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Random Processes

Definition of a Random Process.

e Random experiment with sample space S.

e To every outcome ( € S, we assign a function of time

according to some rule:

X(t, () tel.

e For fixed (, the graph of the function X (¢, () versus t is
a sample function of the random process.

e For each fixed t; from the index set I, X (#;,() is a

random variable.
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e The indexed family of random variables { X (¢, (),t € I}

is called a random process or stochastic process.
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e A stochastic process is said to be discrete-time if the
index set [ i1s a countable set.

e A continuous-time stochastic process is one in which
I 1s continuous.

Example: Let ¢ be a number selected at random from the
interval S = [0, 1], and let b1by - - - be the binary expansion

of ¢

C=Y b2 b €{0,1}.
1=1

Define the discrete-time random process X (n, () by
X(n,{)=b, n=12---.

A sequence of binary numbers is obtained.
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Example:

1. Let ( € S = [—1,+1] be selected at random. Define the
continuous-time random process X (¢, () by

X (t,¢) = ( cos(2mt) — o0 <t < 0.

2. Let ( € S = (—m,m) be selected at random, and let
Y (t,() = cos(2nt + ()
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6.2 Specitfying a Random Process'

Joint Distributions of Time Samples

o Let Xy, X5, ..., X, be the £ random variables obtained
by sampling the random process X (¢, () at the time
tl,tg, “ o ,tki

Xl — X(thg)? X2 — X(t27<)7"'7 Xk — X(t]mC)

e The joint behavior of the random process at these k
time instants is specified by the joint cdf of
(X1, Xo, ..., Xp).
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A stochastic process is specified by the collection of
kth-order joint cumulative distribution functions:

FXl,...,Xk(xla e ,Ik) — P[X1 <xp,...,X; < fb“k]

for any £ and any choice of sampling instants ¢4, ..., .
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e If the stochastic process is discrete-valued, then a
collection of probability mass tunctions can be used to
specify the stochastic process

Pxy. o x. (T, k) = PlLXy =oq, .00 Xy = .

e If the stochastic process is continuous-valued, then a
collection of probability density functions can be used
instead:

le,...,Xk ($1, ‘e ;Cﬁk)-
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Example: Let X,, be a sequence of independent,
identically distributed Bernoulli random variables with
p = 1/2. The joint pmf for any k£ time samples is then

P[Xlle,XQZCCQ,...,Xk:Q’Jk}:Q_k CCZE{O,l} V1.
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e A random process X (¢) is said to have independent
increments if for any k and any choice of sampling
instants ¢ < t5--- < t, the random variables

X (ts) — X (1), X(t3) — X (ta), ..., X (tx) — X (tp_1)

are independent random variables.

A random process X () is said to be Markov if the
future of the process given the present is independent of
the past; that is, for any k£ and any choice of sampling
instants t; <ty < --- < t; and for any xy, 29, ..., Tk,

fX(tk)($k’X(tk—1) — Lk—1,--- ,X(h) — 5131)
=[x () (Tr| X (th-1) = Tp1)
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if X(t) is continuous-valued, and

P[X(tk) — QCk‘X(tk_l) — Lhk—1y- - - ,X(tl) = $1)
= P[X(tk) = $k’X(tk_1) = Ik—l)

if X(t) is discrete-valued.
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Independent increments — Markov:;

Markov NyOT independent increments

The Mean, Autocorrelation, and Autocovariance
Functions

e The mean mx(t) of a random process X (t) is defined

+00
me(t)(ﬂf)dSE,
where fx @ (z) is the pdf of X (t).

e my(t) is a function of time.

e The autocorrelation Rx(t;,t;) of a random process
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X (t) is defined as

Rx(t1,t2) E|X(t1)X (t2)]

“+00 “+00
/ / ajny(h),X(tQ)(x?y)dgjdy'

e In general, the autocorrelation is a function of ¢; and ts.
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The autocovariance C'x (t1,t2) of a random process X (%) is
defined as the covariance of X (t1) and X (t2)

Cx(ti,t2) = E[{X(t1) — mx (t1) {X (t2) — mx(t2)}].

