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Abstract—This paper introduces the concept of the generalized
inverse discrete Fourier transform over a finite field and studies
its application to the decoding of codes. It also proposes an
efficient algorithm for computing the generalized inverse discrete
Fourier transform, called the fast generalized inverse discrete
Fourier transform. Based on this fast transform, the paper
shows that, for any (n, k) generalized Reed–Solomon code, if the
underlying field contains an additive or multiplicative subgroup
of order 2µ ≥ n− k and n is proportional to the field size, then
there exists a decoding algorithm with complexity O

(
n log(n −

k)+(n−k) log2(n−k)
)
. The paper further discusses the additive

fast generalized inverse discrete Fourier transform over binary
extension fields, which leads to a fast decoding algorithm for
binary Goppa codes with complexity O

(
n log r+r log2 r

)
, where

n is the code length and r is the degree of the Goppa polynomial.
This achieves the best known decoding complexity for binary
Goppa codes to date. A complexity comparison shows that the
proposed algorithm reduces the number of field operations by
88% compared to traditional methods when decoding the Goppa
code with parameters n = 8192 and r = 128, which is used in the
McEliece cryptosystem as a candidate scheme for post-quantum
cryptography.

Index Terms—Discrete Fourier transform, inverse discrete
Fourier transform, generalized inverse discrete Fourier trans-
form, generalized Reed–Solomon codes, decoding algorithm,
Goppa codes.

I. INTRODUCTION

GENERALIZED Reed–Solomon (GRS) codes are an im-
portant class of error-correcting codes that occupy a

prominent place in the theory and practice of error correction.
Theoretically, many well-known codes are subclasses or sub-
field subcodes of GRS codes, including Reed–Solomon (RS)
codes and Goppa codes. In practice, GRS codes have relatively
simple, implementable encoding and decoding techniques,
making them highly competitive in real-world applications.

An (n, k) GRS code over GF (q) can be defined by

{(w0f(α0), w1f(α1), . . . , wn−1f(αn−1)) | deg(f(x)) < k},

where w0, w1, . . . , wn−1 are nonzero elements in the field
GF (q), α0, α1, . . . , αn−1 are n distinct elements in GF (q)
and f(x) ∈ GF (q)[x]. Clearly, GRS codes can be charac-
terized by the discrete Fourier transform (DFT) over finite
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fields since the DFT establishes the relationship between the
polynomial f(x) ∈ GF (q)[x] and its evaluations f(αi), where
f(x) is usually called the time domain and its evaluations
are usually called the frequency domain. In designing a de-
coding algorithm for GRS codes, an important approach is
to investigate the time domain from its frequency domain.
Over the past few years, the fast Fourier transform (FFT),
a fast implementation of the DFT, has increasingly played
a central role in the design of efficient decoding algorithms
for GRS codes. For example, Gao proposed an FFT-based
decoding algorithm for RS codes in [1] (Note that RS codes
are a subclass of GRS codes). Justesen derived a decoding
algorithm for RS codes over the Fermat field GF (q) in which
q = 22

m

+ 1 for some integer m, whose complexity is
O(q log2(q)) [2]. An algorithm for RS codes based on the
cyclotomic Fourier transform was derived in [3]. Decoding
algorithms for an (n, k) RS code based on the additive FFT
over GF (2m) were presented in both [4] and [5], whose
complexity are O(n log(n−k)+(n−k) log2(n−k)). Among
these known methods, a common requirement is that an n-
point FFT must be available when decoding an (n, k) GRS
code over GF (q). This imposes a severe parameter limitation
on GRS codes for which an efficient decoding algorithm exists,
since an n-point FFT over GF (q) usually requires that n be
smooth (i.e., equal to a product of small primes) and that
a subgroup of order n exist in GF (q). However, contrary
to intuition, the requirement of n-point FFT is unnecessary
for designing an efficient algorithm for (n, k) GRS codes, as
we will show. Recall that an (n, k) GRS code over GF (q)
is a vector subspace of GF (q)n. Then the decoding can be
accomplished by determining the coset of the code to which
the received vector belongs. Let γ denote the received vector,
which can be seen as the frequency domain (We ignore the
elements w0, w1, . . . , wn−1 here), and let f(x) denote the time
domain corresponding to γ. If we use division with remainder
in the Euclidean domain GF (q)[x] to write

f(x) = fθ(x)θ(x) + η(x),

where fθ(x) is the quotient, θ(x) is some fixed divisor such
that deg(θ(x)) = k and η(x) is the remainder such that
deg(η(x)) < k, the coset to which γ belongs is totally
determined by the quotient fθ(x) since the frequency domain
of η(x) is contained in the code (Recall the definition of GRS
codes). This implies that, to decode the received vector, it
suffices to investigate only the quotient fθ(x), rather than
the whole time domain f(x). Based on this observation,
we propose the concept of the generalized inverse discrete
Fourier transform (GIDFT), which is essentially a powerful
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technique to investigate the quotient fθ(x) for various θ(x).
Indeed, the idea of investigating fθ(x) had already been used
in the conventional decoding algorithm of RS codes, which
essentially computes the high-degree coefficients of f(x) and
is equivalent to the special case θ(x) = xk. However, the
GIDFT is a method for investigating the quotient for various
θ(x). This flexibility enables the design of efficient decoding
algorithms. As we shall show, several new results can be
derived using the GIDFT.

In this paper, we first propose the concept of the GIDFT and
investigate its properties. Then we propose a fast algorithm for
computing the GIDFT, called the fast generalized inverse dis-
crete Fourier transform (FGIDFT). The FGIDFT is employed
to decode GRS codes, resulting in a new decoding algorithm.
Notably, this new decoding algorithm does not require the
availability of an n-point FFT when decoding an (n, k) GRS
code. Instead, an (n−k)-point FFT suffices. We show that, if
GF (q) contains an additive or a multiplicative subgroup of or-
der 2µ such that 2µ ≥ n−k, then for any (n, k) GRS code over
GF (q), there exists a decoding algorithm whose complexity is
O(n log(n−k)+(n−k) log2(n−k)) provided n is proportional
to q. This result significantly extends the parameter range of
GRS codes that admit fast-decoding algorithms. For example,
the prime field GF (593) contains a multiplicative subgroup of
order 16. Then a (592, 576) RS code defined over GF (593)
admits a fast decoding algorithm, though a 592-point FFT is
not available in GF (593). Since the binary extension field
GF (2m) is commonly used in practice, we also discuss the
FGIDFT for GF (2m) in detail, which is called the additive
FGIDFT in this paper since it relies on an additive subgroup
of GF (2m). Based on the additive FGIDFT, this paper derives
a fast decoding algorithm for binary Goppa codes, whose
complexity is O(n log(r) + r log2(r)), where n is the code
length and r is the degree of the Goppa polynomial. This
achieves the best known complexity to date. We also provide
complexity comparisons among the proposed algorithm, the
Patterson algorithm presented in [6], and the decoding method
presented in [7], [8] when decoding the Goppa codes that
have been used in the McEliece cryptosystem as a candidate
for post-quantum cryptography to be submitted to National
Institute of Standards and Technology (NIST), see [9]. When
decoding the Goppa code in which n = 8192 and r = 128, the
proposed algorithm reduces the number of field operations by
88% compared to other methods. This shows that the proposed
algorithm is superior in terms of computational complexity for
practical use.

