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Abstract—Based on a recently proposed fast Fourier trans-
form by Lin, Chung, and Han, this paper presents two fast
erasure decoding algorithms for Reed—Solomon (RS) codes over
binary extension fields of length N and dimension K. The first
algorithm applies to low-rate RS codes (i.e., % < 0.5) and
achieves a complexity of O(Nlog K). The second algorithm
applies to high-rate RS codes (i.e., 7 > 0.5) and achieves a
complexity of O(N log(N — K)). Compared to recent state-of-
the-art algorithms, both proposed algorithms achieve the best
complexity, resulting in significant throughput improvements
in Single Instruction Multiple Data (SIMD) based simulations.
Besides yielding new fast algorithms for RS codes, this paper also
presents a new interpolation formula, as well as related results,
which may be of independent interest.

Index Terms—Reed—Solomon codes, fast erasure decoding,
Lin—-Chung-Han FFT, complexity, SIMD.

I. INTRODUCTION

EED-SOLOMON (RS) codes [1] form an optimal class

of erasure codes, which have been widely used in various
communication and storage systems. By “optimal”, it is meant
that for an RS code of length N and dimension K, any K
out of the N coded symbols can be used to recover the K
data symbols. The standard encoding of RS codes is based
on the generator matrix in Vandermonde or Cauchy form
[2], [3], [4]. Decoding is generally performed in two steps:
a preliminary step that depends only on the erasure positions,
and a main step that utilizes the values of the received symbols.
In many applications, such as packet-based networks and disk
storage, codewords are transmitted in groups, and each group
consists of a large number of codewords that share the same
set of erasure positions. Therefore, the preliminary step can
be performed once per group, and the main step practically
dominates the decoding complexity.
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In the 1970s, Pollard [5] first studied fast Fourier trans-
form (FFT) over finite fields and Justesen [6] subsequently
exploited the FFT for designing fast decoding algorithms for
RS codes. A typical example is the Cooley-Tukey-like FFT
over Fermat fields (i.e., prime fields of the form Fy, 1), which
is commonly referred to as the Fermat Number Transform
(FNT). There has been extensive research on designing FNT-
based algorithms for RS codes, refer to [7], [8], [9], [10],
[13] for error decoding and [11], [12], [13], [14], [15], [16]
for erasure decoding. A major drawback of RS codes over
For1 is that storing a (2" + 1)-ary number needs (r+ 1) bits,
which is wasteful and ineffective. By contrast, RS codes over
binary extension fields are more favorable. For a long time,
only semi-fast Fourier transform algorithms were developed
for binary extension fields [17], [18], [19], [20]. A semi-fast
algorithm significantly reduces the number of multiplications
compared with the natural form of computation, but does not
reduce (and may even increase) the number of additions [17].
A typical semi-fast algorithm is called the cyclotomic FFT
(CFFT) [19], [20], [21]. In [22] and [23], the CFFT-based RS
error decoding was investigated. So far, however, there has
been little discussion on applying semi-fast Fourier transform
algorithms to the erasure decoding of RS codes.

Recently, Lin, Chung, and Han [29] presented a new FFT
(LCH-FFT, for short) over binary extension fields based on
Wang and Zhu [25], Cantor [26], and Gao and Mateer [27].
For the first time, the O(2"log2™) complexity is achieved
for a 2"-point FFT over binary extension fields. Like the
Cooley—Tukey FFT over complex fields, the LCH-FFT can be
represented by a butterfly diagram (refer to [29, Figure 1]),
which effectively illustrates the flow of data through the
algorithm.

The LCH-FFT has been effectively applied to RS codes for
the design of fast algorithms. For low-rate RS codes (i.e., rate
% < 0.5) with K being a power of 2, a systematic encoding
algorithm with complexity O(N log K') was presented in [30].
For high-rate RS codes (i.e., rate % > 0.5) with N — K
being a power of 2, a systematic encoding algorithm with
complexity O(Nlog(N — K)) was presented in [31]. An
erasure decoding algorithm with complexity O(N log N) was
presented in [30], which applies to both low-rate and high-
rate RS codes. An error decoding algorithm for high-rate RS
codes was presented in [31], which achieves a complexity of
O(Nlog(N — K) + (N — K) log?(N — K)). In [33] and [34],
Welch-Berlekamp-type algorithms were designed to solve
the key equation derived in [31]. In [32], the “partial FFT”
algorithm was presented to adapt to general code parameters.

Besides the LCH-FFT-based algorithm [30], other state-
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of-the-art algorithms for erasure decoding of RS codes over
binary extension fields include the Didier’s algorithm [35]
and the Reed—Muller-transform (RMT)-based algorithm [36].
Among these algorithms, the LCH-FFT-based algorithm [30]
achieves the best previously known complexity, reaching
O(Nlog N). Refer to Section VI for a detailed comparison
of complexity.

Focusing on RS codes over binary extension fields, this
paper is devoted to developing new fast erasure decoding
algorithms based on LCH-FFT. By exploring new properties
of LCH-FFT, we design even faster algorithms with reduced
complexity. The main contributions of the paper can be
summarized as follows.

o For low-rate RS codes (i.e., £ < 0.5), we present a fast
erasure decoding algorithm, which achieves a complexity
of O(N log K). By improving on the existing LCH-FFT-
based algorithm [30], the new algorithm achieves the best
complexity for low-rate RS codes.

o For high-rate RS codes (i.e., % > 0.5), we present a fast
erasure decoding algorithm, which achieves a complexity
of O(N log(N — K)). To achieve erasure decoding, a key
equation, as well as a Forney-like formula, is derived. The
key to low complexity is to incorporate the LCH-FFT
into the computation. The resulting algorithm achieves
the best complexity for high-rate RS codes.

o As the essential foundation for the proposed algorithms,
a new interpolation formula is presented. Two corollaries
are derived: one is essential for building the first algo-
rithm, and the other provides a new proof of an important
property of LCH-FFT, which is crucial for constructing
the second algorithm. Moreover, these results may also
be of independent interest.

o To demonstrate the superiority of the proposed algo-
rithms, we compare them with recent state-of-the-art al-
gorithms in terms of complexity. The proposed algorithms
are shown to attain the best complexity. To test real
performance, we further perform simulations based on
the Single Instruction Multiple Data (SIMD) technique.
Simulation results show that the proposed algorithms
achieve significant throughput improvements compared
to the state-of-the-art algorithms.

The rest of the paper is organized as follows. Section II
provides the preliminaries. Section III presents a new interpo-
lation formula as well as related results. Section IV derives
a fast erasure decoding algorithm for low-rate RS codes.
Section V derives a fast erasure decoding algorithm for high-
rate RS codes. Section VI compares the algorithm complexity
and presents the simulation results. Section VII concludes the

paper.