Cx(tl,tg) = Rx(tl,tg) — mx<t1)mx(t2).

The variance of X (¢) can be obtained from Cx (%1, t2):

VAR[X (t)] = B[(X(t) — mx(1))*] = Cx (t,1).

The correlation coefficient of X (¢) is given by

Cx(t1,12)
VCx (t1,11)y/Cx (2, t2)

px(t1,t2) =

px(t1,t2)] < 1.
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Example: Let X(t) = A cos2nt, where A is some random variable.
The mean of X (t) is given by

mx (t) = E|Acos2nt] = E|A] cos 2.
The autocorrelation is

Rx (t1,t2) E|[A cos(2mty) A cos(2mts)]

E[A?] cos(2mt;) cos(2mts),

and the autocovariance

Cx(t1,12) Rx(t1,t2) —mx(t1)mx(l2)
{E[A?] — E[A]*} cos(27t1) cos(2mts)
VAR|A] cos(27ty) cos(27ts).
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Example: Let X (t) = cos(wt + ©), where O is uniformly distributed
in the interval (—m, 7). The mean of X (¢) is given by

mx (t) = Flcos(wt + O)] = % /7T cos(wt 4 8)df = 0.

— 7T

The autocorrelation and autocovariance are then

Cx (t1,t2) Rx (t1,t2) = E|cos(wt; + O) cos(wts + O)]

1 ™1
o i{cos(w(tl —t2)) + cos(w(t1 + t2) + 260) }do

% cos(w(ty —t2)).
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Gaussian Random Process A random process X (t) is a

Gaussian random process if the samples

X1 =X(t1),Xo = X(t2),..., X = X(tr) are joint Gaussian random

variables for all k, and all choices of ¢1, ..., tx:
6—1/2(w—m)K—1(a}—m)

le,XQ,...,Xk(x17"'7xk> — (27T)k/2|K‘1/2 )

CX (tla tl)
Cx (to,t1)

mx(tk)
- . Cx (tx, t1) Cx (tk, tr)

The joint pdf’s of Gaussian random process are completely specified

by the mean and by covariance function.
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Linear operation on a Gaussian random process results in another

Gaussian random process.
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Example: Let the discrete-time random process X,, be a sequence of
independent Gaussian random variables with mean m and variance

o?. The covariance matrix for the time ¢, ..., is

{Cx (tistj)} ={0%0s5} = 0”1,

where 0;; = 1 when ¢ = j and 0 otherwise, and [ is the identity
matrix.

The corresponding joint pdf

le,...,Xk(CUh---,CCk)
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Multiple Random Processes

e The joint behavior of X (¢) and Y (¢) must specify all possible
joint density functions of X (t1),..., X(tx) and Y'(¢7),..., Y (t})
for all k,j and all choices of t1,... %, and t3,...,t.

e X(t) and Y (¢) are said to be independent if the vector random
variables (X (t1),...,X(tx)) and (Y'(2),...,Y (t})) are

independent for all k,j and all choices of t1,...,¢; and t,...,t.

e The cross-correlation Rx y (t1,t2) of X(¢) and Y (¢) is defined
by
Rx y(t1,t2) = E[X(t1)Y (t2)].

e The process X(t) and Y (t) are said to be orthogonal if

Rx y(ti,t2) =0 for all ¢; and t».
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e The cross-covariance Cx y (t1,%2) of X(¢) and Y (¢) is defined
by

Cxy(ti,t2) = E[{X(t1) —mx ()Y (t2) — my (t2)}]
ijy(tl,tg) — mX(tl)my(tg).

e The process X(t) and Y (¢) are said to be uncorrelated if

Cxy(ti,t2) =0 for all ¢; and ts.

e Note that

Cxy(ti,t2) =0
— RX,Y(tl,tQ) = E[X(tl)Y(tQ)] — mX(tl)mY(t2) —

Graduate Institute of Communication Engineering, National Taipei University
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Example: Let X(t) = cos(wt + ©) and Y (t) = sin(wt + ©), where ©
is a random variable uniformly distributed in |—7, 7]. Find the
cross-covariance of X (t) and Y (¢).