The main contributions of this paper can be summarized as
follows:

1) We propose the concept of the generalized inverse
discrete Fourier transform and investigate its properties.

2) A fast generalized inverse discrete Fourier transform
algorithm is derived.

3) We prove that, if GF (q) contains an additive or a
multiplicative subgroup of order 2µ such that 2µ ≥ n−k
and if n is proportional to q, then for any (n, k) GRS
code defined over GF (q), there is a fast decoding
algorithm whose complexity is O(n log(n − k) + (n −
k) log2(n− k)).

4) A detailed description of the additive FGIDFT is pro-
vided. Based on the additive FGIDFT, we derive a fast
decoding algorithm for binary Goppa codes, whose com-
plexity is O(n log(r) + r log2(r)), where n is the code
length and r is the degree of the Goppa polynomial. This
achieves the best known complexity to date. Complexity
comparisons between the new method and others in the
literature also demonstrate that the new one is superior
in terms of complexity when decoding practical Goppa
codes.

The paper is organized as follows. Section II proposes
the concept of the GIDFT and investigates its properties.
Section III derives the FGIDFT, which computes the GIDFT
efficiently. In Section IV, we present a detailed description of
the FGIDFT when GF (q) has a characteristic two. Section
V applies the FGIDFT to decode GRS codes. Section VI
derives a new decoding algorithm for binary Goppa codes.
Complexity comparisons between the new method and others
in the literature are also provided. Section VII presents several
comments, along with some open issues. Finally, Section VIII
concludes the paper.

II. GENERALIZED INVERSE DISCRETE FOURIER
TRANSFORM

In this section, we introduce the concept of the generalized
inverse discrete Fourier transform (GIDFT) and investigate its
properties. Before beginning the discussion, we review the
concepts of the discrete Fourier transform and its inverse, the
inverse discrete Fourier transform.

Definition 1 ( [10]): Let f = (f0, f1, . . . , fn−1) be a vector
over GF (q), and let α be an element of GF (q) of order n.
The discrete Fourier transform (DFT) of the vector f is the
vector γ = (γ0, γ1, . . . , γn−1) with components given by

γj =

n−1∑
i=0

αijfi, j = 0, 1, . . . , n− 1.

The inverse discrete Fourier transform (IDFT) of γ is defined
by

fi =
1

n

n−1∑
j=0

α−ijγj ,

where n is interpreted as an integer of the field (i.e., n is the
sum of n copies of the multiplicative identity 1 in GF (q)). □

Notably, if we write the polynomial f(x) ∈ GF (q)[x] as

f(x) = fn−1x
n−1 + fn−2x

n−2 + · · ·+ f1x+ f0,

then γj is equal to the evaluation of f(x) at αj , that is,

γj = f(αj), j = 0, 1, . . . , n− 1.

This implies that the DFT is mathematically equivalent to
evaluating a polynomial.

In Definition 1, the DFT and IDFT are defined over a
multiplicative subgroup of order n of GF (q). Since the gener-
alized inverse discrete Fourier transform can be defined over
an arbitrary subset of GF (q), Definition 1 is insufficient to
establish the relationship between the DFT/IDFT and GIDFT.
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In the following, we redefine the DFT and IDFT over an
arbitrary subset of GF (q) by polynomial evaluations.

Definition 2: Let J be a subset of the field GF (q) with
n distinct elements. For a polynomial f(x) ∈ GF (q)[x] of
degree less than n, the DFT of f(x) over J , denoted by
DFTJ(f(x)), computes the vector

(f(α0), f(α1), . . . , f(αn−1)),

where α0, α1, . . . , αn−1 represent n distinct elements in J . □
The DFT over J is an isomorphism that maps the vector

space GF (q)n to GF (q)n (Recall that the set {f(x) | f(x) ∈
GF (q)[x],deg(f(x)) < n} can be regarded as the vector
space GF (q)n). It should be noted that the DFT depends on
the set J as well as the order of its elements α0, α1, . . . , αn−1.
Without loss of generality, we shall assume that every subset
of GF (q) has a fixed order throughout this paper, unless
otherwise specified. In particular, J = {α0, α1, . . . , αn−1} and
GF (q) = {α0, α1, . . . , αq−1}. Under this assumption, DFTJ

is unique.
Definition 3: Given a vector γ = (γ0, γ1, . . . , γn−1) ∈

GF (q)n, the IDFT of γ over J , denoted by IDFTJ(γ),
computes the polynomial

f(x) =

n−1∑
i=0

γi

∏
j ̸=i(αi − αj)

−1
∏n−1

j=0 (x− αj)

x− αi
. (1)

□
It is straightforward to see that the IDFT over J is the

inverse map of the DFT over J by the Lagrange interpolation.
So IDFTJ is an isomorphism from GF (q)n to GF (q)n too.

We are now ready to define the generalized inverse discrete
Fourier transform.

Definition 4: Let J be a subset of GF (q) with n distinct
elements. Given a polynomial T (x) ∈ GF (q)[x], the general-
ized inverse discrete Fourier transform (GIDFT) with respect
to J and T (x) is a map from GF (q)n to GF (q)[x] defined
by

ΦJ,T (γ) =

n−1∑
i=0

γi
T (x)− T (αi)

x− αi
, (2)

where α0, α1, . . . , αn−1 are n distinct elements in J and γ =
(γ0, γ1, . . . , γn−1) ∈ GF (q)n.

