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Parallel Welch—Berlekamp Algorithm
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Abstract—This paper presents new variants of the Welch-
Berlekamp algorithm that are favorable to hardware implemen-
tation. First, we derive the parallel Welch-Berlekamp (PWB)
algorithm in a constructive manner based on the properties of
solutions to the rational interpolation problem. The algorithm
features the simultaneously performed discrepancy computation
and polynomial update. Second, we explore the early-termination
mechanism of the PWB algorithm for decoding of Reed—Solomon
(RS) codes. By introducing the concept of incomplete error
locator polynomial, we show that if e < t (where e is the
number of errors and ¢ is the error correction capability), the
PWB algorithm can be terminated at latest at the completion
of the (¢ + e)-th iteration. This leads to the early-terminating
PWB (EPWB) algorithm. Finally, we develop frequency-domain
versions of the PWB and EPWB algorithms, namely, FPWB
and FEPWB. The key point toward the two algorithms is to
replace the update of polynomial coefficients with the update
of polynomial evaluations. It is worth noting that the FEPWB
algorithm applies only to shortened RS codes. Furthermore, an
efficient systolic architecture for the FPWB algorithm is designed,
which is easily adapted for the FEPWB algorithm.

Index  Terms—Reed-Solomon codes, parallel Welch-
Berlekamp algorithm, incomplete error locator polynomial,
early termination, systolic architecture.

I. INTRODUCTION

ECENTLY, a new Fast Fourier Transform (FFT) over

binary extension fields was proposed by Lin, Chung,
and Han [5], which for the first time achieves the O(nlogn)
complexity over such fields (where n is the FFT length). Based
on LCH-FFT, new low-complexity encoding and decoding
algorithms have been developed for Reed—Solomon (RS) codes
(51, [6], [71, [8], [9], [10].

The LCH-FFT-based RS decoding has the Welch—
Berlekamp (WB) form of the key equation [7], which can
be solved by the WB algorithm [2], [3], [4]. Due to the use of
LCH-FFT, the computational complexity of both the syndrome
computation and the Chien search is significantly reduced.
Although the WB algorithm requires a little more computation,
the overall computation complexity of the LCH-FFT-based RS
decoding is considerably lower than that of the conventional
RS decoding that uses the Berlekamp—Massey (BM) algorithm
[1]. See [9] for a detailed complexity comparison.
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For the purpose of hardware implementation, parallel algo-
rithms other than the WB algorithm were derived to solve
the WB equation based on the concepts of module and
exact sequence [11]. Recently, the modular approach (MA)
algorithm [9] was proposed as an improvement of [11]. Two
variants, called frequency-domain modular approach (FDMA)
and fast modular approach (FMA), were also developed [9],
which are suitable for hardware and software implementations,
respectively. In [19], it was shown that the MA algorithm is
equivalent to a modified WB algorithm.

In this paper, we present new variants of the WB algorithm
favorable to hardware implementation. The main contributions
are as follows.

1) We present the parallel Welch—Berlekamp (PWB) algo-
rithm. Different from the WB algorithm that conducts
the discrepancy computation and the polynomial update
in serial, the PWB algorithm conducts the two operations
in parallel, hence its name. The derivation of the PWB
algorithm is constructive from the properties of solutions
to the rational interpolation problem, which is entirely
different from that of the MA algorithm [9] that relies
on complicated mathematical concepts including module
and exact sequence.

2) We present an early-terminating PWB (EPWB) algo-
rithm. It is known that the BM algorithm can be termi-
nated early [13], [14], [15], [16], [17]. By introducing
the concept of incomplete error locator polynomial, we
show that the PWB algorithm can be terminated early
as well. Specifically, if e < ¢ (where e is the number of
errors and ¢ is the error correction capability), the PWB
algorithm can be terminated at latest at the completion
of the (¢ + e)-th iteration. The early termination rule
also applies to the WB algorithm. To the best of our
knowledge, this is the first time that the early termination
mechanism is explored for the WB algorithm.

3) We develop frequency-domain versions of the PWB and
EPWB algorithms, dubbed FPWB and FEPWB, respec-
tively. By the qualifier ‘frequency-domain’, we mean
to use the update of polynomial evaluations to replace
the update of polynomial coefficients. Moreover, we
design an efficient architecture for the FPWB algorithm,
which can be easily adapted for the FEPWB algorithm.
The architecture has a regular systolic structure, a low
implementation cost, and a small critical path.

The rest of the paper is organized as follows. Section II
reviews the rational interpolation problem and characterizes
the solution properties. Section III derives the PWB algorithm.
Section IV presents the EPWB algorithm. Section V develops
the FPWB and FEPWB algorithms and the architectures.
Finally, Section VI concludes the paper.
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II. THE RATIONAL INTERPOLATION PROBLEM
Let F be an arbitrary field. Let (z;,y;) € FxF,0 < i <
p— 1, be p points such that the x;’s are distinct. Consider the
following rational interpolation problem.
Problem 1: Find a pair of polynomials (W (z), N(z)) €
Flz] x Flz] satisfying

N (i) = yiW (;), )

An equivalent formulation of Problem 1 is to find a pair of
polynomials (W (z), N(z)) satisfying

p—1
mod H (x — ),
i=0

where P(x) is an interpolating polynomial such that P(z;) =
¥i, 0 < 4 < p — 1. For example, we may let P(z) be the
Lagrange interpolating polynomial

i=0,1,...,p— 1.

N(z) = P(x)W (z) 2

Z e 3
H];ﬁl( )
Clearly, Problem 1 has a trivial solution, W(z) = N(z) =

0. Here, we are only interested in the nontrivial solutions.
Suppose that (W (z), N(x)) is a solution to Problem 1. The
solution is said to be reducible if W(xz) = f(x)w(x) and
N(z) = f(z)n(x) such that deg(f(x)) > 0 and (w(z), n(z))
is also a solution to Problem 1. The solution is said to be
irreducible if it is not reducible.

Define the rank of a solution (W (z), N(x)) as

rank(W (z), N(z)) £ max{2deg(W (x)),2deg(N(z)) + 1}.

“4)

Suppose that (Wy(x), No(x)) and (W;(z), Ni(z)) are two
solutions of Problem 1. The two solutions are said to be
complementary if

vank(WWo (2), No()) + rank(WWy (2), N1 (2)) = 20+ 1, (5)

and

No(z)Wh(z) — Ni(z)Wo(x) (6)

p—1
=7 H (‘T - i)v
i=0
for some v # 0 € F. A solution is said to be a complement
of another solution if the two solutions are complementary.
Lemma 1 ([18]): The solutions of Problem 1 have the
following properties.
(i). There exists at least one irreducible solution with rank
< p.
If (Wo(x),No(z)) is an irreducible solution and
(W1 (z), N1(z)) is another solution such that

(ii).

rank(Wo(z), No(z)) + rank(W7 (z), N1 (x)) < 2p, (7)

then (Wi(), Ni(2)) = (f(2)Wo(x), f(2)No(x)) for
some f(x) with deg(f(x)) > 0. This implies that the
irreducible solutions with rank < p are unique (up to a
scalar).

(iii). If (Wy(z), No(x)) and (Wi(x), N1(z)) are two com-
plementary solutions, then both of them are irreducible

solutions and one of them is the (unique) irreducible
solution with rank < p.

If (Wy(z), No(x)) is the (unique) irreducible solu-
tion with rank < p, then there exists at least one
solution (Wj(z), N1(z)) which is a complement of
(Wo(z), No()).

If (Wo(x), No(z)) is an irreducible solution and
(Wi(x), N1(z)) is one of its complements, then for any
a,b € F with b # 0, (0W1(z) — aWy(z),bN1(x) —
aNp(z)) is also one of its complements.

It is worth pointing out that the properties as given in
Lemma 1 were derived independently of any algorithm that
solves Problem 1 [18]. Instead, the algorithm to be presented
in the next section is constructed based on these properties.

The minimal interpolation problem related to Problem 1 can
be described as follows [18].

Problem 2: Find a pair of polynomials (W (x), N(x))
satisfying

(iv).

(v).

N(z;,) =y W(z;), i=0,1,...
rank(W (z), N(x)) is minimized.

