 2,q,1) can recover any two erased lines
of slope i for i =0, 1.

Proof: Recall that s; ; is the entry in row ¢ and column j of
the array in GEBR(p, 7, %,2,¢,1), where ¢ = 0,1,...,p7 — 1
and j =0,1,...,k+r — 1. Suppose that two lines of slope 0
are erased, i.e., rows « and (3 of the array are erased, where
0 <a < B < pr—1. We need to recover s, ; and sg ; for

7=0,1,...,k+r — 1 from the other symbols.
As r = 2, according to Eq. (5), we have that
k+r—1
> siy=0fori=0,1,...,pr — 1, (30)
j=0
and
k+r—1
> sijy=0fori=0,1,...,pr — L (31)
§=0
If 71 (8 — «), then we can recover s, ; and sg ; by
-1
Sa,j = E?:l Strta,js (32)

-1
65 = 2ii=1 StrB.g
according to Eq. (4).
Next, we assume that 7 | (8 — «). By Eq. (31) with i = «
and ¢ = 3, we have
Sa,0 + Sa—1,1 +... .+ Sa—(k+r—1),k+r—1 = 07
$g0+ 8111 -+ S5 (ktr—1) ktr—1 = 0.
fo<a—(k+r—1,0or0>a—(k+r—1)and 8 <
pT + o — (k+r — 1), then we can recover S, by
Sa,0 = Sa—1,1 + Sa—2,2 +...+ saf(kJrrfl),k«krfl-
Otherwise, we have 8 > pr +a — (k+r—1), then 8 — (k +
r—1)>pr+a—2(k+r—1) > « by assumption and we
can recover sg o by
58,0 = 88-1,1 +85-22+ ... + 88— (ktr—1)k+r—1-

Once sq,,0 or sgo is known, we can recover sg Or s, by
Eq. (32) with 5 = 0. By repeating the above procedure for
i=a+l,a+2,...,at+k+r—1landi=pB+1,8+2,...,5+
k +r — 1, we can recover all 2n symbols s, ; and sg ; for

j=0,1,....k4+r—1.

Next, we assume that two lines of slope 1 are
erased, i€,  8a,0,Sa—1,15--sSa—(ktr—1)k4r—1 and
58,0)88—1,15- - » 88— (k4r—1),k+r—1 are erased. If 71 (8 — ),

We can recover s, ; and sg_; ; by

p—1

Di—1 Strta—jis
p—1

ZZ:l Str+B—j,4s

Sa—jj =

Sp—j.g =
within the column. When 7 | (8 — «), we can recover the
Symb01 Sa—(k+r—1),k+r—1 by

(33)

k+r—2

Sa—(k+r—1),k+r—1 = E Sa—(k+r—1),j
Jj=0
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ifa—(k+r—1)>0o0ora—(k+r—1)<0and pr +a—
(k+r—1) > f, or recover the symbol sg o by

$8,0 =581+ Sg2+ ...+ 88 k+r—1

if 3> pr+a—(k+r—1).0nce sq_(jyr—1)k+r—1 OF 55,0 i
known, we can recover sg_(x4r—1),k4+r—1 Of Sa,0 by Eq. (32)
with j =k +r — 1 or j = 0. Similarly, we can recover all 2n
symbols in the erased two lines of slope 1. ]
The next theorem shows that GEBR(p, 7, k,r = 2,¢,1) can
recover more than two erased lines of slope i, if 7 is large.

Theorem 25. If 7 > k+r—1, then the code GEBR(p, 7, k,r =

2, q,1) can recover any three erased lines of slope i for i = 0, 1.

Proof: Suppose that rows «, 3 and  of the array are
erased, where 0 < o < <~ < pr — 1. We want to recover
Sa,j» 88,5 and s, ; for j =0,1,...,k +r — 1 from the other
symbols.

According to Eq. (5), we have that

Skl s =0fori=0,1,...
774+7‘—1
2 =0
If 71 (8—a) and 71 (v — ), then we can recover s, j, Sg,;
and s, ; by

-1
Si—j,j :OfOI‘Z:O,l,...,pT—l.