II. PRELIMINARIES
A. LCH-FFT

Let o denote a binary extension field, which can be seen
as an m-dimensional vector space over Fy. Let {v;}/" ;! de-
note a basis of the vector space. For an integer 0 < ¢ < 2™ —1,
the binary expansion of ¢ is ¢ = 9 + 212 + 922 + - +

im-12""1, where i; = 0 or 1 for 0 < j < m — 1. Let
{w;}?;"" be the elements of Fam, specified as

w; = 7:0’[10 + ilvl + -+ 7:m—lvm—l- (1)

Note that wy = 0 is the additive identity of Fom. Let V,, be
an n-dimensional subspace, 0 < n < m, given by

Vo = {iovo + 4101 + -+ +ip_1Vp—1 : i; € Fo}

= {w()awla-"7w2"71}' (2)

The (vanishing) subspace polynomial corresponding to V,, is

defined as [28]
[T @-a). (3)
aEVn

Clearly, the degree of s, () is equal to deg (s, (z)) = 2". The
subspace polynomial s,(z) is a linearized polynomial such
that s,,(a + b) = s, (a) +s,(b) for any a, b € Faom. According
to [30, Lemma 5], the formal derivative of s,,(z) is a constant,
given by

I e )

acV,\{0}

Let Fom [2] /(22" — z) denote the ring of polynomials over
F2» modulo 22" —z. In [29], Lin, Chung, and Han introduced
a new polynomial basis for Fom [z] /(22" —2), now commonly
referred to as the LCH basis in the literature. It is denoted as

X = {Xo(x),xl(x)7..‘,XQm,l(x)}. )

Recall that (ig, i1, ...,im—1) is the binary representation of 1,
0 <i<2™—1. Each X;(x) of X is defined as

Xi(x) = 248 ©)
Di
where
m—1
Xi(x) = [ (ss@)), (7)
§=0
and

m—1
pi= ] i)™ ®)

7=0
The degree of X;(x) is equal to deg (X;(x)) = deg (X;(x)) =
Z;’Zol i;deg (s;(z)) = Z?:Bl7};j2j = i. In the LCH basis, a
polynomial f(z) € Fom|[z]/(2?" — z) can be represented as

2™m—1

fl@) =" fiXi(x). ©)
1=0

The vector £ = (fo, f1,.-., fam_1) is the coefficient vector
of f(z) with respect to the LCH basis. When it is clear from
the context that the LCH basis is being considered, we may
interchangeably use f(z) and f.
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Algorithm 1: F =
FETg(f(2), n, B)) [31]

FFTx(f,n,B) (or F =

Algorithm 2: f = IFFT%(F,n,8) (or f(z) =
IFFT (F,n, 8)) [31]

Input: f = (fo,: frooo.
flx) =0, fiXi(e)
Output: F = (f(wo+ 38), fw1 +8),..., f(wem—1+ )

1: if n = 0 then
2:  return fy
3: end if
4: fori=0,1,...,27 ' —1 do
0 Sp—
5: ag ) = f@ + snil(}uiﬁi)*l)fi+2n—1
6 ot =al” + fiyon
7: end for
8: Ag = FFTg(a®,n —1,4), where
a0 = (a(()o), ago)’ e agi),l_l)
9: A; = FFTg(a®,n — 1,v,_1 + ), where
e 1
all) = (ag ),ag ), .. ,agn),lil)

10: return F = (Ag, A)

Similar to [31, Eq. (75)], it can be proved that for 0 < k <
n<m,

Sn(x)
n—1

= Pon_ok Xon_on (X)s(x) + ZpQ'n_QiXQ'n_Qi (x)si(v;).
i=k

(10)

Let f(z) = >7g" fiXi(z) € Fan[2]/(2®" — x) be a
polynomial of degree less than 2”. Let 3 be any fixed element
of Fom. Let V,, + 8 = {a+ S : a € V,,} be the point set. The
LCH-FFT is a fast algorithm for evaluating the polynomial
f(z) at the point set V,, + 8. We denote the algorithm by

F =FFTx(f,n,5), or F=FFTx(f(x),n,B), (11)

which takes f = (fo, f1,..., fen—1) as input and computes
F = (f(WO + 6>7f<w1 + 5)7 e "f(w2"71 + 5)) as output.
Given a vector F over Fom of length 27, there is a unique
vector f over Fom of length 2" such that F = FFTx(f,n, ).
The inverse FFT algorithm that performs the polynomial
interpolation is denoted by

f =IFFTx(F,n,8), or f(z)=IFFTx(F,n,B). (12)

Algorithm 1 and Algorithm 2 present the descriptions of
FFTx and IFFTx, respectively. Let N = 2™ denote the
FFT length. Take FFTx as an example. Let A(N) be the
number of additions and M (V) the number of multiplica-
tions. The recursive structure of the algorithm implies that
A(N) = 2A(N/2) + N and M(N) = 2M(N/2) + N/2.
Therefore, A(N) = Nlog N and M(N) = 3N log N. (In this
paper, the base of the logarithm is assumed to be 2.) Similarly,
IFFT% requires the same number of operations over Fam as
FFTx.

Let k be an integer, 0 < k& < n. Let a length-2" vector
f=(fo, f1,.--, fan—1) be denoted in segmented form as

f= (f()aflv'”va”*k—l)a (13)

., Jan_1) as the coefficient vector of

Input: F = (FQ, F17 e 7F2”—1)
Output: f such that F = FFTx(f,n, ).

1: if n = 0 then

2 return Fj

3: end if

4: a®) = [FFTg(Ag,n — 1, 8), where
Ag=(Fo,Fr,...,Fyn1_q)

w

a =IFFTg(A1,n — 1,v,_1 + ), where

Al - (FQn—l,FQn—l_;’_l, ey FQn,l)
6: fori=0,1,...,2" ' —1do
7 fi+2"‘1 = GJEO) + agl)
0 Sn—1
8 fz = a,g ) + 757171(,0157)1)‘]2_;’_271—1
9: end for
10: return f = (fo, f1,..., fan—1)

where each sub-vector f; = (fior, fior 11, -, fioryor_1), 0 <
i< 2"k _1 isof length 2k, Similarly, let the vector F =
(flwo+B), flwr +B),..., f(wan_1 + B)) be denoted as

F=(Fo,F1,....Fonr_q), (14)

(f(wigr + B), flwigrkp1 +
i< o2nk _ 1 is of length

where each sub-vector F; =
B)-s flwigkyor_1 +B)), 0 <
2k,

The following lemma provides two important properties of
LCH-FFT, which are essential for fast encoding and decoding
of RS codes.

Lemma 1: Let F = FFTg(f,n,[), where f and F are
segmented as in (13) and (14).

1) If (f,f5,...,f30—x_1) = (0,0,...,0), then [30]
F; = FFTg(fo, k,wior + ), 0<i<2n7F 1,
(15)
2) The following equality holds [31]:
on—k_q
fpui_y= Y IFFTg(Fi k,wpe +B).  (16)
=0

B. RS Encoding based on LCH-FFT

Let RS(V, K) denote an RS code over Fom of length N
and dimension K. A low-rate RS code refers to an RS(N, K)
code with % < 0.5, and a high-rate RS code refers to an
RS(N, K) code with £ > 0.5.

In this paper, we consider full-length RS codes with N =
2™, An RS(2™, K') code C can be defined as

2Mm—1
c= {F = FFTx(f(z), m,wo) : f(x) = ; fiXi(x) €

Fom [x] /(¥ — ) such that deg(f(z)) < K}
(17)
For a low-rate RS code, we assume that N = 2™ and K =

2% for some 0 < k < m. The systematic encoding can be per-
formed as follows [30]. Let £ = (fo, f1,..., fom_1) and F =
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FFTx(f,m,wo) = (f(wo), f(w1),..., f(wam_1)) be denoted
asf = (fo,fl, ey f2m—k_1) and F = (Fo, Fl, ey F2'm,—k_1),
where f; = (fior, fioki1,-. - fiokyor 1) and F; =
(Flwizr), f(Wigkg1)y - -5 f(Wiahgor_1)), 0 < i < 2m7F — 1,
Since deg(f(x)) < K = 2%, we have (fi,fs, ..
(0,0,...,0). Let Fy be the given message vector and let
(F1,Fy,...,Fom—x_) be the parity vector to be computed.
According to Property 1 of Lemma 1, it follows from (15)
that

.y f2m—k-,1) =

fo = IFFTx (Fo, k, wp). (18)

Using (15) again, the parity vector can be computed section
by section, given by

F; = FFTx (fo, k,w;or), 1<i<2m k1. (19)

The systematic encoding requires 2¥ log 2% + (2m~% — 1) x
2Flog 2% = N log K additions and £2¥ log 2% 4 (2m~% — 1) x
£2Flog 2% = £ N'log K multiplications.