By Lemma 1, the solution of Problem 2 is unique, which is
exactly the irreducible solution of Problem 1 with rank < p.
In the next section, we will derive a parallel WB algorithm to
solve Problem 2.

III. PARALLEL WELCH-BERLEKAMP ALGORITHM
A. Modified WB algorithm
Let 1 < r < p, consider the following two problems.
Problem 1(r): Find a pair of polynomials (W (x), N(x))
satisfying

N(xl):y’tw(xz)v Z:O,l,,r—l 9

Problem 2(r): Find a pair of polynomials (W (x), N(x))

satisfying
N(LEZ)ZyLW(.Tz), i:O,l,...,r—l.
{ rank(W (z), N(x)) is minimized.

The basic idea for problem-solving is to construct two
complementary solutions of Problem 1(r 4+ 1) from those
of Problem 1(r). Suppose that (WOM (z), N(gT] (z)) and
(Wi(x), NI (2)) are two complementary solutions of Prob-
lem 1(r). By Lemma 1, one of the two solutions with a lower
rank is the solution of Problem 2(r). By the definition of
complementary solutions (refer to (5) and (6)), we have

rank(WOT] (z), N[T]( )+ rank(Wl[ }( ),NI[T] () =2r+1,
(11)

(10)

and

Ny @yw ! (@) — N @)W ()

=7 H {E - xz
for some -~ 0 € IF To simplify notation, we de-
note rank(W((z), NI (2)) and rank(W[" (x ),Nm( )) by
rank([)] and mnk[1 s respectlvely. From (11), we see that one
of rank[ " and rank[f] is even and the other is odd. Hence,

ranko # rank[r]

(12)
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Define the discrepancies b, and a, as

( br ) o (N — Wy e 13
ar N @) =y W @) )
Then, we have the following result.
Lemma 2: a, and b, cannot both be zero.
Proof: Since (x — x,) /| H:()l (x — x;), from (12), we
have

(@ —a,) f (N @)W @) - N @w @), a4

Suppose on the contrary that a,, = b, = 0. Based on (13), we
have

N @yw (@, = N @y wi ), (15)

which 1mphes that (r — z,.) | (N[T]( )er]( ) —
Nlr]( )WO (x)), a contradiction to (14). [ |
We introduce a quantity 61"), defined as

1, if (rank[ "< vank!” and b, = =0) or
(rank[ BN rank and a, # 0),
0, if (rank([)} < rank[ " and b, #0) or

5l &
)
(rank[ > rank[ and a, = 0).

(16)

We have the following result.
Theorem 1 (modified WB algorithm):

< Wi @) NI (@) )

Wl[r+1] (I) N1[T+1] (I)

_ ( —a, b ) Wi(z) Ny (@)
(2 —2)(1 =00 (@ —2.)0 ) \ wil) N(@) )

7

Proof: According to the definition of §["l given in (16),
we need to consider four cases. We prove for the following
two cases, one for 87 = 1 and one for 6"l = 0. The other
two cases can be proved similarly and are omitted.

1) rank[or] < rank[lﬂ and b, = 0.

In this case, 61 = 1. By Lemma 2, a, #*
0. It is easily verified that (W[ ™(x), N[TH]( ) =
(Ca W), —an N (@) and (W (), N+ (2)
((x — xT)Wl[T] (), (x — :ET)Nl[T] (x)) are two solutions of
Problem 1(r + 1). Based on (11) and (12), we have

rank(—aTWérl (2), —aTNom (2))
+ rank((z — z,) W (@), (z — 2, )N (2))

=2r+3, (18)
and
(—a,N§ (@) ((z — 2) W ()
— (& = 2)N{ (@) (—a, Wy ()
:awﬁ(x—m (19)

Therefore, the two solutions (W/ (), NV""(z)) and
WIt(@), NI (2)) are complementary.

Algorithm 1: Modified WB algorithm

Input: (xﬂyz))OSZ < p_l
Output: (W(m), N(z)) satisfying that N(z;) = y; W (x;)
for 0 < ¢ < p—1, and rank(W (z), N(z)) is minimized.

1: Initialization:
wWol(2) Npl(@) ) _ ( 10 )
wWil(@) M) 0 1)

( rank[O] ) 0
rank[o] ( 1 )

2: forr=0,1,--- ,p—1do
( b, ) - N(gr] (x) — y,.WOT] ()

ar )\ N ) = W (@)

4 Let 0 = ((rank]’ < rank{) && (b, =
0)) || ((rankg” > ranky”) && (a, # 0))

o (W@ M@
‘ wi @) N (@)

w

—Ar br W[r] X N(E] X
(@ —a)(1 - ") (=28 ) \ wl(z) NP (o)

6. if 61 =1 then

. < rank[H'l] ) ( rank([;} )
' rank[TH] rank!”? + 2

8: else

N < rank[rH] ) ( rank[{} )
' rank[7+1] rank(” + 2

10:  end if

11: end for

12: if rank!! < rank”’ then

13:  return (W(gp](x),Nép](x))

14: else

15:  return (Wl[p](:r),Nl[p](ac))

16: end if

2) rank”<rank and b, # 0.

In this case, 61 = 0. It is easily verified
that (W @), N @) = (caWM@) +
b, Wl (z), —a, N () + b.N"(2)) and

W (@), N @) = (=)W (@), (0 =) NG ()
are two solutions of Problem 1(r + 1). Based on (11) and
(12), we have

rank(—a, W (z) + b, W[ (@), —a, N (@) + 0, N[ (2))
+ rank((z — 2,) W (@), (z — 2,) N (@)

= rank(W{"(z), N (2))
+ rank((z — 2) W (@), (2 — 2,) N (2))

—ort3, (20)
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and

(—a, N (@) + 0, N (@) (2 — 2 )W (2))
<@<mM%» me>+MMW»
= b (z — ) (N (@)W (2) — N (@)W ()

= —by H((E — z;).
i=0

(=
)
2n

Therefore, the two solutions (W/ (), NV""(z)) and
(Wrt(@), NI (2)) are complementary. ]

Based on Theorem 1, we present a modified WB algorithm
in Algorithm 1. The algorithm is iterative in nature, producing
the solution to Problem 2 after p iterations.

Remark 1: The modified WB algorithm is different from
the WB algorithm [3] in two aspects. First, Lemma 2 is not
needed in deriving the WB algorithm in which a, is not
computed. Second, the WB algorithm keeps rank([)r] < rank[f}
forall 0 <r < p. If rankg] > rank[{], then a swap operation
Wi @), N @) < Wi @), NM(2)) is performed to

make rank([ﬁ < rank!’

B. Parallel WB algorithm

For 0 <r < p, let
bl
o

Then based on (13) and (22), it is clear that

o\ (b
CLLT] N (278 '
We have the following result.

Theorem 2 (parallel WB algorithm): For any 0 < r < p,
forall 0 <i<p—1,

b[7+1]
[r+1]

_ _aLr] er
(x; — 2 )(1 — 5[T]) (z; — J:T)CS[T]

N @) — Wi ()
MW)—NW%»

[I>

>, 0<i<p—1.
(22)

(23)

[r]
(5

(25)

with the initialization

Proof: According to Algorithm 1, (WO[O] (x),NO[O] () =
(1,0) and (Wl[o] (l‘),Nl[O] (z)) = (0,1). Then it follows from
(22) that (25) holds. Based on (22), we have for all 0 < ¢ <

Algorithm 2: Parallel WB algorithm

Input: (xﬂyz))OSZ < p_l
Output: (W(m), N(z)) satisfying that N(z;) = y; W (x;)
for 0 < ¢ < p—1, and rank(W (z), N(z)) is minimized.