-1
4 st
SB.4 = ngll Ser+8.,5>
Sy = 21 Str-v.s
according to Eq. (4). If 7 | (8 — «) and 7  (y — ), then
we can first recover s, ; by Eq. (35) and then recover s, ;

and sg ; by Theorem 24. Similarly, we can recover the erased
symbols if 71 (8 — «) and 7 | (v — 5).

Sa,j =

(35)

In the following, we assume that 7 | (5 —«) and 7 | (y— ).

By Eq. (34), we have

Sa+4,0 T Satj—1,1 T -+t Sac(ktr—1)+j k+r—1 = 0,
8844,0 T Sp+j—11 F -« + Sp—(ktr—1)+jk+r—1 = 0,
Sy45,0 F Sy+j—1,10+ oo+ Sy (ktr—1)+jk+r—1 = 0,

where j =0,1,...,k+7r—1. As7 > k+r — 1, we have

a+j<B0<a—(k+r—1)+jor
0>a—(k+r—1)+jandpr+a—(k+r—1)+7>~,
a<pf—(k+r—1)4+jand v > 8+,
B<vy—(k+r—1)+jand pT +a >y + 7,

for 5 =0,1,..
by

.,k +r—1 and we can recover S, ;,53,;, 5+,;

k+r—1
Sa,j = § Satj—i,is
i=0,i#j
k+r—1
E SB+j—iyis
1=0,i7#j
k+r—1
Sv.g = E Sytj—iyi-

i=0,i#j
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Similarly, we can recover all 2n symbols in any erased three
lines of slope 1. [ ]

The recovery of erased lines of slope ¢ in
GEBR(p, 7,k,7,q,1) for general parameters 7 and 7 is
an open problem and is a subject of future work.

VII. COMPARISON WITH LRC AND PRODUCT CODES

LRCs [17] and product codes [21] are two families of
existing codes that can locally repair any single-symbol failure.
The differences between our GEBR codes and the existing two
codes are as follows.

Given ka information symbols, an (m(k + r), ak, k + )
LRC [17] creates r« global parity symbols by encoding all the
information symbols, divides all (k + )« symbols (including
ko information symbols and ra global parity symbols) into
k +r groups which are placed into k& 4 r columns and obtains
m — « local parity symbols for each group. Compared with
LRC, our GEBR codes have two advantages. First, each symbol
in our GEBR codes can be repaired by either some symbols
in the same column or the symbols along each of r lines of
slope, while a symbol in LRC can only be locally repaired
within the group. Second, our codes have much lower decoding
complexity. When there are r column failures, we can formulate
r linear equations for the erased r columns with encoding
matrix being Vandermonde matrix for GEBR codes and solve
the erased r columns by the proposed fast LU decoding
algorithm. While the r linear equations corresponding to the
r erased columns (groups) for the LRC are not Vandermonde
linear equations, there is no fast decoding algorithm designed
for the LRC when r columns have failed. Moreover, although
we can obtain some well-designed LRC that can recover some
r erased lines of a slope, the underlying field size should be
large enough.

Note that LRCs with availability [34], [35] are special
LRCs such that each symbol can be repaired with multiple
disjoint repair groups. However, the construction of LRCs with
availability [34], [35] to achieve the known bound on symbol
distance require a sufficiently large field, and therefore incur
much more decoding complexity than the proposed codes when
some lines are erased.

A product code with parameters k,r, a, m organizes the
ko information symbols into an « x k information array, first
creates r local parity symbols for each row and then obtains
m — « local parity symbols for each of the k£ + r columns.
Therefore, any symbol can be recovered by accessing some
symbols in the same row or in the same column, but not in a
line of a non-zero slope. Second, product code can only recover
at most any m—« row failures but our GEBR codes can recover
at most any max{m — «, r} row failures. Finally, the minimum
symbol distance of product code is at most (m —a+1)(r+1),
while the minimum symbol distance of GEBR codes is strictly
larger than (m — « + 1)(r + 1) for some parameters.