Since (x − αi)|(T (x) − T (αi)), ΦJ,T (γ) is a polynomial
in GF (q)[x] of degree less than deg(T (x)) for any vector
γ ∈ GF (q)n. Furthermore, it is easy to verify that, for any
vectors γ1,γ2 ∈ GF (q)n and any scalar β ∈ GF (q),

ΦJ,T (γ1 + γ2) = ΦJ,T (γ1) + ΦJ,T (γ2)

and ΦJ,T (β · γ1) = β · ΦJ,T (γ1),

where · denotes the scalar multiplication. Hence, ΦJ,T is a
homomorphism from GF (q)n to GF (q)deg T (x) (As we dis-
cussed before, the set {f(x) | f(x) ∈ GF (q)[x],deg(f(x)) <
deg(T (x))} can be regarded as GF (q)deg(T (x))).

Compared with the IDFT, the GIDFT is a homomorphism
rather than an isomorphism. However, when deg(T (x)) is
equal to n, ΦJ,T becomes an isomorphism.

Theorem 1: If deg(T (x)) = n, then ΦJ,T is an isomor-
phism.

Proof: When deg(T (x)) = n, it is clear that the domain
and range of ΦJ,T have the same dimension. Hence, to prove
the claim, it suffices to prove that ΦJ,T (γ) = 0 if and only if
γ = 0, where 0 denotes the zero vector.

If we write T (x) =
∑n

j=0 Tjx
j , we have

T (x)− T (αi) =

n∑
j=0

Tj(x
j − αj

i )

=

n∑
j=1

Tj(x− αi)

j−1∑
l=0

xj−1−l(αi)
l.

This leads to

T (x)− T (αi)

x− αi
=

n∑
j=1

Tj

j−1∑
l=0

xj−1−lαl
i.

It follows that

ΦJ,T (γ) =

n−1∑
i=0

γi
T (x)− T (αi)

x− αi

=

n−1∑
i=0

γi

n∑
j=1

Tj

j−1∑
l=0

xj−1−lαl
i

=

n∑
j=1

Tj

j−1∑
l=0

xj−1−l
n−1∑
i=0

γiα
l
i

=

n∑
j=1

Tj

j−1∑
l=0

xj−1−lal, (3)

where al =
∑n−1

i=0 γiα
l
i.

Now suppose ΦJ,T (γ) = 0 for some γ. The coefficient of
xb in ΦJ,T (γ) is equal to

n∑
j=b+1

Tjaj−1−b.

So the coefficient of xn−1 in ΦJ,T (γ) is Tna0. Since Tn ̸= 0,
a0 = 0. Assume that a0, a1, . . . , ah−1 = 0. The coefficient of
xn−h−1 in ΦJ,T (γ) satisfies

n∑
j=n−h

Tjaj−n+h

= Tn−ha0 + Tn−h+1a1 + · · ·+ Tn−1ah−1 + Tnah

= 0,

which implies ah = 0. By induction on h, we have al = 0
for all l = 0, 1, . . . , n − 1. According to the definition of al,
the vector (a0, a1, . . . , an−1) is related to (γ0, γ1, . . . , γn−1)
via a Vandermonde matrix. Hence, we can conclude that
(γ0, γ1, . . . , γn−1) = 0.

Conversely, if (γ0, γ1, . . . , γn−1) = 0, it is straightforward
to see that ΦJ,T (γ) = 0. This completes the proof. □

Comparing the IDFT (1) with the GIDFT (2), if we take
T (x) =

∏n−1
i=0 (x−αi) and omit the scalars

∏
j ̸=i(αi−αj)

−1,
they have the same form. This partly explains the term
generalized. Furthermore, if we let T (x) =

∏
α∈GF (q)(x−α),

then ΦJ,T (γ) is equal to IDFTGF (q)((γ,0)), where (γ,0)
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denotes a concatenation of γ and a zero vector 0 of length
q − n.

Lemma 1: Let

T (x) =
∏

α∈GF (q)

(x− α).

Then ΦJ,T (γ) is equal to IDFTGF (q)((γ,0)). Furthermore, if
we write f(x) = ΦJ,T (γ), then

f(αi) = γi, for all αi ∈ J.

Proof: One can write the field GF (q) as

{α0, α1, . . . , αn−1, αn, . . . , αq−1},

where α0, α1, . . . , αn−1 ∈ J . For every γ ∈ GF (q)n, we
can construct a vector (γ,0) from γ by concatenating a zero
vector of length q − n. Since T (α) = 0 for all α ∈ GF (q)
and J ⊆ GF (q), we have

f(x) =

n−1∑
i=0

γi

∏
α∈GF (q)(x− α)

x− αi
.

As the multiplication of all nonzero elements in GF (q) is
equal to 1, ∏

α∈GF (q)
α ̸=αi

(αi − α) = 1.

It follows that

f(x) =

n−1∑
i=0

γi

∏
α∈GF (q)

α ̸=αi

(αi − α)−1
∏

α∈GF (q)(x− α)

x− αi

=

n−1∑
i=0

γi

∏
α∈GF (q)

α ̸=αi

(αi − α)−1
∏

α∈GF (q)(x− α)

x− αi

+

q−1∑
i=n

0

∏
α∈GF (q)

α̸=αi

(αi − α)−1
∏

α∈GF (q)(x− α)

x− αi

= IDFTGF (q)((γ,0)).

Finally, it is easy to check that f(αi) = γi for all αi ∈ J by
substituting αi into f(x). This completes the proof. □

We have shown that for a specific polynomial T (x) =∏
α∈GF (q)(x − α), the GIDFT can be related to the IDFT.

In the following, we shall prove that, for a general T (x),
the GIDFT can also be related to the IDFT. More precisely,
there exists an invertible linear transformation between the
coefficients of ΦJ,T (γ) and the high-degree coefficients of
IDFTGF (q)((γ,0)). Hereafter, the notation ΦJ,q will denote
the GIDFT with respect to J and

∏
α∈GF (q)(x−α). Further-

more, since there are q elements in GF (q), we shall assume
that T (x) has degree at most q.

Theorem 2: Let t = deg(T (x)) ≤ q, f(x) = ΦJ,T (γ) and
fq(x) = ΦJ,q(γ). Let

f(x) =

t−1∑
j=0

fjx
j , fq(x) =

q−1∑
j=0

f
′

jx
j .

Then there exists a t× t invertible matrix F such that

(f0, f1, . . . , ft−1) = (f
′

q−t, f
′

q−t+1, . . . , f
′

q−1)F.