1: Initialization:
< W@ N(x) ) B ( 10 ) ( bl )
W) N ) Lo 1)l
(7 )oeverr()-(2)
1 T ’ rank[lo]
2: for r=0,1,--- ;,p—1do
3 Let o'l = ((rank([;] < rank[lr]) && (by] =
0)) | ((rankly? > rankl?) && (ol # 0))
4 forv=0,1,-

b[TJFl]
5 [7’+1]
—al"
(i — 2,)(1 = ol
6:  end for

W) N @) )
Wy @) N ()

< —al! o) ) wi(@) N (@)
(@ =) (1 = 0M) (& — z;)ol] W[” (x) N 1“"] (x)

8 if 6"l =1 then
rank[rJrl] rankg]
rank[lr] + 2

-,p—1do

rank[TH]

10:  else

" ( rank[:rj ) ( rar[lﬁ[lr] )
rank; rank; " + 2

122 end if

13: end for

14: if rankl”) < rank!”) then

15:  return (ng](x),ng](x))

16: else

17 return (Wl[p](x),Nl[”](x))

18: end if

p—1

v Ny i) = Wy (1)
(2 = 2e)(1 = 8) (2 = 20)a) ) \ N (@) = W (a)

_ —al’ s )/
(2 — 2)(1 = 8l (2 — 2,)81") )

where the second equality follows from (17). [ ]
Combining Algorithm 1 and Theorem 2, we present the
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parallel WB algorithm in Algorithm 2. Based on the update
rule for b and al"™ (refer to Lines 4-6), it is easily
obtained that ayﬂ] = bgrﬂ] = 0 for all 0 < ¢ < r. Therefore,
Line 4 can actually be replaced by “for ¢ = r+1,...,p—1do”.
It can be noticed that only aw and by are used for polynomial
update in the index-r iteration. The following explains why we
need to compute aEr} and by] for all 0 <4 < p—1 (or rather,
r <i < p—1) in the index-(r — 1) iteration. Taking awrl and
bﬂl as an example, if they were not computed in the index-

(r —1) iteration, then we would not be able to compute a[:jll}

and b[rrfll] in the index-r iteration, which shall be used in the
index-(r + 1) iteration. The rest may be deduced by analogy.

Remark 2: For both the modified WB algorithm and the
parallel WB algorithm, the computed discrepancies are in-
volved in the polynomial update. The difference is as follows.
For the modified WB algorithm, since the discrepancies are
computed temporarily in each iteration, the polynomial update
is performed after the discrepancy computation. Whereas for
the parallel WB algorithm, since the preceding iteration has
worked out the discrepancies for the current iteration in
advance, the discrepancy computation (computing the discrep-
ancies for the next iteration) and the polynomial update are
conducted in parallel, hence the name parallel WB algorithm.
In this sense, the PWB algorithm is to the WB algorithm what
the Reformulated inversionless BM (RiBM) algorithm [12] is
to the BM algorithm. Our derivation of the PWB algorithm
is in the same sprit as that of the RiBM algorithm, i.e.,
deserializing discrepancy computation and polynomial update.
For hardware implementation, each iteration is usually accom-
plished in one clock cycle. As a consequence, the parallel WB
algorithm is preferred in terms of reducing the critical path
(which is dominated by the discrepancy computation and the
polynomial update).

IV. EARLY-TERMINATING PARALLEL
WELCH-BERLEKAMP ALGORITHM

In this section, we show that the parallel WB algorithm can
be terminated early when applied to the decoding of RS codes.
We take the polynomial-evaluation-based RS codes [7] as an
example to explore the early termination mechanism.

Let Fom be a binary extension field and let {v; };-”:_01 denote
a basis of Fom over Fy. Let {wi}?:(;l be the elements of Fym
represented as

m—1
w; = Z ’ij’Uj, ij € Fs, (26)
=0

where {ij }“;01 is the binary representation of ¢, i.e., i =
m—1 . 27
ijo bje.

¢ 2 {(f(w0)7f(w1)7 e 7f(w2m—1)> :
f(x) € Fam 2], deg(f () < k}.
We see that each codeword is a multi-point polynomial

evaluation and that the code symbols are indexed by the
points {w; 142:0*1. The multi-point evaluation can be efficiently

27)

performed through LCH-FFT [5]. Let ¢ denote the error
correction capability of the code. By assuming that the number
of parity symbols 2™ — k is even, we have 2t = 2™ — k.

For systematic encoding, the reader can refer to [7], [8], and
[10] for details. For a full-length (2™, k) systematic RS code,
we consider two ways to place information and parity symbols,
as illustrated in Fig. 1. As we shall see below, this may bring
a slight difference in error evaluation. In Fig. 1-a), parity
symbols and information symbols are placed on the left and the
right of the block, respectively. In Fig. 1-b), the positions for
information and parity symbols are exchanged as compared to
Fig. 1-a). Also shown in Fig. 1 are code shortening methods.
By code shortening it is meant that the symbols in a prescribed
set of information positions are set to be zero and thus are
not transmitted. These symbols are called shortened symbols.
Let the number of shortened symbols be denoted by ns. The
shortened code has the parameter (n = 2™ — ng, k — ng). In
Fig. 1-a) and Fig. 1-b), the shortened symbols are positioned
on the right side and the left side of the block, respectively.

Let (co,c1,++ ,cam_1) € C be the transmitted codeword.
Assume that the received vector is given by

77‘27”71) :(CO) Cl,y- - aCQ""f].)
+ (eos €1, -

(ro,r1,- -
,eam_1), (28)

where (eg, €1, ,eam_1) is the error vector over Fom and
the operator ‘+’ denotes the component-wise addition in Fom.
Define the error locator polynomial

(29)
wes

where £ = {w; : e; # 0} is the set of error locators. The
number of errors is equal to e = |£].

Let S(x) be the syndrome polynomial (refer to [7] for
the definition and computation) corresponding to the received
vector. Then the key equation is given by [7],

2Mm—k—1

H (x — w;),

=0

Z(x) = S(z)A(x) mod (30)

where deg(Z(x)) < deg(A(x)). For a full-length (2™, k) RS
code, the error value in the error locator w; € &€ can be
computed as [7]

m Z(W7)
155 (wimwy) N (wi)
Z' (wi) = S(wi)A' (wi)
10, 0 (wimw)) A (wi)

ifom — g <i<om_1,

€; =

if0<9<2™—k.
€1y

Note that (31) applies not only to systematic codes (regardless
of how information and parity symbols are placed) but also
to non-systematic codes. We see that 2™ — k is the dividing
point for the two cases in (31). If we place the information
and parity symbols as in Fig. 1-a), then for both full-length
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2m
r Al
| parity | information
- A )
2"k k

l shortening

r N

| parity [ information | shortened

- — A A J
2"-k k-ng ne

2™-n

@)

Fig. 1.
(b) Information symbols on the left.

and shortened systematic codes, it follows from (31) that

Z(UJ'L)
T2 (wimwy) A (wi)

if 7 is an information

position (i.e., i > 2™ — k),

i'(wi)*s(wi)/\'(wi)
120, 2 (wimw;) N (i)

if ¢ is a parity position
(i.e., i < 2™ — k).
(32)

For a shortened systematic code as given in Fig. 1-b), by
assuming n, > 2" — k, it follows from (31) that

Z(wi)

om _f—1 ) 2m — Ns S 1 S 27” - ]-7
[lico"  (wi —wj) - A(ws)

€, =
(33)

where ¢ can be either an information position or a parity
position. The error evaluation turns out to be uniform for both
information and parity symbols. Here, we adopt the coordinate
system of the original full-length code for the shortened code,
i.e., the range of the symbol index ¢ for the shortened code is
2Mm —ng << 2™ — 1.

Now we introduce the concept of incomplete error locator
polynomial. Given the error locator polynomial A(x) in (29),
a polynomial A;(z) is called an incomplete error locator
polynomial if

A (2) | A(). (34)
and
H (z —w;) | Ar(2). (35)
Wi €Ei>2m —k
By defining
N A(z)
Rofa) & 5 (36)

2m
4 Al
information | parity |
N A )
k 2"-k
lshortening

2™-n

4 N

shortened | information | parity |

L A )
2"k

N k-n

(b)

Two ways to put information and parity symbols for full-length RS codes and the code shortening methods: (a) Information symbols on the right;

we have Ag(2) | [],,ce icom_x(z —w;). Based on (30), we
have Ag(z) | Z(x). We call
A Z(x)

Ao ()
the incomplete error evaluator polynomial associated with the
incomplete error locator polynomial A;(x).