Table IV shows the comparison of our GEBR codes, LRCs
and product codes, when m = p and o = p — 1. It is easy
to check that the three codes have the same storage overhead.
When any single-symbol fails, GEBR codes have r+ 1 disjoint
repair groups, while LRCs and product codes have one and two
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Table IV
COMPARISON WITH (p2, (p — 1)(p — ), p) LRCS AND PRODUCT CODES WITHm = p, o = p — 1.

Codes single-symbol r-column failures T consecutive-row 7 consecutive-row | minimum symbol
failures decoding failures failures decoding distance
GEBR each of 4 1 lines fast decoding yes fast decoding >2r+42
LRC one line (the same group) | no fast decoding | maybe over large field no (p—1)r+2
Product each of two lines fast decoding no N/A 2r +2
repair groups, respectively. In decoding r-column failures, both where £ = 0,1,...,p7 — 1. Summing both sides of Eq. (36)

GEBR codes and product codes have fast decoding algorithm,
there is no fast decoding algorithm for LRCs. We can decode
any r consecutive-row failures for GEBR codes by the fast
LU decoding algorithm. Although it is possible to design
LRCs over a large finite field to recover any r consecutive-
row failures, there is no fast decoding algorithm for general
parameters. LRCs have the largest minimum symbol distance
among the three codes. Compared with LRCs, GEBR codes can
be viewed as codes with larger recoverability for single-symbol
failures, multi-column failures and multi-row failures, at a cost
of minimum symbol distance reduction. When compared with
product codes, GEBR codes not only have larger recoverability,
but also possible have larger minimum symbol distance for
some parameters.

Consider the code GEBR(p = 11,7 =1,k =7,r =4,4,1)
in Example 1, we have k(p — 1) = 70 data symbols and
p? — k(p — 1) = 51 local parity symbols. Each symbol has
r + 1 = 5 disjoint repair groups. We can recover any r = 4
erased lines e, eq,e3,e4 With 0 < 67 < ey < ez < eqg < 10
of slope 7 for 0 < ¢ < 3. We can also recover any four column
failures by the fast LU decoding algorithm. While for the
product code with the same parameters, we can only recover
any symbol by two disjoint repair groups, and we can not
recover any four erased lines.

VIII. CONCLUSION

In this paper, we propose a coding method of array codes
that has local repair property. We present the constructions of
GEBR codes and GEIP codes based on the proposed coding
method that can support much more parameters, compared
with EBR codes and EIP codes, respectively. We propose an
efficient LU decoding method for GEBR codes and GEIP codes
based on the LU factorization of Vandermonde matrix. When 7
is large, we show that GEBR codes have both larger minimum
symbol distance and larger recovery ability of erased lines
for some parameters, compared with EBR codes. The (n, k)
recoverable condition of GEBR codes for general g(z) is one
of our future work. How to propose a coding framework to
unify GEBR codes, LRCs, and product codes is another future
work. It is also interesting to explore some good properties by
replacing each column of the proposed codes with regenerating
codes.

APPENDIX A
PROOF OF LEMMA 11

p—1
We first show that 7o = >, 21 >/ 1 f(2u—1)rb+eb- Accord-
ing to Eq. (13), we have

Trottb = Trbt(e—1)b + Jroteb, (36)
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from £ =0to ¢ = (i — 1), we have
(i—1)T

Tibr = Trb—b + E froten,
=0

(37

where ¢ = 1,2,...,p — 1. Summing both sides of Eq. (37)
fromi=1to¢=p— 1, we have

p—1 p—1 p—1(i—1)7
D rie =Y rie=@=Drro+ > Y frorm, (38)
=1 =1 =1 ¢=0

where the first equation above comes from that ged (b, p) = 1.
By Eq. (3) in Lemma 3, we have Zf:_ll Tir = To. Since p
is an odd prime number, we have (p — 1)r,4—; = 0. We can
compute Y7~} é:ol)T Jroven as