In other words, the coefficients of ΦJ,T (γ) can be related to
the high-degree coefficients of ΦJ,q(γ) by an invertible linear
transformation, whose matrix with respect to the standard basis
is equal to F .

Proof: We write the elements of GF (q) in a fixed order as

{α0, α1, . . . , αq−1}.

Let ρ(x) =
∏t−1

i=0(x− αi). This gives∏
α∈GF (q)

(x− α) = ρ(x)θ(x),

where θ(x) =
∏q−1

i=t (x− αi). It follows that∏
α∈GF (q)(x− α)

x− αi
=

ρ(x)θ(x)

x− αi
. (4)

Given the polynomial

ρ(x)− ρ(αi)

x− αi
,

by polynomial addition, there is η(x) such that∏
α∈GF (q)(x− α)

x− αi
=

ρ(x)− ρ(αi)

x− αi
θ(x) + η(x). (5)

Subtracting (4) from (5) yields

(x− αi)η(x)− ρ(αi)θ(x)

x− αi
= 0.

If ρ(αi) = 0, η(x) = 0. If ρ(αi) ̸= 0, one must have
deg(η(x)) < deg(θ(x)). So in either case, ρ(x)−ρ(αi)

x−αi
is the

quotient of
∏

α∈GF (q)(x−α)

x−αi
divided by θ(x). By multiplying

the scalars γi and summing over i, one can conclude that the
GIDFT with respect to J and ρ(x), say ΦJ,ρ(γ), is the quotient
of fq(x) divided by θ(x).

Let fρ(x) = ΦJ,ρ(γ). If we write

fρ(x) =

t−1∑
j=0

f∗
j x

j ,

since θ(x) is monic and the polynomial division is linear, there
must exist a t× t lower triangular matrix F

′
such that

(f∗
0 , f

∗
1 , . . . , f

∗
t−1) = (f

′

q−t, f
′

q−t+1, . . . , f
′

q−1)F
′
.

More precisely, if we write

θ(x) = xq−t + θq−t−1x
q−t−1 + · · ·+ θ1x+ θ0,

then F
′

can be written as (6). All elements on the main
diagonal of F

′
are equal to one. Clearly, F

′
is invertible.

It remains to show that there is an invertible linear transfor-
mation which maps (f∗

0 , f
∗
1 , . . . , f

∗
t−1) to (f0, f1, . . . , ft−1).

By analogy with (3), we can write

f(x) =

t∑
j=1

Tj

j−1∑
l=0

xj−1−lal, fρ(x) =

t∑
j=1

ρj

j−1∑
l=0

xj−1−lal,

where al =
∑n−1

i=0 γiα
l
i. The coefficients of xb in f(x) and

fρ(x) are
t∑

j=b+1

Tjaj−1−b and
t∑

j=b+1

ρjaj−1−b,
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F
′
=



1
−θq−t−1 1

θ2q−t−1 − θq−t−2 −θq−t−1 1
...

. . .
...

1

−θq−t−1 1
∗ · · · θ2q−t−1 − θq−t−2 −θq−t−1 1


. (6)

respectively. If f(x) = 0, one can obtain that al = 0
for l = 0, 1, . . . , t − 1 by a similar method in Theorem
1. This leads to fρ(x) = 0. Conversely, fρ(x) = 0 also
implies f(x) = 0. Hence, both ΦJ,T and ΦJ,ρ are linear
transformations from GF (q)n to GF (q)t, and they have the
same kernel, say ker (ΦJ,ρ). In addition, al = 0 for all
l = 0, 1, . . . , t− 1 implies that

n−1∑
i=0

γiα
l
i = 0, l = 0, 1, . . . , t− 1,

which tells us that γT belongs to the nullspace of an t × n
Vandermonde matrix

α0
0 α0

1 . . . α0
n−1

α1
0 α1

1 . . . α1
n−1

...
...

...
...

αt−1
0 αt−1

1 . . . αt−1
n−1

 .

If n ≥ t, the dimension of ker (ΦJ,ρ) is equal to n − t,
which means that both ΦJ,T ◦ξ and ΦJ,ρ ◦ξ are isomorphisms
from GF (q)n/(ker (ΦJ,ρ)) to GF (q)t, where ξ : GF (q)n →
GF (q)n/(ker (ΦJ,ρ)) is the canonical map and ◦ denotes
the composition of maps. Therefore, there must exist an
isomorphism ζ such that ΦJ,T ◦ ξ = ζ ◦ ΦJ,ρ ◦ ξ.

If n < t, ker (ΦJ,ρ) = {0}. Both ΦJ,T and ΦJ,ρ are injec-
tive. So there is an isomorphism ζ satisfying ΦJ,T = ζ ◦ΦJ,ρ.

So in either case, an invertible matrix F ∗ exists which
satisfies

(f0, f1, . . . , ft−1) = (f∗
0 , f

∗
1 , . . . , f

∗
t−1)F

∗.

The proof is then complete when we take F = F
′
F ∗. □

Theorem 2 tells us that there exists a linear transforma-
tion that connects the coefficients of ΦJ,T (γ) and the high-
degree coefficients of ΦJ,q(γ). Recall that we have shown
that ΦJ,q(γ) is equivalent to IDFTGF (q)((γ,0)) in Lemma
1. So for every T (x), the corresponding GIDFT is related to
IDFTGF (q). This also explains the term generalized.

We have discussed several properties of the GIDFT and
illustrated the connection between the GIDFT and the IDFT
for general J and T (x). In the following, we shall assume
that J has an algebraic structure, such as being a coset of
some subgroup. An important property will be derived, which
is essential to the derivation of the fast generalized inverse
discrete Fourier transform.

Lemma 2: If J is a coset of some subgroup of GF (q), say
K, and

T (x) =
∏
β∈K

(x− β),

then for γ ∈ GF (q)n, we have

ΦJ,T (γ) = IDFTJ(δ · γ),

where δ = (δ0, δ1, . . . , δn−1) ∈ GF (q)n and · represents
the component-wise multiplication. In particular, if K is an
additive subgroup, then the components δi are equal for all
possible indices i.

Proof: By definition, we have

ΦJ,T (γ) =

n−1∑
i=0

γi
T (x)− T (αi)

x− αi

and

IDFTJ(γ) =

n−1∑
i=0

γi

∏
j ̸=i(αi − αj)

−1
∏n−1

j=0 (x− αj)

x− αi
.