Note that for a shortened RS code as given in Fig. 1-b), the
errors will not occur in the shortened positions {i : 0 < i <
ns}. Therefore, if the number of shortened symbols is such
that ng > 2™ —k, then (x —w;) fA(x) forany 0 < ¢ < 2™ —k,
which implies that A;(z) = A(z) and further Z;(z) = Z(x).

We have the following result.

Lemma 3: If Ai(z) is an incomplete error locator polyno-
mial and Z;(z) is the associated incomplete error evaluator
polynomial, then the error values in the error locators w; € £
with ¢ > 2™ — k can be alternatively computed as

Z1(wi)
TTZ5 " (= ) My )
Proof: Based on (31), for i > 2™ — k, we have
Z(wi)
T100 5 (wi — wy) - A (wi)
_ Ao (wi) Z1 (wi)
170 " (wi = wy) - (A (wi)Ar (ws) + Ao (wi) A (wi))
_ Ao(wi) Z1 (w;)
120" (wi = wj) - Ao(wi) Af (wi)
Z1(w;)

= PR . 39
[0 " (wi = wy) - A (wy)

Zl(ﬂf)

(37

€; =

(38)

€; =

|

To solve the key equation (30), we can set p = 2t, x; = w;

and y; = S(w;) in Algorithm 2. If e < ¢, by virtue of the

decoding problem itself, the key equation has a unique solution

(A(x), Z(x)) such that deg(Z(x)) < deg(A(z)) = e, which
is equal (up to a scalar) to the algorithm output [3], [7].



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. XX, NO. XX, XXXX 2025 7

Theorem 3: In Algorithm 2, if e < ¢, then there exists some

r < t + e such that rank[f] = 2t 4 1. Furthermore, for any
0<r<2tif rank[f] =2t + 1, then rankg] < rank[f}

Proof: Based on the initialization of rank([)O] and rank[lu

(refer to Line 1 of Algorithm 2) and the update of rankg]

(refer to Lines 8-11), it is easily verified by induction

and

rank
that

rankl 4+ rankl? =2 +1, 0<r<2t,  40)

which is exactly (11) as required by the definition of com-
plementary solutions. Since mnkg2 ] + rankpt] =4t + 1, we
have

max{rankgzt] , rank[ft]} > 2t + 1. 41

Since e < t, we have

min{rank([)zt], rank[ft]} = rank{A(z), Z(z)}
= max{2 deg(A(x))

=2 deg(A(x)), (42)

where the first equality is due to the fact that the algorithm
output (A(x), Z(x)) has a lower rank (note that the algorithm
solves Problem 2(r)). Therefore, min{rank([)m,rank[lm} is
even.

First, we show that there exists some r, 0 < r <
2t, such that max{rank([)r],rank[lr]} 2t + 1. Sup-
pose, on the contrary, that no such r exists. Then from
40, max{rank[ g ,rank 2t]} > 2t + 2. It follows from
Lines 8-11 of Algorlthm 2 that when r is increased by

1, max{rankg],rank[ ]} is increased at most by 2. This

implies that as r increases, max{rankg],rank[ ]} is guar-
anteed to take at least one of any two consecutive integers
which are less than or equal to 2¢ 4 2. Therefore, due to
(41) and by assumption max{rankg],rank[lr]} £ 2t + 1
for any r, there must exist some r/, 0 < 7 < 2t, such
that max{rank[ L rank[ ]} 2t + 2 We now show that
when r > 1/, max{rank[ rrl] } is either equal to
max{rank([)],rank[ ]} or max{rank([) ! rank[ ]} + 2. Consider
the following two p0351ble cases for r > r'. It is clear from

(40) that rankg [r] # rank ",

rank

1y sl
Then ranngrl] = rankg] and rank[lrJrl] = rankgr] + 2.
o If rankg} < rank[lr], then
max{rankg Y rank TH]} =
max{rank)), rankl ]} +2.
o If rankgﬂ > rank[lr], then
Inax{rank%] U ran kTH]} =

max{rank; ,rank ]} which can be seen as
follows. Based on (40), max{ranko],rank[r} +
min{rankl”, rank{’} < 4t —|— 1 for r < 2t. Then it
follows from max{rank rank } > 2t + 2
that mm{ranko ,rank ]0} < 2t — 1 for
r > r'. Therefore, rank” - (rank” +2) =
max{rank([)},rank T]} - mm{rank([)],rank[r]}

2 > @2 +2 - @2 -1 -2 > 0

, 142 deg(Z(x))}

which implies max{rank! ™ rankl"" =
max{rank[ ") rankl” 4 2} = rankg]
max{rankg i rankgﬂ .
2) ol = 0.
Then rank[o Tl o rank[ " and rank[rﬂ] = rank[ S}

o If rank[ 7] > rank[l}, then
max{rank[ ] k[rJrl] } =
max{rank([) o rank } +2.

o If rankm < rank[lr}, then
max{rank% ] Uy k[TH] } =

max{rank; ,rank[ ]} which can be seen as
follows. Based on (40), max{rank[r] rank[r} +
min{rank([)],rank[r]} < 4t + 1 for r < 2¢. Then it
follows from max{ran rank T]} > 2t + 2
that mm{ranko ,rank[r]o} < 2t — 1 for
r > 1. Therefore, rank” — (rank!! + 2)

max{rankg} , rank[lr]} - mln{rank[o ], rankm }

2 > (242 - (2-1) 2 > 0
which implies max{rank! ™ rankl"y =
maux{mnkH rankl! + 2} = rank[lr] =
max{rankg ,rankP }
Since max{rank[ L rank[ }} = 2t + 2, then
max{rank[ tl rank } must be even This is in

contradiction to that mln{rank[ g rank ]} is even because
max{rank[ g rank[2 -+ mln{rank[ g rank[Zt }=4dt+1is
odd. This proves that there exists some r, 0 < r < 2¢, such
that Inax{rankg I rankly = 2t + 1.

Let 7 be the smallest integer such that
max{rank[ 1] rank[ ]} 2t + 1. Next, we show that
r1 < t+e. Since e < ¢ and rank[t+e] +rank[t+e] = 2t+2e+1,

we have max{rank [t] ,ran kHe} > 2t + 1 because
mm{rank([) ],ran [te] P < mm{rank([) 4 rank[zt]}
2deg(A(z)) = 2e (note that the inequality here is due to
that min{rank[’, rank{?} is non-decreasing with r, refer to
Lines 8-11 of Algorithm 2). Therefore, given that there exists
some 7, 0 < r < 2¢, such that max{rankg], rank[r]} =2t+1,
the smallest r; such that max{ramk([)“],rank[lr1 }=2t+1
must satisfy r1 <t +e.

Finally, we show that rank[ 1 < rank[r
contrary that rank([) nl s rank[ !, which implies rank[f 1]]

2t +1. Let rg < r; be the largest integer such that rank
[ro+1] _ ank([)ro+2]

1] Suppose on the

rank = ... = rank[ 1. Since rank T°+1]

is equal to either rank[ o] [™0] " we have rank[mH] =
rank[ ol " \which implies that rankfr(’] = rank[h] 2t + 1.
Therefore, we have max{rank[ ,rank[ ]} = 2t + 1, in
contradiction to that r; is the smallest integer such that

max{rankgl],rank[lm} = 2t + 1. Therefore, rank([)”] <
[r1]

or rank: °

rank; . This completes the proof of the first half of the
theorem that if e < ¢, there exists some r < ¢ + e such that
rankll =2t + 1.

For any 0 < r < 2t such that rank[lﬂ = 2t + 1, it follows

from (40) that rank[or] =2r4+1- rank[lr] = -2t <2<
rank[lr]. This completes the proof of the second half of the
theorem. [ ]
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The following result shows that the PWB algorithm can be
terminated early.

Theorem 4: Assuming e < t, Algorithm 2 has the following
properties.

(i). If rank[ 4 < rank[ . then WO[ ](ac) is an incomplete
error locator polynomlal and N [2e ]( ) is the associ-
ated incomplete error evaluator polynomial, otherwise,
Wi (z) is an incomplete error locator polynomial and
Nlhe] (x) is the associated incomplete error evaluator
polynomial.

(ii). Let r be the smallest integer such that rank[”] =2t+1
(by Theorem 3, 7y < t + e), then W(Erl](x) is an
incomplete error locator polynomial and N, [”]( ) is the
associated incomplete error evaluator polynomial.