p—1(i—1)7 T

DD frw=0=Df+@—=2)) frorat

i=1 (=0 (=1

(P=3)D_ forbren+ -2 fo—syroses + Y fp—2)rbstn
=1 =1 =1

s
-

T

[

Ju—1)rbtep-

u=1 (=1

p—1
Therefore, we obtain that 7o = >, 2, >~/ fau—1)rbtep- Sim-
ilarly, we can show that Eq. (14) holds for j =0,1,...,a — 1.
Once 7p is known, we can compute other 2~ — 1 coefficients
recursively by Eq. (15) with j =0 and ¢ =1,2,..., % —
Similarly, we can compute 2= — 1 coefficients recursively by
Eq. (15) with £ =1,2,..., 22 —1for j = 0,1,...,a—1, after
solving r;.

Next, we need to show that the solved r(z) is in
Cpr(9(x),7,q,d), ie., g(x)(1+27) divides r(x). First, (1+27)
divides r(x), as we can show that Zf;é Tor4p = 0 for
w=0,1,...,7—1. Second, since g(z) divides f(x), if gcd(1+
2%, g(x)) = 1, then g(z) divides 7(x). As ged(g(z),14+z) =1
and ged(p,b) = 1, we have that ged(1 + 2%, g(z)) = 1 by
Lemma 19 in [2]. Therefore, g(x)(1 + «7) divides r(z) and
the lemma is proved.

APPENDIX B
PROOF OF LEMMA 12

Since ged(b, m) = ged(up®, p* 1) = p* and ged(u, p) = 1,
we have that ged(u, p*™1) = 1. In the following, we show that
{0,up®, 2up®, -+ ,u(p’™" — 2p*)} mod p**

= {0,p°,2p%,-- ,p"T —2p°}. (39)
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First, we prove that if i # j € {0,p*,2p%,--- ,p"+1 — 2p°},
then u-i # u-j mod p**!. Suppose that u-i = u-j mod p*+!,
then there exists an integer ¢ such that

w-i=mwu-j+ et

and we can further obtain that

we (i j) = "+,

Since ged(u, pv*t) = 1, we have p**! | (i — j), which
contradicts to that i # j € {0,p%,2p%,--- ,p*Tt — 2p°}.
Similarly, we can show that

w-i#pTh—pt.
Therefore, Eq. (39) holds. According to Eq. (13), we have
(40)

f2iups+upS = T24ups +up* + T24ups

where i = 0, 1,...,p" *t! —1. Summing both sides of Eq. (40)

. . v—s+1__
fromi=0to:= %, we have

v—s+1l_g pV—st+1l_g3
2
§ (TQiupS +ups + T2iup5)
=0
v—s+1_o

E Iriups

=0

ya

2
§ f2iupb' +ups
=0

P

1)
=0
T’(pu—s+1_1)ps = Tpv+i_ps,

(42)
where Eq. (41) comes from Eq. (39), Eq. (42) comes from that
{Ovpsv 2p57 e 7py+1 - 2ps} =

{0,p", -, (p=1)p"} U{p®,p" +p° -, (p—1)p" +p°}
U"'U{prfps,3p”fps,"' 7(]9*1)])”7})5}, if v > s,

{0,p¥,2p",--- ,(p—2)p*}, if v =s.
Similarly, we can show that Eq. (16) holds for j =
0,1,...,m — 1. Once rpvt1_psq; for j = 0,1,...,p° — 1
are known, we can compute the other coefficients recursively.
v—s+1_g

Recall that 30,02 fojups4ups+j = Iprti_psy; for j =
0,1,...,m —1 by Eq. (42), we have

Ty = fuszrpSJri + f3ups+p3+i +oo f(p”_5+1—2)up5+p5+i

for 1 =0,1,...,m. Recall that the indices are taken modulo
m = p*t1. We have

r(z) = (xp”“—up“—p" 4P Bt ety 2upt—pt )£ ().

Since f(x) € Cpr(9(x),7,q,d), we have that r(z) €
Cpr(9(x),T,q,d) and the lemma is proved.
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