Sol: Since X (t) and Y (¢) are zero-mean, the cross-covariance is equal

to the cross-correlation.

Rx y(t1,t2) E|cos(wt; + ©) sin(wts + O)]

1 1
E 5 sin(w(ty —t2)) + 5 sin(w(ty + t2) + 20)

—% sin(w(t, — t2)),

since Elsin(w(t; + t2) + 20)] = 0.
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Example: Suppose we observe a process Y ():
Y(t) = X(t) + N(t).

Find the cross-correlation between the observed signal and
the desired signal assuming that X (¢) and N(t) are
independent random processes.

Rxy(t1,t2) = E|
El
El
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6.3 Examples of Discrete-Time Random Processes'

11d Random Processes

e The sequence X, is called independent, identically
distributed (iid) random process, if the joint cdf for
any time instants nq,...,n; can be expressed as

Fx, X0, (Tryy v ey Ty ) P X, <xpy-oo, Xn, < Ty,
Fx, (Tny) -+ Fx, (Tn,,).

e The mean of an iid process is

E|X,|=m for all n.

Graduate Institute of Communication Engineering, National Taipei University
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e Autocovariance function:
— If nq # 79

C1)( (nla n2)

since X,,, and X,,, are independent.

— If Ny = MNo =N
Cx(ni,ne) = E[(X, —m)?] = o°.

— Therefore

C’X(nl, ng) = 0'257117712.
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e The autocorrelation function of an iid process

2

Rx(nl,ng) = Cx(nl,nz) + m”.
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Sum Processes: The Binomial Counting and Random Walk

Process

e Consider a random process S,, which is the sum of a sequence of
iid random variables, X4, X5, .. .:

Sy X1+Xo+...+X,, n=12,...
Sn—1_|_Xn7

where Sg = 0.

Graduate Institute of Communication Engineering, National Taipei University
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e We call 5,, the sum process. \5,, is independent of the past when

S,,_1 is known.
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Example: Let I; be the sequence of independent Bernoulli
random variable, and let S,, be the corresponding sum

process. 9, 1s a binomial random variable with parameter

n and p = P|I = 1]

n : :
( -)pﬂ(l—p)w for 0 <j <n,
J

and zero otherwise. Thus .5,, has mean np and variance
np(l — p).

Graduate Institute of Communication Engineering, National Taipei University
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e The sum process 5,, has independent increments in

nonoverlapping time intervals.

e For example: ng < n < n; and ny < n < nsz, where

n1 < ne. We have
Snl - Mng Xno—l—l + et an
S’ng - Mng T Xn2—|—1 T Xn3°
— Syn,) and

(Sn, — Shn,) are independent random variables.

The independence of the X,,’s implies (.5,

1

e For n' >n, (S, —5,) is the sum of n" — n iid random

variables, so it has the same distribution as .S,,/_,

P[Sy — S, =y] = P[Sw_n = y].
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e Thus, increments in intervals of the same length have
the same distribution regardless of when the interval

begins. We say that S,, has stationary increments.

Graduate Institute of Communication Engineering, National Taipei University



Y. S. Han

Random Processes

e Compute the joint pmf of 5,, at time n;, ns, and ns

PlSn, = Y1, Sny = Y2, Sny = Y3

PlSn, = Y1, 50, — Sny = Y2 — Y1, Sns — Sny = Y3 — Yo
P[Sn, = 1] P[Sh, — Sny = y2 — yi]

X P|Sy, — Sn, = Y3 — Yal.

e The stationary increments property implies that

P[S?h = Y1, SnQ = Y2, Sns — y3]
— P[S’nl — yl]P[Snz—nl = Y2 — yl]P[Sns—nQ = Y3 — y2]'

e In general, we have

P[S’nl — ylasnz — y27"'7S’nk — ykz]

Graduate Institute of Communication Engineering, National Taipei University
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— P[Snl — yl]P[SnQ—nl — Y2 — yl]
" P[Snk:_nk:—l = Yk — yk—l]'

o If X, are continuous-valued random variables, then

fSnly---,Snk (917 S 7yk)
= S50, Y1) S8y (W2 — Y1) -+ f50 —50 Yk — Yr—1)-

Example: Find the joint pmf for the binomial counting
process at times ny; and ns.