(iii). The error values in the error locators w; € £ with ¢ >
— k are given by
Ny (i)
€; = om _fe—1 ]’ ) (43)
Hj:o (wi —wj) - Wy (wi)
where 7 is the smallest integer such that rank[rl] 2t+
1.

(iv). If there are no errors in the positions {0 < i < 2™ — k},
as is always the case for a shortened RS code in Fig. 1-b),
then the smallest integer 1 such that rank[lm =2t+1is
equal to ¢t + e and W(EH_G] (z) = yA(z) for some nonzero
Y S Fgm.

Proof: Let (WUl(z), N"l(z)) be a polynomial pair de-
fined by

(W), N ()
N { WOT] (x),N(ET] (x)), if rank[ < rank[r]

Wl[r] (m),Nlm (), if rank([)} > rank[ "]
According to the description of Algorithm 2 (refer to Lines 14-
18), we see that the output is given by (W24 (x), NI?1(z)), as
defined by (44), which is equal (up to a scalar) to (A(z), Z(x))
if e < t Under the assumption that e < ¢, we have
min{rank(]”, rank!"} < 2¢ < 2t41 forall 0 < r < 2¢. Based
on (40), we have max{rank[ “ rank 26]} > 2e+ 1. Note that
max{rank([) r rank[ ]} is non-decreasing as r increases. There-
fore, maX{rank([) ] , rank[r]} > max{rank[ze], rank [2e] } >
2e 4+ 1 for 2e < r < 2t.

(i). Based on (44), we shall prove that TW[2¢!(z) is an incom-
plete error locator polynomial and N2¢l(z) is the associated
incomplete error evaluator polynomial. When 2e < r < 2t,
(Wl (z), NIr+1(z)) is updated based on the following
four cases.

—~

(44)

—~

1) rank[ < rank and b # 0.
Then 6" = 0. Since max{rank[ v rank[ ]} = rank[ >
2e + 1 and mln{rank[ r+] ,rank r+l]} < 2e, we have

[T'H]} - rankm +2<

mln{rank[ Tt pank rank;

rank[lr] = rank([)TJrl]. Therefore,

(W (), NI+ (a) =

2) rank[ ] < rank and b
Then 6["] = 1. Since rank
rank! ™Y, we have

(W (), N+ (@) =

[TH] = rank[ 7] < rank[r]+2 =

(Wit @), Ny ()
—al Wiz, N (@)
Nl

(
——ai-’“](W[’”]( ), NU(z)).
(46)

Here, by Lemma 2, ar] 7& 0.
3) rank[ 1> rank!” and ol £ 0.
Then 61" = 1. Since max{rank[ ") rankl} = rank[! >
2¢ + 1 and min{rank! ™" k[T'H]} < 2e, we have
mln{[rank[ r+] rank[r+1}} rank[rJrl] = rank[lr] +2<
) rank[H_l] Therefore,

,ran

rank

(W[r+1] (I), N[rJrl] (l‘)) _

= (z —wy)(
= (z — w,) (W (2), NV(2)).
47
4) rank([)r} > rank[r] and a[rb =0.
Then 671 = 0. Since rank[ U_ rank[ < rank[r]—i—Q =
raunk[ler I we have
(Wi (z), N (2)) = (Wi (@), Né”” (@)
= o (Wi (@), v ()
= bWl (2), N“ (z)). (48)

Here, by Lemma 2, b # 0.

Based on the above update rule, (W4 (z), N?l(z)) can be
written as

(W (), N2 (@) = B( [T (@ - wi) ) (WED (@), N2 (a)),
i€A

(49)
for some 8 # 0 € Fam and some index set A C {2e,2e +
1,...,2t — 1}. Since (W (x), N?(z)) is equal (up to a
scalar) to (A(x), Z(z)), we know from (49) that W2l (z) is
an incomplete error locator polynomial and N'*¢l(z) is the
associated incomplete error evaluator polynomial. The proof
is complete by noting (44).

(ii). The existence of such an r; is guaranteed by The-
orem 3 which also indicates that vy < t + e. Similar to
the proof of (i), it can be shown that when 1 < r < 2t,
(W1l (), NIr+1(z)) has the same update rule as in (i).
Here, we only give the proof for the first case: rankl! <
rank!”) and b)) # 0. In this case, 7' = 0. Since rank”’ =
max{rank([)r]mank[f]} > max{rank([)”]7rank[1”]} =2t+1
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and mln{rank[ r+] rank[{Jrl} < mln{rank[ ] rank[%] _
2¢ < 2t + 1, we have mln{rank[ T ) k[TH]} =
rank[T'H] = rankm +2 < rank[l] = rank[r'H There-

fore, (W1 (a), N +11(@)) = (W) (@), N (2
(xfmeW%N@@»:WIfmeW%N“U)
Consequently, (W2 (), N2!/(z)) can be written as
(

(W (), N2 (2)) = 5( — wi)>(W[T1]($)7N[7‘1](.Z'))
I€EA
(T @ = w0) W @), NG (@),
€A

(50)

X

B

for some 8 # 0 € Fam and some index set A C {2e,2e +
1,...,2t — 1}. The second equality in (50) is due to that
rankl™ < rank!™! by Theorem 3. Therefore, W™ () is
an incomplete error locator polynomial and N([)Tl](ar) is the
associated incomplete error evaluator polynomial.

(iii). This follows directly from (ii) and Theorem 3.

(iv). Due to (4i) and the assumption that there are no errors
in the positions {i¢ > 2™ — k}, we can deduce that

Wi (@), N (2)) = (vA(2), 7 Z (),

for some scalar . This makes bgrl] =0forany 0 <i < 2t—1,
according to (22) and the definition of A(x) and Z(z). This,
in turns, makes 8" = 0 and leads to

W @), N (@) = (YA(), 7 Z (),

for (possibly) another scalar 4/, according to Line 7 of
Algorithm 2. According to Line 9 of Algorithm 2, we have
rank[rlﬂ] = rank[”] and rank[”H] < ank[rlﬂ] By the

same argument, we have rank[ 1] = rank[hH] = ...

(51

(52)

rank%%] = 2e. Since rank[rl] = 2t 4+ 1 and rank[ n +
rankll} = 2r; + 1 by (40), we have r; = t + e. Note

that if all the e errors occur in the positions {i > 2™ — k},
an incomplete error locator polynomial is equal to the error
locator polynomial multiplied by a nonzero field element. Then
it follows from (ii) that Wérl](ac) = vA(z) for some nonzero
v € Fom, where 71 =t + e. [ |
Remark 3: Although derived in the context of the PWB
algorithm, the early-terminating mechanism also applies to
the WB algorithm. The algorithm difference, as stated in
Remark 2, is not essential to the early-terminating rule.
Remark 4: It was previously known that the Berlekamp—
Massey (BM) algorithm can be terminated early [13], [14],
[15], [16], [17]. Therefore, it is interesting to make a compar-
ison between the two algorithms in terms of early termination.
Assume e < t. The similarity is that both algorithms can
be terminated before or at the completion of the (¢t + e)-
th iteration. There are also several differences. For the BM
algorithm, the error locator polynomial is obtained after 2e
iterations. Since e is unknown, the early termination is based
on a detection method to identify the (¢ + e)-th iteration.
Whereas for the WB algorithm, the complete error locator
polynomial may not be obtained until the 2¢-th iteration.
The early termination is based on a detection method to
identify the r;-th iteration (r; < ¢+ e) so that an incomplete

Algorithm 3: Early-terminating parallel WB (EPWB)
algorithm

Input: (z;,;),0 <i<2t—1.
Output: (W (z), NI ().