We first show that T (αi) is a constant for all αi ∈ J . If K is
additive, there exists υ ∈ GF (q) such that αi = υ+βi for all
indices i. Then

T (αi) =

n−1∏
j=0

(αi − βj)

=

n−1∏
j=0

(υ + βi − βj),

which is equal to the multiplication of all elements in J since
K is closed under addition. So T (αi) is a constant. If K is
multiplicative, T (x) = xn − 1. There is υ ∈ GF (q) such that
αi = υβi for all indices i. Then

T (αi) = (υβi)
n − 1 = υn − 1.

So in either case, T (αi) is a constant for all αi ∈ J .
As T (αi) is a constant, the polynomial T (x) − T (αi)

has α0, α1, . . . , αn−1 as its roots. Hence, T (x) − T (αi) and∏n−1
j=0 (x−αj) have the same set of roots. Since they have the

same degree and are both monic, we can conclude that

T (x)− T (αi) =

n−1∏
j=0

(x− αj).

Let δi =
∏

j ̸=i(αi − αj). It is obvious that

ΦJ,T (γ) = IDFTJ(δ · γ).
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If K is an additive subgroup, for every αi ∈ J , we have
αi = υ+ βi for some υ ∈ GF (q) and βi ∈ K. It follows that∏

j ̸=i

(αi − αj) =
∏
j ̸=i

(υ + βi − υ − βj)

=
∏
j ̸=i

(βi − βj),

which is equal to the multiplication of all nonzero elements
in K. Hence, we have δi = δj for all possible i, j. The proof
is complete. □

Corollary 1: If J is a coset of some subgroup of GF (q),
say K, and

T (x) =
∏
β∈K

(x− β),

then we have
DFTJ(ΦJ,T (γ)) = δ · γ.

Proof: The assertion is true since the IDFTJ is the inverse
map of the DFTJ . □

We have studied the GIDFT and its properties. Since ΦJ,T

is a homomorphism from GF (q)n to GF (q)t, where n = |J |
and t = deg(T (x)), a straightforward computation of ΦJ,T (γ)
costs O(nt) field operations. In the next section, we shall
propose a fast method to compute ΦJ,T (γ), called the fast
generalized inverse discrete Fourier transform, whose com-
plexity is O(q log(t) + t2), based on the properties presented
in this section.

III. FAST GENERALIZED INVERSE DISCRETE FOURIER
TRANSFORM

This section proposes a fast algorithm for computing the
GIDFT over J and T (x), say ΦJ,T (γ). We shall refer to
this algorithm as the fast generalized inverse discrete Fourier
transform (FGIDFT). The FGIDFT has a computational com-
plexity of O(q log(t) + t2), where q is the cardinality of the
field and t = deg(T (x)).

The FGIDFT is built on fast algorithms of the DFT and
IDFT over GF (q), which are usually called the fast Fourier
transform (FFT) and inverse fast Fourier transform (IFFT). So
a constraint of the FGIDFT is that GF (q) should contain a
subgroup of order 2µ such that 2µ ≥ t (Fortunately, this is the
only constraint of the FGIDFT).

If q = 2m for some positive integer m ≥ µ, this constraint
is obviously satisfied and the underlying subgroup is additive,
which is the most commonly encountered case in practice. In
such a case, an additive FFT, also called the Lin–Chung–Han
fast Fourier transform (LCH-FFT), computes the DFT over the
underlying additive subgroup or its coset in log-linear time. Its
inverse map, called the Lin–Chung–Han inverse fast Fourier
transform (LCH-IFFT), also runs in log-linear time. If q is
not a power of 2, the constraint will be satisfied if and only if
2µ | (q− 1), where the underlying subgroup is multiplicative.
In this setting, the FFT and IFFT algorithms that compute the
DFT and IDFT over the multiplicative subgroup or its coset
also exist, operating in log-linear time. These algorithms are
usually referred to as the multiplicative FFT and multiplicative
IFFT.

It should be mentioned that the LCH-FFT and LCH-
IFFT are built on a specific basis for GF (q)[x]/(xq − x),
called the Lin–Chung–Han basis (LCH-basis), say X =
{X0(x), X1(x), . . . , Xq−1(x)} (We shall discuss the LCH-
basis in the next section). Likewise, the multiplicative FFT and
IFFT are built on the standard basis of GF (q)[x]/(xq−x), that
is, {x0, x1, . . . , xq−1}. In subsequent content of this section,
reference to an additive subgroup indicates that the LCH-
basis is chosen, while reference to a multiplicative subgroup
indicates that the standard basis is chosen. This ensures that
the FFT and IFFT are available.

Lemma 3: Assume that GF (q) contains a subgroup of order
2µ such that 2µ ≥ t. Let ν be the smallest integer such
that 2ν ≥ t. Then GF (q) contains a subgroup of order 2ν .
Furthermore, we have 2ν = O(t).

Proof: By assumption, ν ≤ µ. Denote the subgroup of
order 2µ in GF (q) by K. If K is multiplicative, then K is
a cyclic group since any multiplicative subgroup of GF (q) is
cyclic. Since 2ν divides 2µ, the group K contains an element
of order 2ν . This element generates a cyclic subgroup of K of
order 2ν . If K is additive, we have q = 2m for some m. Since
GF (2m) is a vector space over GF (2), K can be viewed as
a subspace over GF (2) whose dimension is µ. Evidently, one
can choose ν elements from a basis of K, and these elements
span a vector space over GF (2). This new vector space is a
subgroup of GF (2m) and its order equals 2ν . In either case,
GF (q) contains a subgroup of order 2ν .

Since ν is the smallest integer satisfying 2ν ≥ t, one must
have 2ν−1 < t. So we can conclude that

t ≤ 2ν < 2t,

which implies that 2ν = O(t). □
By Lemma 3, we can assume that, without loss of generality,

µ is the smallest integer such that 2µ ≥ t. Let K denote the
subgroup of order 2µ contained in GF (q). We assume that K
is in a fixed order, that is,

K = {β0, β1, . . . , β2µ−1},

which satisfies that the subset {β0, β1, . . . , β2τ−1} is a sub-
group of K for all 0 ≤ τ ≤ µ, and that for all indices
0 ≤ j < 2τ and 0 ≤ l < 2µ−τ , βj+l·2τ is equal to υl + βj

or υl · βj for some scalar υl, depending on K is additive or
multiplicative. Evidently, such an order always exists.