P[Sm = Y1, S?”LQ — yQ] — P[Sm — yl]P[Sm—m = Y2 — yl]
_ ( 2 =T ) PV (1 — p)rem vty

Y2 —
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e The mean and variance of a sum process

mg(n) = K|S, =nE[X]| =nm
VAR[S,] = nVAR[X] = no”.

e The autocovariance of S,

Cs(n, k) = E[(Sn = E[Sn])(Sk — E£[Sk])]
|

E|(S, —nm)(Sy — km)

g
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i=1 j=1

n k
DD 0
=1 j=1

min(n,k)

Y Cx(i,i) = min(n, k)o.

1=1

The property of independent increments allows us to
compute the autocovariance in another way.

e Suppose n < k so n = min(n, k)

Cs(n,k) = FE[(Sn —nm)(Skx — km)]

Graduate Institute of Communication Engineering, National Taipei University

37



Y. S. Han

Random Processes

|+ E[(Sn —nm)(Sk — Sn — (k —n)m)]
|+ E[S, — nm|E|[Sk — S — (kK — n)m]

Graduate Institute of Communication Engineering, National Taipei University

38



Y. S. Han Random Processes

first-Order Autoregressive Random Process

Xn ‘ @ » };n = Elr]"Jn—l 37 X}E

Unit
delay
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Moving Average Process

Unit Unit
delay delay
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6.4 Examples of Continuous-Time Random Processe;s

Poisson Process

e Events occur at random instants of time at an average
rate of A\ events per second.

e Let N(t) be the number of event occurrences in the

time interval |0, £].
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e Divide |0, t| into n subintervals of duration § = t/n.

e Assume that the following two conditions hold:

Graduate Institute of Communication Engineering, National Taipei University
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1. The probability of more than one event occurrence
in a subinterval is negligible compared to the
probability of observing one or zero events. —
Bernoulli trial

. Whether or not an event occurs in a subinterval is
independent of the outcomes in other subintervals. —
Bernoulli trials are independent.

e N(t) can be approximated by the binomial counting

process.

e Let p be the prob. of event occurrence in each
subinterval. Then the expected number of event
occurrence in the interval [0, t] is np.

Graduate Institute of Communication Engineering, National Taipei University
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e The average number of events in the interval [0, ¢] is
also At. Thus
At = np.

e Let n — oo and then p — 0 while np = At remains
fixed.

e Binomial distribution approaches Poisson distribution
with parameter At.

e N(t) is called Poisson process.
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e We will show that if n is large and p is small, then for
a = np,

k

)pk(l — )"~ %6_0‘ k=0,1,....

e Consider the probability that no events occur in n
trials:

QY

poz(l—p)”:(l——) — e ¢ asn — oo.
n

e Let ¢ =1 — p. Noting that

Pk+1 (kil)pkﬂqn_k_l

o (e

Graduate Institute of Communication Engineering, National Taipei University
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@87

for k=0,1,2,...
]{—Flpk or ) Ly &y

Pk+1 —

and

—

Po = €

e A simple induction argument then shows that

ak

pkzﬁe_ for k=0,1,2,....

e The mean (the variance) of N(t) is At.
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e Independent and stationary increments —

P[N(t1) =i,N(t2) =j] = P[N(t1) =4|P[N(t2) — N(t1) =j — i

P[N(t1) = i]P[N(t2 — t1) = j — 1]

()\tl)ie_ktl (A(t2 _tl))J ip—A(t2—t1)
1! (7 —1)! |

e Covariance of N(t). Suppose t; < to, then
Cn(t1,ta) = FE[(N(t1) — Xt1)(N(t2) — Ato)]
= FE[(N(t1) — M) {N(t2) — N(t1) — Mty + At
+(N(t1) — At1)}]
E[N(t1) — M1]E[N(t2) — N(t1) — A(t2 — t4)
+VARI|N(t1)]