1: Initialization:
wilz) NP\ ( 10 ) by
Wi (@) N () 0 1)\ a?

rank([)o]
rank[lo]

—Yi (0
( 1 )OS <2t-— 1,( >_(1).
2: forr=0,1,--- ,2t — 1 do

3 Let 6"l = ((rankg] < rank[lr]) && (b!f] =
0)) | ((rankly? > rankl?) && (ol # 0))
4. fori=0,1,---,2t—1do

b[”Jrl]
5 [r+1]

bl
al"
o (Wﬁ”m Ny )
—ar bl]

—all’ bl
(z; — ) (1 =80 (2 — )60
6:  end for
Wit () M“W@>_
( 4 ) Wy (@) N§ (@)
(x —x,)(1 =) (z — 2,007 Wl[r] (z) Nl[r} (z)
8 if Il =1 then

N < rank[TH] ) ( rank([;} )
' rank[TH] rankl" 4 2
10:  else
” < rank[TH] ) ( rank[{} )
rank[TH] rankg] + 2
12:  end if
13 if ((rank! ™ =2t 4 1)|| (r = 2t — 1)) then
14: return (W)™ (2), NI (2))
15:  end if
16: end for

error locator polynomial can be obtained. As a consequence,
the early-terminating BM algorithm can accomplish the error
corrections in all positions while the early-terminating WB
algorithm can only accomplish the error corrections in the
positions 2™ — k <4 < 2™,

Based on Theorem 4, we present the early-terminating
parallel WB (EPWB) algorithm in Algorithm 3. A dif-
ference between the PWB algorithm (Algorithm 2) and
the EPWB algorithm is that the former selectively outputs
(W(E%] (x),N(Ezt] (z)) or (W1[2t] (x),Nl[zt] (z)) while the latter
always outputs (W™ (z), N")(2)). Note that in Line 13 of
Algorithm 3, we add the subcase » = 2t — 1. This is to
ensure that the algorithm always has an output, considering
that the other subcase rank[rﬂ] = 2t + 1 may not be
encountered if e > ¢. In fact, if e > t, it is entirely

possible that rank?t] > rank[ft], in which case Algorithm 2

)
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TABLE I
THE OPERATION DETAILS OF THE PWB ALGORITHM FOR EXAMPLE 1
r b,[,.T] aq[nr] rankgl] rank [{] sl
0 o8 1 0 1 0
1 ot al7 1 2 0
2 0 ol 2 3 1
3 0 o?? 2 5 1
4 0 ol 2 7 1
5 al8 o2 2 9 0
6 al0 30 9 4 1
7 al? 0 9 6 0
8 - - 6 11 -
r wl (@) N (@)
0 1 0
1 1 ald
2 otz 4+ al” ot
3 041750 + Oc30 0417
4 alz + a?! of
5 Oéllclf + Oc24 Ocll
6 O418m4 + Oc20233 + 04291:2 + alsx + Oc28 a5x4 + a7x3 + 0416$2 + Oc14x + O¢15
7 Oz17$4 + o619333 + O[12x2 + 04203) + Oclg a4x4 + 046$3 + Oél5x2 + a2z + O¢6
8 O[23333 + Oé7$2 + O¢7:E + Oc29 a23$2 + ale + Ocl6
r wl'(@) N (@)
0 0 1
1 x 0
2 x+1 al8z 4+ al8
3 22+ allz 4+ a al8z2 + abz + al®
4 m3 + Oéllx + 0{19 a18m3 + a29x + a6
5 (E4 + a2m3 + alle + agx + a21 a18$4 + CMQO.’E3 + a29x2 + a271. + aS
6 a111172 + 0{5$ + 0129 0411‘,17 + a16
7 111.3 + a26x2 + a26x + a17 all.’L'2 + 0(29:B + 0{4
8 a171.5 + 0(4.%4 + C|(13x3 + a1822 + C‘{11$ + a30 a4:r5 + a22m4 + 0420:23 + a171.2 + a28:1: + 0117
19

outputs (Wl[Qt] (x),Nl[zt] (x)) whereas Algorithm 3 outputs
(WO[%} (z), N(g%] (x)). For a bounded-distance decoding, how-
ever, such a kind of output diversity shall not be a concern.
To facilitate understanding the early termination mecha-
nism, we now present several examples.
Example 1: Let Fos be generated by the primitive poly-
nomial p(x) = 25 + 22 + 1. Let a € Fys be a prim-

itive element and {vg,v1,v2,v3,v4} = {1,,a? a3 ot}

be a basis of Fys over Fo. The elements of Fys can be
4 . . 4 . .

represented as {w; = > i ,dv; i = Y. 4;27,0 <

i < 32}. Consider a (32,24) RS code over Fys as de-
fined by (27). The error correction capability of the code
is t = 4. Assume that the all-zero codeword is transmitted
and the received word is given by 7(x) = a5 + a?92° +
at8228, Therefore, ¢ = 3 errors have occurred. The syn-
dromes can be computed as (S(wp),S(w1), - ,S(wr)) =
(a8, al7 a7, at® al% a8 o a!®). Thus, the algorithm in-
put, (;,y:) = (wi, S(w;)), 0 <14 < 8, is given by

v 0 1 2 3 4 ) 6 7
0 1 o o' 2 50419 Qlt

« o «
18 17 7 16
Yi Q

a a a Oélo 0528 a9 a15

The operation details of the PWB algorithm are shown in
Table 1.

Since rank([)g} < , the PWB algorithm outputs
(Wég](x),N([)S](aﬁ)), which is equal (up to a scalar) to
(A(x), Z(x)). The roots of WO[S] (x) give the error locators
a® 19 = wg, and a'® = wyg. According to (31),

rank[lS}

= W5,

the corresponding error values can be computed as e5 = a7,
eq = a9, and egs = '® based on (WO[S} (z), (gg] (x)).
From Table I, the smallest integer » such that rank[{]
2t +1 = 9 is equal to 5. Therefore, the EPWB algorithm
outputs (WOW (z), (g5] (x)). The roots of Wé‘r’} (z) are given
by a'® = wag. According to (43), the error value at wog can

be computed as ez = ¥ based on (W(Es] (x), N([)5] (x)).

According to Theorem 4-(i), since e = 3 and rank([fe] >
rank 2, WP (z) = w[(2) is also an incompl lo-
1L W =W plete error lo

cator polynomial. The roots of Wl[G] () are given by a® = ws
and a'® = wag. According to Lemma 3, the error value at wog
can be computed as esg = a'® based on (Wl[ﬁ] (z), 1[6] ﬂa:))

For this example, the smallest integer r such that rankf] =
2t4+1=91isr =5 < 2e = 6 and the incomplete error locator
polynomial W(g5] (x) contains no roots of A(x) in {w; : i <
2™ — k}. However, this is not always the case, as can be seen
from the following two examples. (]

Example 2: Consider the (32,24) RS code over Fqs given
in Example 1. Assume that the all-zero codeword is trans-
mitted and the received word is given by r(z) = a'82* +
o227 + o320, Therefore, e = 3 errors have occurred. The
syndromes can be computed as (S(wo), S(w1),---,S(wr)) =
(al® a, a2, 0% a3 a3 a4, 1). Thus, the algorithm input,
(@, yi) = (wi, S(w;)), 0 <14 < 8, is given by

1 0o 1 2 3 4 5 6 7

x; 0 1 a 0418 2 5 a19 11

« « «
Ys Oél6 a a26 28 3 13 24 1

« (0% « «
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TABLE I
THE OPERATION DETAILS OF THE PWB ALGORITHM FOR EXAMPLE 2

T by] a,[,.T] rankgn] rank [170] sl

0 aff 1 0 1 0

1 oa®®  a 1 2 0

2 0 o’ 2 3 1

3 0 a? 2 5 1

4 a2 2 2 7 0

5 o7 ot 7 4 0

6 0 ab 4 9 1

7 a?? ald 4 11 0

8 - - 11 6 —

r W (@) N (=)

0 1 0

1 1 alb

2 ooz 4+« al?

3 az + ol a4

4 aldz + ql7 o2

5 a2623 4+ o27 + 029 allyd 4 0224 4 14

6 al722 4 o2lg 4+ 26 a9z + all

7 02222 + a6z +1 attz + 16

8  al7z% + a7zt + 03023 + 02522 + a4z o225 + a2924 + o273 + o222 + al2z
r Wi (a) N(a)

0 0 1

1 T 0

2 xz+1 a6z 4 16

3 22 +al®z+ o622 + adx + al?
4 23 + ally + 19 al®z3 + a27g + ol
5 al0z2 4 qlig 4 19 a2z + ot

6 a26z4 + 23 + 2722 + o27g + o3 allgt 4 o163 4 02222 4 o284 4 (19
7 a26z5 £ alB324 4 0823 +aTz? + a2z + 022 alled 4 a2924 + P23 + allz? + oz + of
S a2223 + o172 4 o27x 4 11 alz? + oz + 27

The operation details of the PWB algorithm are shown in
Table II.