For a high-rate RS code, we assume that N =
2" and N — K = 2t for some 0 < ¢t <
m. The systematic encoding can be performed as fol-
lows [31] Let £ = (f05f17~-~7f2m—1) and F =
FFTx(f, m,wp) = (f(wo), f(w1),..., f(wam_1)) be denoted

as f = (fo,fl, ey f27n,7t71) and F = (]:?07]:?17 e ,FQm—t,l),
where f; = (fior, fit41,..., fiotyoe—1) and F; =
(flwigr), flwizi1)s s flwizigor 1)), 0 < 4 < 2m7F — 1.
Let (F1,Fs,...,Fom—t_;) be the given message vector and

let Fy be the parity vector to be computed. Since deg(f(z)) <
K, we have fym-+_; = 0. According to Property 2 of
Lemma 1, we have

om=t_1

0— Z IFF T (Fi, t,wior).
1=0

(20)

Applying FFTx(+,t,wp) on (20), the parity vector can be
computed by

om—t_q

FO:FFTX( 3 IFFTX(Fi,t,wiQt),t,w()). Q1)
i=1

The systematic encoding requires (2™t — 1) x 2¢log 2! +
(2m=t —2) x 2t 42t log 2! = Nlog(N — K) + (2K — N) ad-
ditions and (2™~ —1)x $2¢ log 2/ 4+ 12" log 2" = 1 N log(N —
K) multiplications.

As a concluding remark of this subsection, we would like
to emphasize that the restriction due to the constraint on [N
and K is mild. In fact, many code parameters of interest are
within the scope of our consideration. What is more, we may
use techniques such as puncturing, shortening, and partial FFT
[32] to adapt to general code parameters.

C. RS Erasure Decoding based on LCH-FFT

In [30], an erasure decoding algorithm based on LCH-FFT
was proposed, which applies to both low-rate and high-rate
RS codes. The derivation is as follows.

Let F = FFTx(f(x), m,wpo) be the transmitted codeword
of length N = 2™, where f(x) = Z?:(;l fiXi(x) with
deg(f(x)) < K. Since any K out of the 2™ received symbols

are sufficient for erasure decoding, for ease of description,
we assume that the received word has 2" — K erasures. The
erasure locator polynomial is

A) =[] @ -w),

wes

(22)

where £ C {wp,w1,...,wam_1} is the set of erasure locators
such that |£| = 2™ — K. Define the polynomial

f(z) = f@)A().

Since deg(f(z)) < K and deg(A(x)) = 2™ — K, we have
deg(f(z)) < 2™. The formal derivative of f(x) is

f'(@) = f@)A@) + @) (2).

Substituting © = w € & into (24), since A(w) = 0, the erasures
can be computed by

(23)

(24)

LG
f(w) - A/ (w) 9
Invoking the LCH-FFT, the erasure decoding of RS codes
can be performed as follows. First, compute

we €.

(25)

{Aw):weFom \E} and {(N(w))':we&} (26)

Then, based on (23), compute (f(wo), f(wl), A f(wgm_l))
by

ifweé,

if we FQWL \g, (27)

N
70 ={ e
where {f(w) : w € Fam \ £} are the received symbols. Next,
compute f(z) = 2?20_1 fiX;(x) by
(f05f17' . '7f2m—1)

= IFFTx((f (wo), f(w1), - -

Then compute the formal derivative f'(z) = Z?:O_l f1X,(x).

 flwam 1)), mwo).  (28)

Next, compute (f'(wo), f'(w1), ..., f'(wam_1)) by

(f'(wo), f(wr), - f(wam 1))
= FFTX((]%? f{v (RS fé"’b—l)vmvwo)v

Finally, compute the erasures by (25).

For clarity, Algorithm 3 describes the erasure decoding
algorithm for RS codes [30]. The complexity is analyzed as
follows. The preliminary step corresponds to Line 1, which can
be achieved with complexity O(N log N) by using the fast
Walsh—-Hadamard transform [30]. The computation depends
only on the erasure positions. The main step corresponds
to Lines 2-6. Line 2 requires K multiplications. Line 3
requires N log N additions and %N log N multiplications.
Line 4 computes the formal derivative of a polynomial of
degree less than N in the LCH basis, which requires N
multiplications and around %N log N additions [30]. Line 5
requires N log N additions and %N log N multiplications.
Line 6 requires (N — K) multiplications. In summary, the
main step that dominates the decoding complexity achieves
complexity O(N log N).

(29)
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Algorithm 3: A Fast Erasure Decoding Algorithm for
RS Codes [30]

Input: The erasure locator set £ and the received symbols

{flw): weFam \ E}
Output: The erasures {f(w): w € £}.
1: Compute {A( ):w € Fom \ £} and

{(Mw) ™ wesl )
2: Compute (f(wo), f(wi), ..., flwam_1)) by
; 0, if weé,
flw) = { FWAW), if w € Fam \ £.
3 Compute f(z) = Y271 £ X, (x) by
(va fla vy mefl)
= IFFTs((f(wo), flw1),-- ., flwam_1)),m,wp).

4: Compute the formal derivative f'(z) = 22 et fIXi(x).

s: Compute (f'(wo), f'(@1), -, /' (wsn_1)) by
(f'(wo), f'(w1), ., f'(wam 1))
= FFTx((fo, fl,- - fom—1)sm, wo).
6: Compute the erasures by

flw) = (A (w))”

weé.

1f/(W),

III. A NEwW INTERPOLATION FORMULA AND RELATED
RESULTS

In this section, we present a new interpolation formula (The-
orem 1) and two related results (Corollary 1 and Corollary 2).
The significance is twofold. First, Corollary 1 is essential for
building the fast algorithm for low-rate RS codes in Section
IV. Second, Corollary 2 leads to a new proof of Property 2 of
Lemma 1, which is essential for building the fast algorithm
for high-rate RS codes in Section V. For clarity, proofs are
largely deferred to the appendices.