VAR[N(tl)] = )\tl = )\min(tl, tg)

Graduate Institute of Communication Engineering, National Taipei University
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Interevent Times

e Consider the time 1T’ between event occurrences in a

Poisson process.

e 0,¢] is divided into n subintervals of length § = t/n.

e The probability that 17" > ¢ is

P|T > t] P[no events in ¢ seconds]
(1 =p)"

Graduate Institute of Communication Engineering, National Taipei University

48



Y. S. Han

Random Processes

e The cdf of T is then

1 — e .

e 7' is an exponential random variable with parameter .

e Since the times between event occurrences in the
underlying binomial process are independent geometric
random variable, it follows that the interevent times in
a Poisson Process form an iid sequence of exponential

random variables with mean 1/\.

Graduate Institute of Communication Engineering, National Taipei University
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Individual Arrival Times

e In applications where the Poisson process models
customer interarrival times, it is customary to say that

arrivals occur “at random.”

Suppose that we are given that only one arrival
occurred in an interval [0, ], and let X be the arrival
time of the single customer.

For 0 < x < t, let N(x) be the number of events up to
time x, and let N(¢) — N(z) be the increment in the
interval (x,t], then

PIX <a] = P[N(x)=1|N(t)=1]

Graduate Institute of Communication Engineering, National Taipei University
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P|N(x) =1 and N(t) = 1]
PIN(t) = 1]
P|N(x) =1 and N(t)
P[N(t) =
P[N(z) =1JP[N(¢) —
PIN(t) =
Az, A(t—)

Ate—

N(z) = 0]

|
N(z) =0

1]

\xe

X

?.
e It can be shown that if the number of arrivals in the
interval [0,t] is k, then the individual arrival times are

distributed independently and uniformly in the interval.

Graduate Institute of Communication Engineering, National Taipei University
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6.5 Stationary Random Processes'

e We now consider those random processes that

Randomness in the processes does not change with
time, that is, they have the same behaviors between an
observation in (tg,t1) and (tg + 7,t1 + 7).

e A discrete-time or continuous-time random process
X (t) is stationary if the joint distribution of any set
of samples does not depend on the placement of the

time origin. That is,

Fx ). xw) (@1, 2k) = Fxyr). xXtetr) (T15 - -, Th)
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for all time shift 7, all k£, and all choices of sample

times t1,...,{%.

Graduate Institute of Communication Engineering, National Taipei University
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e Two processes X (t) and Y (¢) are said to be jointly
stationary if the joint cdf’s of X (¢1),..., X (#x) and
Y (t),...,Y(t;) do not depend on the placement of the
time origin for all £ and 5 and all choices of sampling

times ¢1,...,% and 17, ..., 1.

e The first-order cdf of a stationary random process must
be independent of time, i.e.,

for all ¢ and 7;

=m for all ¢;
X(t) —m)?] =0* forallt.

e The second-order cdf of a stationary random process is

Graduate Institute of Communication Engineering, National Taipei University

54



Y. S. Han

Random Processes

with

FX(tl),X(tg)(xla $2) — FX(O),X(@—@)(%; $2) for all ¢, ts.

Graduate Institute of Communication Engineering, National Taipei University
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e The autocorrelation and autocovariance of stationary
random process X (t) depend only on ty — t;:

Rx(tl, tg) = RX(tQ — tl) fOf all tl,tg;
Cx(tl,tz) — Cx(tg — tl) for all tl,tg.

Example: Is the sum process 5,, a discrete-time
stationary process?” We have

Sn = X1+ Xo + -+ Xy,
where X, is an 1id sequence.

Since

mg(n) = nm and VAR[S,] = no?,

Graduate Institute of Communication Engineering, National Taipei University
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mean and variance of S,, are not constant. Thus, 5,

cannot be a stationary process.