Since rankgs] > rank[ls], the PWB algorithm outputs
(W1[8](x),]\71[8}(z)), which is equal (up to a scalar) to

(A(x), Z(z)). The roots of Wl[s] (x) give the error locators
a? = wy, a'' = wy, and a” = wygy. According to (31), the
corresponding error values can be computed as e; = o'®,
er = a2, and e = o based on (W1 (z), NI¥(2)).

From Table II, the smallest integer 7 such that rank;’ =
2t +1 = 9 is equal to 6. Therefore, the EPWB algorithm
outputs (W(EG] (x),N(EG] (z)). The roots of W(EG] (z) are given
by a? = wy and o = way. According to (43), the error value
at wap is ez = o based on (W (z), N[ (2)).

For this example, the smallest integer r such that rank[lr} =
2t4+1=91is r = 6 = 2e and the incomplete error locator
polynomial W(EG} (x) contains partial roots of A(z) in {w; :
1< 2™ —k}. O

Example 3: Consider the (32,24) RS code over Fqs given
in Example 1. Assume that the all-zero codeword is trans-
mitted and the received word is given by r(z) = a®z!? +
27225 4 05230, Therefore, e = 3 errors have occurred. The
syndromes can be computed as (S(wp), S(w1),...,S(wr)) =
(a9 039 a5 o' a? a* a26,0). Thus, the algorithm in-
put, (z;,y;) = (ws, S(w;)), 0 <4 < 8, is given by

10 1 2 3 4 5 6 7

Z; 0 1 a 0418 2 5 0[19 11

« o o
Yi 0[10 a30 0[15 a13 0424 a4 0[26 0

The operation details of the PWB algorithm are shown in
Table III.

Since rank([)s} < rank[ls], the PWB algorithm outputs

(ng] (a:),N(ES] (z)), which is equal (up to a scalar) to
(A(z), Z(x)). The roots of Wés] (z) give the error locators
al” = wig, a® = wys, and a®* = w3y. According to (31),
the corresponding error values can be computed as e;9 = 22,

€25 = a2, and e3p = o based on (W™ (2). N (2)).

From Table III, the smallest integer 7 such that rank[lr] =

2t +1 = 9 is equal to 7. Therefore, the EPWB algorithm
outputs (W, (), N7 (2)). The roots of W/ (z) are a!7 =
w19, a°° = was, and a** = wszp. According to (43), the error
values at these error locators can be computed as ejg = a?3,
€25 = 27, and ez = o based on (W} (z),N["(z)), the
same as computed based on the PWB algorithm.

In this example, all three errors occur in the positions {7 >
2™ — k}. The smallest integer r such that rank[f] =2t+11s
equal to ¢ + e = 7 and W/ (z) = a3°A(x), which conforms
to Theorem 4-(iv). O

From the above examples, we have the following obser-
vations: (1) The incomplete error locator polynomial may or
may not contain the error locators w; with ¢ < 2" — k as its
roots. (2) If some errors occur in the positions {i < 2™ — k},
then the smallest integer r such that rank[f} = 2t + 1 may be
less than 2e.
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TABLE III
THE OPERATION DETAILS OF THE PWB ALGORITHM FOR EXAMPLE 3

] Ir]

T b[ﬂ a7[4 I rankg rank; sl

0 al® 1 0 1 0

1 al® 30 1 2 0

2 a2 30 2 3 0

3 al6 26 3 4 0

4 of o2 4 5 0

5 a20 30 5 6 0

6 0 o7 6 7 1

7 0 o 6 9 1

8 - - 6 11 -

r wll(z) N (z)

0 1 0

1 1 alo

2 CYliiz + aSO oé9

3 a3z 4+ o9 o2z + 29

4 32?2 + az + ol a3z 4+ a2

5 a18x2 + O116‘,]3 + alO OAQCEQ + a20

6 a23x3 + a301.2 + a14x + a27 a18x2 + a24z + C!G

7 O[30383 + a61'2 + a21:E + a3 O425x2 +x+ alS

8 anS + C!15:E2 + asox + a12 a31,2 + agx + a22

r wi(z) NI (@)

0 0 1

1 x 0

2 z+1 allz 4 10

3 al®z2 4+ oz +1 a9z + 10

4 a13x2 + 0411.7} + 016 042502 + an + 0416

5 anB + allx2 + 0412:12 + Oc21 o¢23x2 + a4z + 1

6 04181‘3 + Oé7.7]‘2 + 042950 + Oc15 a9z3 + 0414502 + Oc2oz + 0125
7 0118.724 + 0424503 + O¢24I2 + 042050 + Oc3 049504 + a27z3 + 043132 + O¢7CC + 0413
8 Oc18x5 + 0426x4 + a12x3 + 0113:52 + O629:5 + Oc14 049505 + O¢11I4 + 0413333 + 04291‘2 + O415$ + 0424

V. FREQUENCY-DOMAIN ALGORITHMS AND
ARCHITECTURES

A. FPWB algorithm and FEPWB algorithm

We first adapt the PWB algorithm to the decoding of RS
codes by letting #; = w; and y; = S(w;). Unlike the
PWB algorithm that updates the four polynomials Wéﬂrl} (z),
NI (@), wirt (@), and NI (2), we consider to update
two of them (refer to Line 7 of Algorithm 2),

( W(gr—i-l](w) >
Wi ()

_ ~a by Wy (@)
T\ (w1 =0 (2 —w,)ol Wlm (z)
(53)
Letting x = w; for 0 < ¢ < ¢, we obtain
e
er (wi)
_ —a}’ bl Wy (@)
(wi — wr)(1 =6l (wi — w,)slr] Wi (w;)
(54)

Based on the above discussion, we now present
the frequency-domain PWB (FPWB) algorithm in Algo-
rithm 4. Unlike the PWB algorithm that returns a poly-
nomial pair (W(x),N(z)), the FPWB algorithm returns

the evaluation of W(z) at ¢ + 1 points {w;}!_,, ie.,

(W(wo), W(w1),...,W(w)). Note that if e < ¢, the error

locator polynomial A(z) is such that deg(A(z)) < t. Conse-

quently, we have

(Awo), Awr),y -+, Awy)) = (W (wo), W(wr), ..., W(wy)).
(55)

Once we have obtained (A(wo),A(w1),...,A(w;)) by the
FPWB algorithm, based on (30), we can compute

(Z(OJ()), Z(wl), ey Z(wt_l))
(Awo)S(wo), Alwr)S(w1), -+, Alwr—1)S(wi—1)).

(56)

If deg(A(z)) < t and deg(Z(x)) < t, A(z) and Z(z)
can be computed based on (A(wp), A(w1),-..,A(w;)) and
(Z(wo), Z(w1),-..,Z(wi—1)) by polynomial interpolation or
more efficiently by LCH-FFT [9].