Let f(z) € Fom[2]/(2®" — x) be a polynomial of degree
less than 2. Let k£ be any fixed integer, 0 < k < n. Define
2"=F polynomials, denoted f(V(z), 0 < i < 2"% — 1, as
follows. Let  be any fixed element of Fom. Let f()(z) €
Fom[x]/(x?" — ) be a polynomial of degree less than 2F
specified by

f(l)(wi2k+j +8) =

fwigkqj + B), 0<j<2¥—1. (30)

We have the following interpolation formula for represent-

ing f(x).
Theorem 1:
oevivfo @ " ;
fla) = = fO@)TO (), @1
Teevifor @ z::o
where

Sk (wior + )

sg(x) —

If k=0, then f()(z) is a constant, equal to f(w; + (), and
(31) becomes

2" —1

- sn() = sn(wi + 5)
f)=( )Y flwn+ )= .
aG\H{O} ; r— (w; +B)
(33)
Proof: Please refer to Appendix A. ]

We notice that the interpolation formula (33) can be inter-
preted as a special form of Lagrange interpolation. Specifi-
cally, let x; = w; + 8 for 0 < i < 2" — 1. Then

B on_q N Hj;éz (33 — a?j)
fla) = ; £ 1)1_[#1 o)
N [z (@ — (w; + 5))
- ; Jlnss) [T (Wi +B) = (wj + B))
e [T (@ = (5 + )
- ; Jlnss) Hj;éi (wi_wj)
55 1<x— (w+ 5))
= a f(wi + 8)
(ae\l:{{o} ) ; (wz + B)
S () = 5. (8)
pry f on\r)  en\-J
(aE\H{O} Z r — (wi +B)
A 52(2) — suwi + B)
- a flwi + ﬂ) ,
(ae\g{o} ) ; z — (wi + B)
(34
where the fourth equality is due to that Hj i (w; — wj) -

Haev"\{o} a for any 0 < ¢ < 2" — 1, and the last equality
is due to that s, (w;) = 0 for all 0 < ¢ < 2™ — 1. It is well
known that Lagrange interpolation is a special case of the
Chinese remainder theorem. Given that (33) is both a special
case of (31) and a special form of Lagrange interpolation,
there might be a certain relationship, which we do not know
yet, between the proposed interpolation formula (31) and the
Chinese remainder theorem.
Define the polynomial

g(x) = f'(x)

where f'(z) is the formal derivative of f(x).
We have the following result for representing g(x).
Corollary 1:

9@ =(fO@) +( X D)%)

a
a€Vy\ Vi

mod s (x — ), (35)

on—k_q

>

Proof: Please refer to Appendix B. [ ]
Next, we consider dividing f(z) by Xon_or(z), written

f(x) = h(x) Xon_on (x) + 7(x), (37)

where 7(z) = 0 or deg (r(z)) < 2" — 2k.
We have the following result for representing h(z).

aGVk\{O}

72’C

ST pO) (o). (36)
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Corollary 2:
13 i+
h(z) = H a Z flwi + B)Sk(i)f (wk(jr) 3) &
a€Vi\{0} i=0 ’
(38)
2n k1
(39)

> )
i=0

If f(x) is represented in the LCH basis as f(z) =

Z?Zo_l fiXi(x), then
2k 1 )
= fonaryiXi(2). (40)
i=0
Proof: Please refer to Appendix C. u

As a consequence of Corollary 2, we give a simple direct
proof of Property 2 of Lemma 1, in contrast to the original
proof by induction [31].

Proof of Property 2: It is seen from (40) that the coefficient
vector of h(x) with respect to the LCH basis is fon—x_; =
(fan_ok, fon ok y1,..., fan_1), the right-most subvector of
f = (fo,f1,...,fon—x_;1) in (13). Based on (30) and the
definition of IFFT, the coefficient vector of f()(x) with
respect to the LCH basis is IFFTx(F;, k, w;or + 3), where
F; = (f(wizr + ﬁn)lkf(wm“ +B), o f(Wigk yox 1 + B)).
Since h( ) =37, N f9(x) in (39), we have fyn x_; =
S "TUIRF T (F;, k wior + §). as is given in (16) as Prop-
erty 2 of Lemma 1. |

IV. A FAST ERASURE DECODING ALGORITHM FOR
Low-RATE RS CODES

In this section, we present a reduced-complexity algorithm
for low-rate RS codes. Note that, for a low-rate RS(N, K)
code, K is much smaller than N. If we can reduce the decod-
ing complexity of some steps of the decoding process from
O(Nlog N) to O(N log K), the overall decoding complexity
will be reduced. Based on Corollary 1, a length-N LCH-
FFT of Algorithm 3 can be replaced by length-K' LCH-
FFTs, thus reducing some decoding steps complexity from
O(Nlog N) to O(N log K). The derivation is as follows.

In deriving Algorithm 3, we have defined a polynomial
f(z) = f(x)A(x) such that deg(f(z)) < 2™ — 1 (refer
to (23)). We now apply Theorem 1 and Corollary 1 on this
polynomial by taking n = m and § = 0. For this purpose, let
FO(x) € Fom[z]/ (2" —x), 0 < i <277k 1, be 27k
polynomials of degree less than 2%, specified by

f(z) (Wizkﬂ') = f(Wi2k+j)7

0<j<2k—1. (41)

Let
g(x) = f'(x) (42)

where f'(z) is the formal derivative of f(z). When n = m, we
have Vi, = Fam, [lucpymypoy @ = 1 sm(7) = 2" —a, and
sm(a) =0 for all a € Fam. Therefore, based on Theorem 1,

mod s (x),

2’" k_q
foy=( I o Y 9 7@«) 3)
a€Vi\{0} i=0 Wizk

Based on Corollary 1,

9(@) =(fO (@) + (

3 1) FO ()

a
a€Fym \Vj,
om k71

HaEVk\{O} a
sk (Wizw)
Substituting x = w € V}, into (43), we have

f(w)
= ( H a)f(O)(m)u

a€Vi\{0} si(2)
N x

+( JI o> 9w
a€Vi\{0} i#0 Sk(iC B Wi2k)

(I (SO @@) (@ =)+ fO2) (" — )

S;(x)

+ FO(2). (44)

i=1

T=w

— X

T=w

a€Vp\{0}

( IT a

acVi\{0}

= fOw),
Since A(w) =0 for w € &, we have

fw) = f(w)Aw) =0, (46)

Extracting the first and the third terms of g(z) in (44), define
the polynomial

Zf()

1#£0
w € V.

WQk,)

(45)

weé€.

2m—k_q

i) = (FO@)+ Y

i=1

HaEVk\{O} a

47
sk (Wion) @7

JO ().

We have the following result.
Theorem 2: For low-rate RS codes, the erasures in the
message part can be computed by

fw) =22,

Proof: If w € €NV, then

we&ENVg. (48)

~ (W) +( X 1)

aé]Fgm\Vk
a€Vi\0} @ 5y
Sk(wmk) Fow)
. 1\ -
= (fOW) +( X -)iw
a€Fym \Vj
m—k __
2 ! HaEVk\{O} a 2(4)
Sk(wizk)

om—k_q

D

=1
we &NV,

+ (@)

i=1
= (f(O)(w))’ +

where the first equality is due to (42), the second equality is

due to (44), the third equality is due to (45), the fourth equality
is due to (46), and the last equality is due to (47).

aevinioy af(i) ()
s (Wizr )

(49)
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According to the systematic encoding of low-rate RS codes,
Vi = {wo,w1, - ,wor_1} is index set for the message
symbols. By substituting (49) into (25), we obtain (48). [ |

Invoking the LCH-FFT, the erasure decoding of low-rate RS
codes can be performed as follows. First, compute {A(w) :
w € Fom \ £} and {(A'(w))™! : w € &}. Then compute
(f(wo), f(wi), ..., f(wam_1)) by (27). These computations
are the same as Algorithm 3, but from this point the two algo-
rithms diverge. Next, compute f(®)(z) = Z?kzal fijJ(x)
0<i<2m k1, by
( HONNO) £(4) )

0 »J1 s rJok_q

= IFFTX((f(i) (Wigk )y -5 f(i)(wizk+2k—1))7 k,wion)

= IFFTX((f(%%)a f(wi2k+1)v B f(wi2’°+2k—1))a k»%‘zk)a
(50)

where the second equality follows fromk (41). Then compute
the formal derivative (f(©(z)) = ZZQ al f/(o))f(l( ). Next,

3

based on (47), compute §(z) = ij o 9;X;(x) by

o) ! V\{O}a (i
N IO acVy Az . k
0<y3 <2 —1.
g5 + Z o) b 0sis
Then compute (§(wo), G(w1), ..., d(war_1)) by
(g(w0)7g(w1)ﬂ"'7@((*)27“71))
=FFTx((90, g1, - - -+ Gar—1), k,wo). (SD

Finally, compute the erasures in the message part by (48).