Graduate Institute of Communication Engineering, National Taipei University
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Wide-Sense Stationary Random Processes

e A discrete-time or continuous-time random process
X (t) is wide-sense stationary (WSS) if it satisfies

mx(t) =m  for all ¢t and

Cx(tl, tg) = Cx(tl — tg) for all tl and tQ.

e T'wo processes X (t) and Y (t) are said to be jointly
wide-sense stationary if they are both wide-sense
stationary and if their cross-covariance depends only on
t1 — 9.

e When X (%) is wide-sense stationary, we have

Cx(tl,tz) = CX(T) and RX(tl,tQ) = RX<T),

Graduate Institute of Communication Engineering, National Taipei University
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where 7 =t — 5.

e Stationary random process — wide-sense stationary

process

Graduate Institute of Communication Engineering, National Taipei University
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e Assume that X (¢) is a wide-sense stationary process.

e The average power of X (t) is given by
E[X(t)°] = Rx(0) for all ¢.

e The autocorrelation function of X (¢) is an even
function since

Rx(1)=FE[X({t+7)X(t)] = E[ X)X (t+7)] = Rx(—71).

e The autocorrelation function is a measure of the rate of
change of a random process.

e Consider the change in the process from time ¢ to ¢t + 7

P Xt+7)—X({#)|>¢ = P[(X({t+7)—X())?>¢

Graduate Institute of Communication Engineering, National Taipei University
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2(Rx(0) — Rx(7))

)

where we apply the Markov inequality to obtain the
upper bound. If Rx(0) — Rx(7) is small, then the
probability of a large change in X (¢) in 7 seconds is
small.

e The autocorrelation function is maximum at 7 = 0
since

Rx(7)? = E[X(t+7)X ()] < B[X?(t+7)|E[X?(t)] = Rx(

Graduate Institute of Communication Engineering, National Taipei University

61



Y. S. Han

Random Processes

where we use the fact that

E[XY)?* < E[X?|E|Y?].

o If Rx(0) = Rx(d), then Rx(7) is periodic with period
d and X (¢) is mean square periodic, i.e.,
E[(X(t+d)— X(t))*] = 0.

E(X(t+7+d) — X(t+7)X(1)]°
S E[(X(t+71+d) - X(t+71))°|EX(1)],

which implies that

{Rx(r+d) — Rx(7)}* < 2{Rx(0) — Rx(d)} Rx(0).
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Therefore,

Rx(t+d) = Rx(7).

The fact that X (¢) is mean square periodic is from

E(X(t+d) —X@)?] =2{Rx(0) — Rx(d)} = 0.

o Let X(t) =m + N(t), where N(t) is a zero-mean
process for which Ry(7) — 0 as 7 — oo. Then

Rx(1) = E[(m+ N(@Et+71))(m-+ N(t))]
= m* +2mE[N(t)] + Ry (7)

= m*+ Ry(1) = m? as 7 — 0.

e In summary, the autocorrelation function can have
three types of components: (1) a component that
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approaches zero as 7 — 00; (2) a periodic component;

and (3) a component due to a non zero mean.
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Wide-Sense Stationary (Gaussian Random
Processes

e If a Gaussian random process is wide-sense stationary,
then it is also stationary.

e This is due to the fact that the joint pdf of a Gaussian
random process is completely determined by the mean

mx (t) and the autocovariance C'x(t1,t2).

Example: Let X,, be an iid sequence of Gaussian random
variables with zero mean and variance o2, and let Y, be

o Xn + Xn—l

Y,
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The mean of Y, is zero since E[X;] = 0 for all . The

covariance of Y, is
Cy (i, ])
EY;Y;] = iE[(Xi + Xi1)(X; + X))
% {E[X:X;]+ E[X:X;-1]) + E[X;1X,] + E[Xi-1X;4]}

o2, ifi=j

)

1
2
10, ifi—jl=1

0, otherwise

Y,, is a wide sense stationary process since it has a
constant mean and a covariance function that depends
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only on |i — j|.