We know from Section IV that for a shortened RS code as
given in Fig. 1-b), we have A1 (z) = A(x) and Z;(z) = Z(x),
where Aj(x) is an incomplete error locator polynomial and
Z1(x) is the associated error evaluator polynomial. Based on
the early-terminating PWB (EPWB) algorithm in Algorithm 3,
we present the frequency-domain EPWB (FEPWB) algorithm
in Algorithm 5. Note that the FEPWB algorithm applies only
to the shortened RS code in Fig. 2-b) such that ng > 2™ — k.
For other RS codes in Fig. 2, we cannot compute Z;(x) as
the FPWB algorithm that uses (56). If e < ¢, the FEPWB
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Algorithm 4: The frequency-domain PWB (FPWB)

algorithm

Algorithm 5: The frequency-domain EPWB (FEPWB)
algorithm

Input: (w;, S(w
Output: (A(wp), A(wr),--.
1: Initialization:

( W% j( w;) ) _
Wi (wi)

—Yi
(7 )os
2: forr=0,1,...,2t — 1 do
Let 6"l = ((rank[ < rank )&& (b[r]

0)) | ((ranky” > rank(”) &t (af” # 0))
4 for i=0,1,...,2t—1do

b[""‘l]
3 [r+1]
—al
(wi ) (1 - 81)

. end for;
7. fori=0,1,...,t do

'r+1] w
8: ( 7‘+1]E ) ) =

_w [r] er]
( (ws —wr)(1— 5[T]) (ws — wr)é[r] > (

9: end for;

N),0<i<2t— L
Awr))

hed

10:  if 61 =1 then

( rank[rJrl]
11:

rank([)r]
rank[lr] + 2

rank[rﬂ]
12:  else
rank[rJrl] rank[{]
13: 1) [r]
rank; rank; "’ + 2
14:  end if
15: if rank{?t] < rank[ft] then
16 return (W (wo), W (wy), ..., W (@)
17:  else
18 return (W (wo), Wi (wy), ..., WP (wy)
19:  end if
20: end for
algorithm outputs
(W (wo), Wi wi), ., W™ ()
= (Al(wo),Al(wl),...,Al(wt)). (57)

However, the errors may occur in the positions {i :

0<

— k}, in which case we have A (z) # A(z) and Z; (z

Z(x), which implies that

(Zl (W0)7 Z1 (UJ1>7 ey Zl (wt,l))
7£ (Al(wo)S(wo), Al(wl)S(wl), ey

Consequently, we have no way to compute Z;(x).

1 <
) #

Al (wtfl)S(wtfl)).

(58)

Input: (w;,S(
Output: (A (wo), A1(wi), ...
1: Inltlahzatlon

[0]
Wl[O] (wy)

wi)),0<i<2t—1.
s A1(wy))

. bl
[0]

i rank, (0
(1) <<t1<rank[10]>_ 1
2: forr=20,1,...,2t — 1 do
3 Let oIl = (rankgl} < rank!) && (B =

0)) || ((ramkg > ranky") &t (af # 0)
4 fori=0,1,...,2t—1do

b£r+1]
5: a£7)+1] =

gl i bl
(wi —wr)(1 =680 (w; — w,)ol] [r]
. end for;
7. fori=0,1,...,t do
e (e
4%, (wi)
-a; oy W' (wi)
(wi —w) (1= 0) (wi —w,)al )\ Wi (wi)

9: end for;
10:  if 6"l =1 then

rank%ﬂrl] rankg]
11: r 1] = [T]
rank[l * rank; " 4+ 2
12:  else
s rankQl+1 Y\ rank!"
' rank[TJrl] N rankg] +2
14:  end if
150 if ((rank! ™ = 2t 4+ 1) || (r = 2t — 1)) then
16: return (Wé”” (wo), W (wy),..., wlr (we))
17: end if
18: end for

B. Architectures

In this paper, when we speak of an architecture designed
based on a certain algorithm, we use the name of the algorithm
to designate the architecture. Based on the description of the
FPWB algorithm in Algorithm 4, we present a systolic archi-
tecture for the algorithm in Fig. 2. A systolic architecture refers
to a network of processor elements (PEs) that rhythmically
compute and pass data through the system [21]. It derived
its name from drawing an analogy to how blood rhythmically
flows through a biological heart as the data flows from memory
in a rhythmic fashion passing through many elements before
it returns to memory.

The FPWB architecture consists of two main blocks: dis-
crepancy computation (DC) block and error locator update
(ELU) block, as shown in the upper and lower part of Fig. 2-a),
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Fig. 2. The FPWB architecture. (a) The systolic architecture. (b) The structure for PEQ. (c) The structure for PEI.

respectively. The DC block is responsible for updating ay] and
by] for 0 <7 <2t — 1. It is an array of 2¢ PEOs, arranged as
PEQy, PEOq,...,PEO2;_1 in sequence. The structure of PEO;
is shown in Fig. 2-b), which accomplishes the following two
assignment operations (refer to Line 5 of Algorithm 4),

o Y = bflaT — alr b, (59)
and
_ "l 5 57 = -
a£r+l] —_ (w’L wr)bz[r]a lf d 0; (60)
(Wi —wp)a; *, if ol = 1.

Each PEO; consists of two adders, three multipliers, three
latches, and one multiplexer. The ELU block is responsible

for updating W (w;) and W™ (w;) for 0 < i < ¢ It is
an array of ¢ + 1 PEls, arranged as PE1y, PE1;,...,PEl; in
sequence. The structure of PE1; is shown in Fig. 2-c), which
accomplishes the following two assignment operations (refer
to Line 8 of Algorithm 4),

W ) = oW (@) — al W (@), 6D
and
L [rl if sl = o:
W1[T+1] (wi) = (wi wr)W(Er] (i), ?f 0 . (62)
(Wi _ wr)Wl (wz), lf 5[7’] =1.

Each PE1; consists of two adders, three multipliers, two
latches, and two multiplexers.
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TABLE IV
COMPARISONS OF VARIOUS ARCHITECTURES
[ Architectures [ Adders [ Multipliers | Latches | Muxes | Clocks |  Teritpath |

RIBM[12] | 3t+1 | 6t+2 6+2 | 3t+1 2t | Tomar + Todd

cPIBMA [13] | 2+ 1 | 4t+2 T+2 [ 6613 20 | Tt + Taad
FPWB 6t +2 | 9t+3 | 8t+2 | 4+2 | 2t | Tour + T

FEPWB 6t +2 | 9t+3 | 8t+2 | 3t+1 | t+e | T + Toaa

It should be noted that (bgr] , ay]) and (WOT} (wi), Wl[r] (w;))  of early-termination mechanism. A systolic architecture for the

have the same update rule. Here, we use a heterogeneous
design, using two different PE structures separately updating
them. This is based on the following considerations. To single
out b1 and ! as broadcast signals, the updated by] and
ay} are shifted leftwards so that 5! and al’! can always be
fetched out from PEQg that is the leftmost PEO. An advantage
of the design is that the critical path can be improved because
the circuitry for selecting oIl and al”! can be eliminated in
the critical path. On the other hand, the updated WO[T] (wi)
and Wlm (w;) are not shifted leftwards but left in the original
place. This is to save power consumption. Moreover, if the
early termination is adopted, as discussed below, the algorithm
output can be fetched out from fixed positions.

The FEPWB algorithm differs from the FPWB algorithm
in the early termination. The algorithm difference has a slight
impact on the architecture design. The control unit needs
to be modified to signal the early termination. Besides, one
multiplexer in PE0; in Fig. 2-c) shall be removed because the
output of the FEPWB algorithm is not selective as compared
with the FPWB algorithm. In light of the slight difference
between the FPWB and the FEPWB architectures, it is easy
to develop a scalable architecture that allows to switch between
the functions of the two architectures.

Table IV compares various architectures, including RiBM
[12], ePIBMA [13], FPWB, and FEPWB, in terms of resource,
clock, and critical path. The RiBM and ePIBMA architectures
were designed by reformulating the BM algorithm. Clearly,
all the four architectures have the same critical path, i.e., one
adder and one multiplier. The proposed FPWB and FEPWB
architectures represent the most efficient architectures for the
WB algorithm by far. For high-speed parallel implementation,
although FPWB and FEPWB have higher complexity than
RiBM and ePIBMA, the overall implementation complexity of
the FFT-based decoding using FEPWB or FEPWB is expected
to be considerably lower than that of the conventional decod-
ing using RiBM or ePIBMA due to significant complexity
advantage in the syndrome computation and the Chien search
by using LCH-FFT. See [9] for detailed examples.

VI. CONCLUSION

In this paper, we present four new variants of the WB
algorithm, namely, parallel WB (PWB) algorithm, early-
terminating PWB (EPWB) algorithm, frequency-domain PWB
(FPWB) algorithm, and frequency-domain EPWB (FEPWB)
algorithm. The concept of incomplete error locator polyno-
mial is introduced to show that the PWB algorithm can be
terminated early. The similarities and differences between the
WB algorithm and the BM algorithm are compared in terms

FPWB algorithm is developed, which can be easily adapted to
the FEPWB algorithm. This provides an efficient key equation
solver for the FFT-based RS decoding [7].
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