For clarity, Algorithm 4 describes the erasure decoding
algorithm for low-rate RS codes. The complexity is analyzed
as follows. The preliminary step corresponding to Line 1 is
the same as Algorithm 3, requiring complexity O(N log N)
[30]. The main step corresponds to Lines 2-7. Line 2 re-
quires K multiplications. Line 3 requires N log K additions
and %N log K multiplications. Line 4 computes the formal
derivative of a polynomial of degree less than K in the LCH
basis, which requires K multiplications and around %K log K
additions [30]. Line 5 requires (N — K) multiplications and
(N — K) additions. Line 6 requires K log K additions and
%K log K multiplications. Line 7 requires at most KX mul-
tiplications. In summary, the main step achieves complexity
O(NlogK).

Considering that Algorithm 4 is built on Algorithm 3, it is
worth making a comparison of the two algorithms. First, Algo-
rithm 3 applies to both low-rate and high-rate RS codes, while
Algorithm 4 applies only to low-rate RS codes. Second, for
the main step, Algorithm 3 achieves complexity O(N log N)
while Algorithm 4 achieves complexity O(N log K). Finally,
Algorithm 3 recovers the erasures in both the message and
parity parts while Algorithm 4 recovers only the erasures
in the message part. To recover the erasures in the parity
part when using Algorithm 4, the systematic encoding with
complexity O(N log K) can be further performed without
essentially affecting the decoding complexity.

Algorithm 4: A Fast Erasure Decoding Algorithm for
Low-Rate RS Codes

Input: The erasure locator set £ and the received symbols
{f(©): w € Fam \ €}

Output: The erasures in the message part
{flw):we&ENV}.

1: Compute {A(w) : w € Fam \ £} and
(VW) :wee).

2: Compute (f(wo), f(w1), ..., flwam_1)) by

if weé,

. 0,
flw) = { FWAW), if w € Fam \ £.

3: Compute
FO (@) = Y25 fOX (2),0 <i < 2mF — 1, by

([gl)v 1(1)7'”7 2(2),1)

= IFFTX((J?(%%% XX f(wi2k+2k71))v k, wign).

4: Compute the formal derivative

(fO@) =S5 {1 %),
5: Compute j(z) = 25" 3, X, (x) by
0 = Thaevingor @ 50
N 1(0 acVy k
= + B ,0< 5 <2% —1.
=7 ; sk (wigk) f i

6: Compute (§(wo), G(w1),. ..

(g(w0)7§(w1)? s 7.@(‘*)2"‘71))
= FFTX((QO,glv cee ang—l)v kaWO)'

7. Compute the erasures in the message part by

flw) = (A(w))”

;§(war_1)) by

(W), we&nh.

V. A FAST ERASURE DECODING ALGORITHM FOR
HIGH-RATE RS CODES

In this section, we present a fast erasure decoding algorithm
for high-rate RS codes. Note that, for a high-rate RS(N, K)
code, N — K is much smaller than N. If we can reduce
the complexity of some decoding steps from O(N log N) to
O(Nlog(N — K)), the overall decoding complexity can be
reduced. Based on Property 2 of Lemma 1, the syndromes
are computed by using LCH-FFT. Then, a key equation and a
Forney-like formula are presented. Their complexities are of
O(Nlog(N — K)). The derivation is as follows.

Let (f(wo), f(w1),..., f(wam_1)) be the transmitted code-
word, where f(z) € Fom[z]/(z*" — z) is a polynomial of
degree less than K. Let £ C {wp,w1,...,wam_1} be the set
of erasure locators with || = 2™ — K = 2'. The erasure
locator polynomial is A(z) =[], c¢ (2 —w).

Define a polynomial f(z) € Fom[z]/ (22"
less than 2™ by

0, if wefg,

f(w):{ fw), if weFom\E,

where {f(w) : w € Fam \ £} are the received symbols. Since

— x) of degree

(52)
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Alw) =0 for w € &, we have

flA(W) = f(wA(w), w e Fam, (53)
which implies that
F@)A@) = f(@)Az) mod sm(w). (54)
Therefore, there exists some g(x) € Fam [z] such that
F@)A(x) = f2)Ax) + g(@)sm(2), (55)
where deg(g(z)) < deg(A(x)) = 2".
Dividing f(z) by Xgm_g:(x), we obtain
f(x) = h(z) Xom_g (z) + r(z), (56)

where deg(h(x)) < 2%, r(z) = 0 or deg(r(z)) < 2™ — 2¢.
Taking n = m and k = t in (10) and substituting the resulting
Sm(x) and (56) into (55), we obtain

f(@)A(x) +r(z ZPQm 21 Xom _gi (x)5:(vi)) ()

= Xon o @) (B@A®) + prm_za()su(x)).

Extracting the second term on the right-hand side of (57), we
obtain the key equation

2(z) = h(@)A(x) + pam—20q(x)5:(),

where deg(z(z)) < deg(A(x)).
The erasures can be computed as follows. The formal
derivative of (55) is

f(@)Ax) + f(z)A ()

(57)

(58)

= [(2)A(x) + f(2)AN (z) + ¢ ()sm(z) + q(x),  (59)
Substituting x = w € £ into (59), we have
Fw)N(w) = q(w). (60)

Therefore, the erasures can be computed by the Forney-like
formula

q(w)
N(w)’

flw)= weé.

(61)

The following provides an alternative method for com-
puting the erasures by distinguishing between the message
symbols and the parity symbols. According to the systematic
encoding of high-rate RS codes, V; = {wo,w1,...,wat_1}
is the index set for the parity symbols and Fom \ V; =
{wat,wot i1, ..., wam_1} is the index set for the message
symbols. Based on (58), since A(w) = 0 for w € & and
st(w) # 0 for w € Fam \ V4, we have

z(w)

————— weEN (Fam \ V}).
P2m—2t8t(w) ( 2 \ t)

q(w) = (62)
Substituting (62) into (61), the erasures in the message part

can be computed by

z(w)

) = S @)

The formal derivative of (58) is
Z'(x) =h' (z)A(x) + h(x)A
+ pam_2:q(x)s4(2).