Y,, is a Gaussian random variable since it is defined by a

linear function of Gaussian random variables.
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Cyclostationary Random Processes

e A random process X (%) is said to be cyclostationary
with period T if the joint cdf’s of
X(t1), X(t2),...,X(t) and
X(t1+mT), X(to +mT),..., X(tx + mT) are the same
for all k,m and all choices of ¢4, ..., t:

FX(tl),X(tg),...,X(tk)(3717 L2y o 7~rk)

— FX(t1+mT),X(t2—|—mT),...,X(tk+mT) ($1, L2y ... 737k)-
e X(?) is said to be wide-sense cyclostationary if

mx (t +mT) = mx(t) and
Cx(tl + mT, tz + mT) — Cx(tl,tg).
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Example: Consider a random amplitude sinusoid with

period T

X(t) = Acos(2nt/T).

Is X(t) cyclostationary? wide-sense cyclostationary?
We have

P X(t1) <z1,X(t2) < x2,..., X(tx) < xi]

Acos(2mt1/T) < x1,...,Acos(2mtr /T) < xy]

(Acos(2m(t1 +mT)/T) < x1,...,Acos(2m(ty + mT)/T) < xy]
X (t1+mT) <z1,X(ta + mT) < z2,..., X(tx + mT) < x].

Thus, X (t) is a cyclostationary random process.
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6.7 Time Averages of Random Processes'
and Ergodic Theorems'

e We consider the measurement of repeated random

experiments.

e We want to take arithmetic average of the quantities of
Interest.

e To estimate the mean mx (¢) of a random process
X (t,() we have

N

1=1
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where NN is the number of repetitions of the experiment.

e Time average of a single realization is given by

(X(O)r = 5 / X(Qr

e Ergodic theorem states conditions under which a
time average converges as the observation interval

becomes large.

e We are interested in ergodic theorems that state when
time average converge to the ensemble average.
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e The strong law of large numbers given as

P

is one of the most important ergodic theorems, where
X, 1s an iid discrete-time random process with finite

mean F|X;| = m.
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Example: Let X (t) = A for all ¢, where A is a zero mean,
unit-variance random variable. Find the limit value of the time

average.

The mean of the process mx(t) = E|X(t)] = E[A] = 0. The time

average gives
1 (T
X(t)r = — Adt = A.
(XWhr =55 [

The time average does not converge to mx(t) = 0. — Stationary

processes need not be ergodic.
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e Let X(t) be a WSS process. Then

E[(X(£))1] [2T / X (0t

2T

Hence, (X

e Variance o
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4T2/ / CX t, t’ dtdt

e Since the process X (t) is WSS, we have

VAR[(X(0))r] = 75 / / Ox (t — t')dtdt’

(2T
T
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{

u+du=1-—1"

o

22 =t=1"
/
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e (X (t))r will approach m in the mean square sense, that
is, E[((X(t))r —m)*] — 0, if VAR[(X(t))r] approaches

Z€T0.

Theorem: Let X(t) be a WSS process with mx(t) = m,
then

T—o0

in the mean square sense, if and only if

1 27T
im —
e

Graduate Institute of Communication Engineering, National Taipei University




Y. S. Han Random Processes

e Time-average estimate for the autocorrelation function
1s given by

T

(X (4 7)X () = % XX (D

o F(X(t+7)X(t))r] = Rx(7r) if X(¢) is WSS random
process.

e Time average autocorrelation converges to Ry (7) in
the mean square sense if VAR[(X (¢t + 7)X (¢))7]

converges to zero.
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e If the random process is discrete time, then

1
(Xn)7 o7 + 1 Z

n——

T

1
KXol = 377 3 Ko

o If X, is a WSS random process, then E[(X,)r] = m.

e Variance of (X,,)r is given by

VAR|(Xn)7] = 2T1+1 2 <1 N 2T|k+‘ 1> Cx k)

k=-2T
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e (X,)r approaches m in the mean square sense and is

mean ergodic if

2T

1 I
1 — |
OT + 1 ) or 1) Cxk) =0

k=-2T

Graduate Institute of Communication Engineering, National Taipei University

82