For any τ in the range 0 ≤ τ ≤ µ and 0 ≤ l < 2µ−τ , let
the notation M(l,τ) denote the subset of K

M(l,τ) = {βl·2τ , βl·2τ+1, . . . , βl·2τ+2τ−1}.

Clearly, M(0,τ) is a subgroup of K.
Proposition 1: Given τ in the range 0 ≤ τ ≤ µ, for every

0 ≤ l < 2µ−τ , the set M(l,τ) is a coset of the subgroup M(0,τ).
Proof: The claim is obviously true given the assumption

about K. □
Let

κ(x) =

2µ−1∏
j=0

(x− βj) and ρ(x) =

t−1∏
j=0

(x− βj).
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The procedure of computing ΦJ,T (γ) can be described by

γ → ΦJ,κ(γ) → ΦJ,ρ(γ) → ΦJ,T (γ).

In the following sections, we will discuss these steps in turn.

A. Computation of ΦJ,κ(γ)

Recall that we have assumed that J = {α0, α1, . . . , αn−1}
and that GF (q) = {α0, α1, . . . , αq−1}. Then for every γ ∈
GF (q)n,

ΦJ,κ(γ) =

n−1∑
i=0

γi
κ(x)− κ(αi)

x− αi

=

n−1∑
i=0

γi
κ(x)− κ(αi)

x− αi
+

q−1∑
i=n

0
κ(x)− κ(αi)

x− αi

=

q−1∑
i=0

γi
κ(x)− κ(αi)

x− αi
,

where γi = 0 for every i ≥ n. This gives

ΦJ,κ(γ) = ΦGF (q),κ((γ,0)),

where 0 is a zero vector of length q − n. Let the notation γ̄
denote the vector (γ,0).

Given a vector γ̄ ∈ GF (q)q and a subset of GF (q), say
W = {υ0, υ1, . . . , υ|W |−1}, γ̄W denotes the vector

γ̄W = (γ̄j0 , γ̄j1 , . . . , γ̄j|W |−1
)

in which jl = i if and only if υl = αi. Recall that we have
assumed that GF (q) = {α0, α1, . . . , αq−1}.

The field GF (q) can be partitioned into cosets of K. More
precisely,

GF (q) =

{⋃
W W, if K is additive

(
⋃

W W )
⋃
{0}, if K is multiplicative,

where W are cosets of K. This gives

ΦGF (q),κ(γ̄) =
∑
W

ΦW,κ(γ̄W ) + IK · Φ{0},κ(γ̄{0}), (7)

where IK = 0 if K is additive and IK = 1 otherwise.
According to Lemma 2, each component ΦW,κ(γ̄W ) can be
computed by

IDFTW (δ · γ̄W ),

where the vector δ can be precomputed. By our assumption,
there exists an IFFT algorithm to compute the IDFT over
every coset W of K within O(2µ log(2µ)) operations. So
the complexity of computing ΦW,κ(γ̄W ) is O(2µ log(2µ)).
Since there are ⌊ q

2µ ⌋ cosets of K and the complexity of a
single summation is O(2µ), hence computing the summation∑

W ΦW,κ(γ̄W ) has a complexity of

O(⌊ q

2µ
⌋ · 2µ log(2µ) + (⌊ q

2µ
⌋ − 1) · 2µ) = O(q log(2µ)).

Finally, as there is only one element in the set {0}, computing
the component Φ{0},κ(γ̄{0}) is straightforward within O(1)
operations. Hence, we can conclude that the computation of
ΦJ,κ(γ) has complexity O(q log(2µ)).

B. Computation of ΦJ,ρ(γ)

We now turn to the computation of ΦJ,ρ(γ) from ΦJ,κ(γ).
Lemma 4: For every γ ∈ GF (q)n, ΦJ,ρ(γ) is the quotient

of ΦJ,κ(γ) divided by
∏2µ−1

j=t (x− βj).
Proof: Since κ(x) = ρ(x)

∏2µ−1
j=t (x− βj), for every αi ∈

J , using a similar method in Theorem 2, one can prove that
ρ(x)−ρ(αi)

x−αi
is the quotient of κ(x)−κ(αi)

x−αi
divided by

∏2µ−1
j=t (x−

βj). Then by multiplying the scalars and summing over i, one
can obtain the claim. □

Lemma 4 tells us that

ΦJ,κ(γ) = ΦJ,ρ(γ)

2µ−1∏
j=t

(x− βj) + η(x),

where deg(η(x)) < 2µ − t. Let fκ(x) = ΦJ,κ(γ) and let
fρ(x) = ΦJ,ρ(γ). This gives

fκ(x) = fρ(x)

2µ−1∏
j=t

(x− βj) + η(x). (8)

So η(βj) = fκ(βj) for j = t, t + 1, . . . , 2µ − 1. Since
deg(η(x)) < 2µ − t, these evaluations determine the η(x)
uniquely. Once η(x) is known, we further have

fρ(βj) = (fκ(βj)− η(βj))(

2µ−1∏
l=t

(βj − βl))
−1,

for j = 0, 1, . . . , t− 1. Likewise, since deg(fρ(x)) < t, these
evaluations determine the fρ(x) uniquely too. So computing
the η(x) and fρ(x) can be regarded as doing the IDFT over
{βt, βt+1, . . . , β2µ−1} and over {β0, β1, . . . , βt−1}, respec-
tively. However, unless t = 2µ, the orders of these two sets are
not powers of two, which means that we cannot make use of
the FFT and IFFT straightforwardly. Instead, we reformulate
the computations of η(x) and fρ(x) as the GIDFT problems,
which are subject to a degree constraint and then solve them.

Computing the η(x) and fρ(x) can be reformulated as
Problem 1 and Problem 2, respectively.

Problem 1: Given a set M(l,τ) and a vector
(f(βl·2τ ), f(βl·2τ+1), . . . , f(βl·2τ+2τ−1)) in which

f(βl·2τ+ϵ), f(βl·2τ+ϵ+1), . . . , f(βl·2τ+2τ−1)

are known, computing the IDFT over M(l,τ) under the con-
straint that deg(f(x)) < 2τ − ϵ.

Problem 2: Given a set M(l,τ) and a vector
(f(βl·2τ ), f(βl·2τ+1), . . . , f(βl·2τ+2τ−1)) in which

f(βl·2τ ), f(βl·2τ+1), . . . , f(βl·2τ+ϵ−1)

are known, computing the IDFT over M(l,τ) under the con-
straint that deg(f(x)) < ϵ.