Note that s;(z) = [[,ev,\ {0} @- Based on (64), since A(w) =
0 for w € € and s;(w) = 0 for w € V4, we have

oy = 2@~ h@N (@)
q( ) Pam _ot HaEVt\{O} a

(@) + pom_2tq' (x) 54 ()
(64)

. weENV,. (65

Substituting (65) into (61), the erasures in the parity part can
be computed by
(W) = hw) A (w)

pam 2t (ITaev,\ oy A (W) ’

Using the LCH-FFT, erasure decoding of high-rate RS
codes can be performed as follows First, compute {A(w) :
w € Fom \ &} and {(A'(w))™' : w € &}. Then com-
pute (f(wo), f(w1),..., fwam_1)) by (52). Next, based on
Corollary 2 and Property 2 of Lemma 1, compute h(z) =

S hiXi(z) by

weéENV,.

flw) = (66)

(h()? hla ) h2t—1)
2m=t_q ~
Z IFFTg((f Wﬂt) ooy flwigtgar 1)), t, wine).
(67)
Then compute (h(wp), h(wi), ..., h{wai_1)) by
(h(OJ()), h(wl), ey h(OJQt_l))
:FFTX((hO,hl,...7h2t_1)7t,w0). (68)

Next, based on (58), compute (z(wp), 2(w1), ..., 2(wat_1)) by
2(wi) = h(wi)Aw;), 0<i<2'—1. (69)
Then compute z(x) = Zf;gl 2 X,(r) by
(20,215, 22t_1)
=IFFTx((2(wo), 2z(w1), ..., 2(wat_1)), t, wo). (70)

and its formal derivative z'(x) = Z?;Bl 21 X;(x). Next,

compute the subvectors

(z(wizt), 2(wige41), - - -, 2(wize2r—1))
=FFTx((20, 21, -+, 20t 1), t,wior), 1< <2m7t 1
(1)
and
(2" (wo), 2’ (w1), .., 2" (war 1))
=FFTx((20, 21525t _1)s t,wo)- (72)

Finally, compute the erasures in the message symbols by (63)
and the erasures in the parity symbols by (66).

For clarity, Algorithm 5 describes the erasure decoding
algorithm for high-rate RS codes. The complexity is analyzed
as follows. The preliminary step corresponding to Line 1
requires complexity O(N log N) [30]. The main step corre-
sponds to Lines 2—11. The assignment operations in Line 2
are not taken into account in assessing the complexity. Line 3
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Algorithm 5: A Fast Erasure Decoding Algorithm for
High-Rate RS Codes
Input: The erasure locator set £ and the received symbols
(/@) :w € Fom \ €}
Output: The erasures {f(w) : w € &}.
1: Compute {A(w) : w € Fam \ £} and
(M) w e ).
2: Compute (f(wo), f(w1),---

7f(w2m—1)) by

f(w) o 0, if weé,
| flw), if weTFam\E.
3: Compute h(z) = 321 h; X;(x) by
(hO? hla ) h2t—1)
om=—t_1

= Z IFFTX((f(Wi2t)a SRR f(wi2‘+2t71))7tawi2")'
i=0

4: Compute (h(wo), h(w1),...,h(wae_1)) by

(h(wo), h(wl), veny h(th,l))
= FFTx((hm h17 ey hgt_l),t,wo).

5. Compute (z(wp), z(w1), ..., z(wst_1)) by

2(w;) = h(wi)A(w;), 0<i<28—1.

6: Compute z(z) = Zf;gl 2 X;(z) by
(ZQ, Zlyeeey ZQt,l)
=IFFTx((2(wo), z(w1), ..., 2(wat_1)),t,wp).

7: Compute the formal derivative z’(z)
8: Compute (z(wjot), 2(Wizt41)s-- -, 2(Wize 12t 1)),
1<i<2mt—1, by
(2(wizt), 2(wize 1), - - - s 2(winey2r—1))

= FFTX((ZQ, 21y ey ZQt,l), t,wigt).
9: Compute (z'(wp), 2’ (w1),-.., 2 (wat_1)) by

(Z/(CUO),
— FFTy(

.y Z,(CUQt,I))

e ,Zétil),t,wo).

Y (wr),..
(2,2,

10: Compute the erasures in the message part by

w) = ,
) = s N @)
11: Compute the erasures in the parity part by

Z'(w) = h(w)A'(w)
flw) =
) par—2t(Iaev,\foy @A (W)

z(w)

wEEﬂ(FQm \‘/;g)

, we&EnNV.

requires N log(N — K) + K additions and 3N log(N — K)
multiplications. Line 4 requires (N — K) log(N — K) additions
and (N — K)log(N — K) multiplications. Line 5 requires
(N — K) multiplications. Line 6 requires (N — K)log(N —
K) additions and (N — K)log(N — K) multiplications.
Line 7 requires (N — K) multiplications and around (N —

K)log(N — K) additions [30]. Line 8 requires K log(N — K)
additions and 1 K log(N — K) multiplications. Line 9 requires
(N — K)log(N — K) additions and (N — K)log(N — K)
multiplications. Line 10 requires at most 2(N — K) multi-
plications. Line 11 requires at most (N — K) additions and
3(N — K) multiplications. In summary, the main step achieves
complexity O(N log(N — K)). If it is not necessary to recover
the erasures in the parity symbols, Lines 7, 9, 11 can be
removed from the algorithm.

VI. COMPLEXITY COMPARISON AND SIMULATIONS

Table I compares the complexity of six algorithms for RS
erasure decoding. We provide more explanations about these
algorithms as follows.

1) The standard algorithm [2]. A codeword is obtained by
multiplying a length-K message vector with the K x N
generator matrix (Vandermonde or Cauchy). The prelim-
inary step involves inverting a K x K submatrix using
the Gaussian elimination, which requires a complexity
of O(K?). In [9], a method for computing the inverse
matrix (called wide-sense systematic generator matrix
therein) was proposed, which is similar to the Lagrange
interpolation and requires O(K?) complexity. The main
step recovers the message vector by multiplying the
length-K vector composed of received symbols with
the inverse matrix obtained in the preliminary step, thus
requiring O(K?) complexity.

The Didier’s algorithm [35]. The algorithm is derived
based on the fast Walsh—Hadamard transform (FWHT).
The preliminary step essentially computes the evalua-
tions of the erasure locator polynomial and achieves
O(Nlog N) complexity by exploiting the FWHT. The
main step performs a special form of polynomial evalu-
ation and achieves O(N log2 N) complexity by exploit-
ing the FWHT.

The LCH-FFT-based algorithm [30]. We have described
the algorithm in Algorithm 3. It applies to both low-rate
and high-rate RS codes, as compared to our proposed
two algorithms. Based on [35], the preliminary step
achieves O(N log N) complexity, see [30, Appendix A]
for detail. The main step achieves O(N log N) complex-
ity by exploiting the LCH-FFT.

The Reed-Muller (RM) transform based algorithm [36].
The RS code is defined by the Vandermonde parity-
check matrix. The preliminary step solves a Vander-
monde system of (N — K) linear equations using a
lower-upper (LU) decomposition approach, which re-
quires a complexity of O((N — K)?). For the complexity
of the main step, there is no explicit expression for the
term £(N, K'). However, numerical results show that by
fixing (N — K), the ratio S(J}ZéK) gradually approaches
0 as N continues to increase [36, Fig. 4]. This indicates
that the algorithm is especially suitable for very high-
rate RS codes, i.e., (N — K) is small relative to N.
Our proposed Algorithm 4. The algorithm applies to
low-rate RS codes. It improves on the existing LCH-
FFT-based algorithm [30] in the main step. The prelim-

2)

3)

4)

5)
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TABLE 1
COMPLEXITY COMPARISON OF ERASURE DECODING ALGORITHMS FOR RS CODES OVER BINARY EXTENSION FIELDS.

. Decoding Complexit

Algorithm Preliminary step 5 I:)Mainystep

Standard [2] O(K?) O(K?)

Didier [35] O(Nlog N) O(Nlog? N)

LCH-FFT-based [30] O(Nlog N) O(Nlog N)
RM.-transform-based [36] O((N - K)?) | O(Nlog(N — K)+ (N — K)?2+ (N, K))

Proposed Algorithm 4 (Low-rate) O(N log N) O(N log K)
Proposed Algorithm 5 (High-rate) O(Nlog N) O(N log(N — K))

inary step keeps the same, thus requiring O(N log N)
complexity. The main step achieves O(N log K') com-
plexity by exploiting the LCH-FFT.

Our proposed Algorithm 5. The algorithm applies to
high-rate RS codes. The preliminary step is the same
as that of the existing LCH-FFT-based algorithm [30],
thus requiring O(N log N) complexity. The main step
achieves O(N log(N — K)) complexity by exploiting
the LCH-FFT.

From Table I, we have the following observations: 1) The
best previously known complexity is O(N log N), which is
achieved by the LCH-FFT-based algorithm [30] that applies
to both low-rate and high-rate RS codes; 2) Our proposed two
algorithms, which apply respectively to low-rate and high-rate
RS codes, achieve even better complexity in the main step,
reaching O(N log(min{K, N — K})). Thus, we can conclude
that the proposed algorithms achieve the best complexity so
far.

To assess the real-world performance, we have performed
extensive simulations based on the libraries that are pro-
grammed with the Single Instruction Multiple Data (SIMD)
[37]. These libraries include ISA-L [38] and Jerasure [39]
for the standard algorithm, Leopard-RS [40] for the LCH-
FFT-based algorithm, RMT-RS [36] for the RM-transform-
based algorithm, and XD-RS [41] we provide for our proposed
algorithms. We simulated RS(V, K) codes over Fos with
N = 256 and K = 8,16,32,64, 128,192,224, 240, 248. All
simulations were performed on Windows 10 platform with
Intel Core 17-9700 with 32 GB RAM. The performance metric
for decoding an RS(N, K) code over Fom is

6)

Throughput
K xmx Num_codeword X Num_group
B 106 x 8 x Time

where Num_group is the number of simulated groups,
Num_codeword is the number of codewords in each group,
Time is the total run time (in seconds). Note that all the
codewords in each group share the same set of erasure locators
and the preliminary step for these codewords is performed
only once. In all simulations, we set Num_group = 10° and
Num_codeword = 1024.

Considering that each library may support one or both of
two different versions of SIMD, namely SSE and AVX2,
for fair comparison, we present the simulation results in the
following manner. Fig. 1 presents the throughput performance
for the algorithms with libraries supporting SSE. It is seen
that our proposed algorithms achieve significant throughput

(MB/s),

improvements compared to the standard algorithm and the
RM-transform-based algorithm. Fig. 2 presents the throughput
performance for the algorithms with libraries supporting AVX-
2. It is seen that our proposed algorithms achieve significant
throughput improvements compared to the standard algorithm
and the LCH-FFT-based algorithm.

4000 T T T

—&— Standard (ISA-L)
—#—Standard (Jerasure)
—4#—RM-transform-based (RMT-RS)
—¥—Proposed Low-rate (XD-RS)
—A— Proposed High-rate (XD-RS)

3500 [~

3000 [~

N
o
=]
=]

Throughput (MB/s)
P N
&G S
8 8

o
0 49

128
K

192 224 240 248 256

Fig. 1. Throughput performance for RS(256, K) codes over Fys for the
algorithms with libraries supporting SSE.

5500
5000 —®&— Standard (ISA-L)
LCH-FFT-based (Leopard-RS)
4500 —¥—Proposed Low-rate (XD-RS)
—A— Proposed High-rate (XD-RS)

4000
g
2 3500
£
+ 3000 -
=1
2
< 2500
=]
o
£ 2000
=

1500

1000

500

o i | | | | | | |
8 16 32 64 128 192 224 240 248 256
K
Fig. 2. Throughput performance for RS(256, K) codes over Fys for the

algorithms with libraries supporting AVX2.

VII. CONCLUSION

We utilize the LCH-FFT to design two fast erasure decoding
algorithms, which apply, respectively, to low-rate and high-rate
RS codes over binary extension fields. Both algorithms achieve
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the best complexity so far, reaching O(N log(min{K, N —
K})). Our program library, namely XD-RS, for the proposed
algorithms outperforms the libraries available for state-of-
the-art algorithms in terms of throughput. As the essential
foundation for the proposed algorithms, a new interpolation
formula is derived, which may be of interest in its own right.

In [43], Hartmann and Rudolph presented an optimum
symbol-by-symbol decoding rule for linear codes based on the
dual codes, which makes them firmly believe in the coding-
complexity Folk Theorem: “The complexity of any function
defined on a linear code is comparable to the complexity of
(essentially) that same function defined on the dual code.”
Noticing that the dual code of an RS(NV,K) code is an
RS(N, N — K) code, our proposed two decoding algorithms,
with complexity O(N log(min{ K, N —K})), serve as another
supporting example.

APPENDIX A. PROOF OF THEOREM 1

Proof: For 0 < i,/ < 2n—k _ 1 consider computing
T (wparyj + B), 0 < j < 2F — 1. We first note that

Sp(Weakyj) — Sp(wior) =0, (73)
and that
(74)

sk(weoryj) — Sk(wior) =0 if and only if 4 = £.

Therefore, based on the definition of 7 (z) in (32), if i = ¢,
we have

a
_ HaGVn\{O} (75)

acvivioy @

where the second equality follows from the L'Hospital’s rule.
If ¢ # ¢, we have

$n () — sn(wigr + B)
sp(x) — sp(wiar + B) =gy +B

T(i)(wézkﬂ‘ +8) =

(76)

Denote the right hand side of (31) by f(x). Taking z =

Wyak 4 + (3, we have

fweanyj +B)

—
_ e @55 10700y
[Leviye =

=Wk ;0
_ HaEVk\{O} a‘f(e)(

HaGVn\{O} a

USRS ST

Haevn\{o} ey

= f(weaets + B)
= flwer1j + B),

)T (z)

T=Wwok 4 ;0

T=wok ;06

o<e<om k1 0<j<2b—1,
77

where the third equality is due to (75) and (76). Rewriting
(77), we have f(w; + ) = f(w; + B) for 0 < i <27 — 1.
Considering that both f(x) and f(x) have a degree less than
2", we have f(z) = f(z).
If kK =0, it follows from so(x) = = that s{(z) = 1. In this
case, (31) becomes (33).
|

APPENDIX B. PROOF OF COROLLARY 1

Proof: Based on Theorem 1, the formal derivative of f(z)
is given by

f(z) =
H%Wwwﬂn_Xw%wU@@W+uM@WﬂW@)
vy =
(78)
where
(TO)) =
HaGVn\{O} a (HaGVk\{O} a)sn(@ — (wigr + B))
sp(7 — (wigr + B)) s7(x — (wior + ) .
(79
Substituting (78) into (35), we have
acvivioy @ g (i) OYIRYY;
—_————— T 7 7
s DD (79 (@) (59 @))
4—(7*0(x)yj%“(x)) mod sy(z — B).  (80)

We first compute the term 7 () (£ (z))" mod si(z — 3)
in (80). There are two cases.