Note that these two problems always have unique solutions
since they correspond to two systems of linear equations
whose matrices are Vandermonde matrices. According to
Lemma 2, under a component-wise vector multiplication, the
IDFT over M(l,τ) can be regarded as the GIDFT over M(l,τ)

and κτ (x) =
∏2τ−1

j=0 (x− βj). Thus, Problem 1 and 2 can be
regarded as Problem 3 and 4, respectively:
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Problem 3: Given a set M(l,τ) and a vector γ̂ =
(γ̂0, γ̂1, . . . , γ̂2τ−1) in which

γ̂ϵ, γ̂ϵ+1, . . . , γ̂2τ−1

are known, computing ΦM(l,τ),κτ
(γ̂) under the constraint that

deg(ΦM(l,τ),κτ (γ̂)) < 2τ − ϵ.
Problem 4: Given a set M(l,τ) and a vector γ̂ =

(γ̂0, γ̂1, . . . , γ̂2τ−1) in which

γ̂0, γ̂1, . . . , γ̂ϵ−1

are known, computing ΦM(l,τ),κτ (γ̂) under the constraint that
deg(ΦM(l,τ),κτ

(γ̂)) < ϵ.
Algorithm 1 and 2 provide solutions for Problem 3 and 4,

respectively. Before proving the correctness of them, we need
the following lemmas.

Algorithm 1 Algorithm for Solving Problem 3
Input: A set M(l,τ), and a vector γ̂ = (γ̂0, γ̂1, . . . , γ̂2τ−1) in

which γ̂ϵ, γ̂ϵ+1, . . . , γ̂2τ−1 are known.
Output: ΦM(l,τ),κτ

(γ̂) such that deg(ΦM(l,τ),κτ
(γ̂)) < 2τ−ϵ.

1: if τ = 0 then
2: if ϵ = 0 then
3: ΦM(l,τ),κτ (γ̂) = γ̂0.
4: else
5: ΦM(l,τ),κτ

(γ̂) = 0.
6: end if
7: else
8: Let σ0 = (γ̂0, γ̂1, . . . , γ̂2τ−1−1) and let σ1 =

(γ̂2τ−1 , γ̂2τ−1+1, . . . , γ̂2τ−1).
9: if ϵ ≥ 2τ−1 then

10: Call Algorithm 1 with M(2l+1,τ−1) and σ1 in
which γ̂ϵ, γ̂ϵ+1, . . . , γ̂2τ−1 are known, and obtain
ΦM(2l+1,τ−1),κτ−1

(σ1).
11: Let ΦM(l,τ),κτ (γ̂) = (ϱ(2l+1,τ−1) −

ϱ(2l,τ−1))ΦM(2l+1,τ−1),κτ−1(σ1).
12: else
13: Compute θ(x) = ΦM(2l+1,τ−1),κτ−1

(σ1).
14: Compute σ2 such that θ(x) = ΦM(2l,τ−1),κτ−1

(σ2).
15: Let ς = σ0 + σ2.
16: Call Algorithm 1 with M(2l,τ−1) and ς in

which ςϵ, ςϵ+1, . . . , ς2τ−1−1 are known, and obtain
ΦM(2l,τ−1),κτ−1

(ς).
17: Let ΦM(l,τ),κτ

(γ̂) = ΦM(2l,τ−1),κτ−1
(ς)κτ−1(x) −

ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1
(ς) + (ϱ(2l+1,τ−1) −

ϱ(2l,τ−1))θ(x).
18: end if
19: end if
20: return ΦM(l,τ),κτ

(γ̂).

Lemma 5: For 0 ≤ τ ≤ µ and 0 ≤ l < 2µ−τ , the evaluations
κτ (βl·2τ+j) are equal to each other for all 0 ≤ j < 2τ .

Proof: For all 0 ≤ j < 2τ , βl·2τ+j ∈ M(l,τ). If
K is additive, by Proposition 1, there is a scalar υl such

Algorithm 2 Algorithm for Solving Problem 4
Input: A set M(l,τ), and a vector γ̂ = (γ̂0, γ̂1, . . . , γ̂2τ−1) in

which γ̂0, γ̂1, . . . , γ̂ϵ−1 are known.
Output: ΦM(l,τ),κτ (γ̂) such that deg(ΦM(l,τ),κτ (γ̂)) < ϵ.

1: if τ = 0 then
2: if ϵ = 0 then
3: ΦM(l,τ),κτ

(γ̂) = 0.
4: else
5: ΦM(l,τ),κτ (γ̂) = γ̂0.
6: end if
7: else
8: Let σ0 = (γ̂0, γ̂1, . . . , γ̂2τ−1−1) and σ1 =

(γ̂2τ−1 , γ̂2τ−1+1, . . . , γ̂2τ−1).
9: if ϵ ≤ 2τ−1 then

10: Call Algorithm 2 with M(2l,τ−1) and σ0 in
which γ̂0, γ̂1, . . . , γ̂ϵ−1 are known, and obtain
ΦM(2l,τ−1),κτ−1

(σ0).
11: Let ΦM(l,τ),κτ

(γ̂) = (−ϱ(2l+1,τ−1) +
ϱ(2l,τ−1))ΦM(2l,τ−1),κτ−1

(σ0).
12: else
13: Compute θ(x) = ΦM(2l,τ−1),κτ−1(σ0).
14: Compute σ2 such that θ(x) =

ΦM(2l+1,τ−1),κτ−1
(σ2).

15: Let ς = σ1 + σ2.
16: Call Algorithm 2 with M(2l+1,τ−1) and ς in

which ς0, ς1, . . . , ςϵ−2τ−1−1 are known, and obtain
ΦM(2l+1,τ−1),κτ−1(ς).

17: Let ΦM(l,τ),κτ (γ̂) = ΦM(2l+1,τ−1),κτ−1(ς)κτ−1(x)−
ϱ(2l,τ−1)ΦM(2l+1,τ−1),κτ−1

(ς) + (ϱ(2l,τ−1) −
ϱ(2l+1,τ−1))θ(x).