1) i #0.
Then for any w € V}, + 3, we have
T (W) = 0, @1)
which implies
TO(x) =0 mod sg(z — B). (82)
Therefore,
TO(2)(fP(z)) =0 mod sp(z— ). (83)
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2) i =0. Therefore,
Then for any w € Vj, + 3, we have . ‘
(T (2)) £ (x)
T(O)(w) _ Sn((L‘ — ﬁ) _ S;L(‘r) H a
s = B) |, S5(T) |0 = %L\{O)}f(i) () mod sg(x — B). (89)
a k(Wigk
_ acvio) ST R
HaEVk\{O} a ) i =0.
S Then for any w € V}, + 3, based on (79), we compute
which implies that (90), as shown at the bottom of this paper. Note that in
T(0>( ) HaEVn\{O} a @ sl 8 ) (90), the last equality follows from
z) = =———— mod sg(x — B).
acVi\{0} @ _ sulz —f)
L =rmol =we—s
Therefore, A€V \Vi T=w k T=w
7O (2)(fO () Sp Efﬂ - 5;
/
[Lacv,\fo1 @ 512 = B) [1—.,
= 7 (fO(2)) mod sp(x—B).  (86) 1, a
[aeviop @ o8 et
. . aeVi\{0}
We next compute the term (7 (x)) ) (z) mod s(z — ’
B) in (80). There are two cases. and
D i #0. 1 1
Then for any w € V;, + (3, based on (79), we have Z z—fB—al,_, - Z w—PB—-a
H " a€Vyp\ Vi = a€Vy\ Vi
T(’L) I ac€V, \{0} 87 _ l
(T (w)) o) (87) GVZ\V ~. 92)
a n\Vk
which implies
I Note that (92) is from the fact that for any w € Vi + £,
a
T(z) r_ aeV,\{0} d _ . 88
(T() el Modsk(z=8) @) {(w—B-a:acV,\Vit={a:aecV,\Vi}. (93)
(TO) () = (ITaevivjoy @) sk(@ = B) + (Tlacvy oy @) sl = B)
(

T=w

({E o ﬁ) T=w
_ (HaEVn\{O} a) + (Haevk\{o} a)(HaEVn\Vk (z—B—a))
a sk(z — B) o
((Maevorgo @ + (Maevirgoy @) (Maevry (@ = 8- )
- sp(x = B) s=w
=2 Il G@-s-»

a€Vyp\ Vi b€V, \ Vi ,b#a

> (=

beV, \ Vi

Il
—
B
|
=
|
8
N—

HaEVk\{O} a a€Vy\ Vi “

[ @-58-v)

(90)
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It is implied by (90) that

HaEVn\{O} a

(T(O) (33))’ = =\ 1 mod sy (z — 3).
aeVi\{o} & a€Vyu\Vi
%94)
Therefore,
(T () £ (x)

HaEVk\{O} a CLEVn\Vk
95)

Now we are able to prove (36). By substituting (83), (86),
(89), and (95) into (80), we obtain (36). [ |

APPENDIX C. PROOF OF COROLLARY 2

Proof: Before we prove Corollary 2, we first give a lemma
that will be used in the proof.
Lemma 2: For 0 <k <n<m,

H G)Pzn—zk =

ac€Vi\{0}

I «

aeV, \{0}

(96)
Proof: Since 2" —2F = 2k y ok+1 ... 4 9n—1 it follows
from the definition of p; in (8) that

Pan_2k

= 5k (k) Sk41(Vkt1) - - Sn—1(Vn—1)

(ML) ( II Gur-o)

a€Vy a€Vn_1
=( I o) II e)( I o)
aGVk_H\Vk aer+2\Vk+1 aGVn\Vn,l
=[] =« (97)
a€Vp\Vi

where the third equality is due to V; 11 = V; U (V; +v;) where
Vitv,={a+v;:a€V;} ={v;—a:a €V} Therefore,

we have
I s (T 0)( TT o)
aeVi\{0} acVi\{0} a€Vp\Vi
= [ = (98)
aeVy\{0}
|

Now we prove Corollary 2. First, we prove (38). If k = n,
then h(z) = f(z) and (38) is exactly the interpolation formula
(33), which has been proved in Theorem 1. Now suppose k <
n. Rewrite s, (z) in (10) as

5 (1) = pon_ok (88(2) — (k) Xon _or (z) +n1(z), (99)

where
n—1
m(z) = Z Pan—21 Xon_oi (2)si(vi),
i=k+1
such that 71 (z) = 0 or deg (m1 (7)) < deg (Xan_ox(z)). On
both sides of (99), first subtracting s,,(w; +3) and then divided
by x — (w; + B), we obtain (101), as shown at the bottom of
this page.
Let 72 (x) be the second term of the right hand side of (101).
Then we can rewrite (101) as

5n(2) — sp(wi + B)

(100)

xr— (w;i + B)
_ Pzn_zk(;k_(w()w—jkﬁ(;ﬁ + 5))X2n_2k (z) +no(x), (102)

where 72(z) = 0 or deg (1n2()) < deg (Xan_ok (x)). Substi-
tuting (102) into (33), we obtain (103), as shown at the bottom
of this paper. Note that in (103), the second equality follows
from Lemma 2. As can be seen from (103), h(x) is given by
(38).

5n(2) = sp(wi + B)

r— (w; +B) -

P (50(@) — s (00)) Kon e (@) + 11 (2) = 50 (wi + B)
r— (wi +B) B
_ Danogk (;k_(x()w_jkﬂ(;% +0)) Koo () + 222 (sx(wi + B) — Sk(zkz)égn;zg)(x) (@) = sn(wi +5) (101)
flz) = ( H a)_pon_Qk 2 flwi +0) Sk(l)_(sk(f:zg)r p) Xon _or () + ( H a)_l i (f(wi + B)T)Q(az))
a€Vn\{0} i=0 T a€V,\{0} i=0
= (( H a)*l Z f(wl + ﬂ) Sk(i)__(ik(ilﬁ—’)_ ﬁ Xgn_gk (I) + ( H a)_l Z (f(wl =+ B)??Q(CU)) .
a€Vi\{0} i=0 ! a€V, \{0} i=0
h(zx) r(z)

(103)
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( ) — sk(w; +5)
h =
o ae\l}{o} Z fles & ﬁ — (wj +B)
127k (i41)2% -1
( ) — sk(w; +5)
= Flw;+8)°
ae‘l;;\[{o} z; ;k ’ —(wj +8)

120 k-1 281

I «

acVi\{0} =0

on—k_q 2’“71

=0 aeVi\{0} =0

on— k__

Zf(

> Zf wigksj + B)°
S I o Y r9wy e +8)

( ) — sk(wigk1j + B)
— (wigk4j + B)

() — sk(w; + wigr + B)
T — (wj + wior + )

(104)

Next, we prove (39). Based on (38), we have (104), as
shown at the top of this page. Note that in (104), the fourth
equality is due t0 wjory; = wior +w; for 0 < 5 < 2k — 1,
and the last equality is due to Theorem 1.

Finally, we prove (40). The polynomial f(z) can be written
as

f(z)
2" -1
= fiXi(x)
i=0
2m—2kF 1
= X X £y g
i =21 —2k
2" 2F—1
= Z fz + Y fonoe i Xon_oki(®)
) =0
2" 2k—1 2k -1 -
= Z £iX (Z for 4 X)) Koo (@),
r(x) h(z)
(105)
Therefore, the representation of h(x) in the LCH basis is given
by (40). [ |
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