18: end if
19: end if
20: return ΦM(l,τ),κτ (γ̂).

that βl·2τ+j = βj + υl and βl·2τ+u = βu + υl. Since
κτ (x) =

∏2τ−1
h=0 (x− βh),

κτ (βl·2τ+j) =

2τ−1∏
h=0

(βl·2τ+j − βh)

=

2τ−1∏
h=0

(υl + βj − βh)

=

2τ−1∏
h′=0

(υl + βu − βh′)

= κτ (βl·2τ+u),

where the third equality follows from the fact that the subgroup
{β0, β1, . . . , β2τ−1} is closed under addition. This proves the
claim when K is additive.

If K is multiplicative, κτ (x) = x2τ−1 since every subgroup
M(0,τ) is cyclic. By Proposition 1, there is a scalar υl such
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that βl·2τ+j = βj · υl and βl·2τ+u = βu · υl. It follows that

κτ (βl·2τ+j) = (βj · υl)2
τ

− 1

= β2τ

j · υ2τ

l − 1

= β2τ

u · υ2τ

l − 1

= κτ (βl·2τ+u),

where the third equality holds since β2τ

j = β2τ

u = 1. The proof
is then complete. □

Lemma 5 tells us that the evaluations of κτ (x) at the
elements of M(l,τ) are equal to each other. For simplicity,
we denote this value by ϱ(l,τ), that is,

ϱ(l,τ) = κτ (βl·2τ ).

Lemma 6: For 0 < τ ≤ µ and 0 ≤ l < 2µ−τ ,

κτ (x)−ϱ(l,τ) = (κτ−1(x)−ϱ(2l,τ−1))(κτ−1(x)−ϱ(2l+1,τ−1)).
(9)

Proof: According to Lemma 5, we have

κτ (βl·2τ+j)− ϱ(l,τ) = 0

for all indices 0 ≤ j < 2τ . On the other hand, if 0 ≤ j < 2τ−1,

κτ−1(βl·2τ+j)− ϱ(2l,τ−1) = κτ−1(β2l·2τ−1+j)− ϱ(2l,τ−1)

= 0

by Lemma 5. Likewise, if 2τ−1 ≤ j < 2τ ,

κτ−1(βl·2τ+j)− ϱ(2l+1,τ−1)

= κτ−1(β(2l+1)·2τ−1+(j−2τ−1))− ϱ(2l,τ−1)

= 0.

So the monic polynomials on both sides of (9) have the
same evaluations at 2τ elements of Ml,τ . Moreover, since the
degrees of these two polynomials are both equal to 2τ , we can
conclude that they are the same. This proves the claim. □

Theorem 3: Algorithm 1 is correct and its complexity is
O(2τ log(2τ )).

Proof: We prove the assertion by induction on l and τ .
Assume that τ = 0. The vector γ̂ = (γ̂0). If ϵ = 0, κ0(x) =

x− β0. It follows that

ΦM(l,0),κ0
(γ̂) = γ̂0

x− β0 − βl + β0

x− βl

= γ̂0.

If ϵ > 0, 2τ −ϵ ≤ 0. The only solution is the zero polynomial.
In either case, Algorithm 1 is correct.

Now suppose that Algorithm 1 is correct for 0, 1, . . . , τ −
1 and every possible l. Let σ0 = (γ̂0, γ̂1, . . . , γ̂2τ−1−1) and
σ1 = (γ̂2τ−1 , γ̂2τ−1+1, . . . , γ̂2τ−1). We have

ΦM(l,τ),κτ
(γ̂)

=

2τ−1∑
j=0

γ̂j
κτ (x)− κτ (βl·2τ+j)

x− βl·2τ+j

=

2τ−1∑
j=0

γ̂j
κτ (x)− ϱ(l,τ)

x− βl·2τ+j
(by Lemma 5)

=

2τ−1∑
j=0

γ̂j
(κτ−1(x)− ϱ(2l,τ−1))(κτ−1(x)− ϱ(2l+1,τ−1))

x− βl·2τ+j

(by Lemma 6)

=

2τ−1−1∑
j=0

γ̂j
κτ−1(x)− ϱ(2l,τ−1)

x− βl·2τ+j
(κτ−1(x)− ϱ(2l+1,τ−1))

+

2τ−1−1∑
j=0

γ̂j+2τ−1

κτ−1(x)− ϱ(2l+1,τ−1)

x− βl·2τ+2τ−1+j

· (κτ−1(x)− ϱ(2l,τ−1))

= ΦM(2l,τ−1),κτ−1(σ0)(κτ−1(x)− ϱ(2l+1,τ−1))

+ ΦM(2l+1,τ−1),κτ−1(σ1)(κτ−1(x)− ϱ(2l,τ−1))

= (ΦM(2l,τ−1),κτ−1(σ0) + ΦM(2l+1,τ−1),κτ−1(σ1))κτ−1(x)

− ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1(σ0)

− ϱ(2l,τ−1)ΦM(2l+1,τ−1),κτ−1(σ1) (10)

According to the definitions, the degrees of
ΦM(2l,τ−1),κτ−1

(σ0) and ΦM(2l+1,τ−1),κτ−1
(σ1) are less

than 2τ−1, and deg(κτ−1(x)) = 2τ−1. So the high-degree
coefficients of ΦM(l,τ),κτ

(γ̂) are totally determined by

(ΦM(2l,τ−1),κτ−1
(σ0) + ΦM(2l+1,τ−1),κτ−1

(σ1))κτ−1(x).

If ϵ ≥ 2τ−1, deg(ΦM(l,τ),κτ
(γ̂)) < 2τ −ϵ ≤ 2τ−1. We must

have

ΦM(2l,τ−1),κτ−1
(σ0) + ΦM(2l+1,τ−1),κτ−1

(σ1) = 0.

It follows that

ΦM(l,τ),κτ (γ̂)

= (ϱ(2l+1,τ−1) − ϱ(2l,τ−1))ΦM(2l+1,τ−1),κτ−1(σ1).

Since ϵ ≥ 2τ−1, γ̂ϵ, γ̂ϵ+1, . . . , γ̂2τ−1 are known in σ1. By
induction, calling Algorithm 1 with M(2l+1,τ−1) and σ1 gives
ΦM(2l+1,τ−1),κτ−1

(σ1) whose degree is less than 2τ − ϵ. This
implies that deg(ΦM(l,τ),κτ

(γ̂)) < 2τ − ϵ, which satisfies the
degree constraint. This proves the case when ϵ ≥ 2τ−1.

If ϵ < 2τ−1, the vector σ1 is known. Let θ(x) =
ΦM(2l+1,τ−1),κτ−1

(σ1). By Theorem 1, ΦM(2l,τ−1),κτ−1
is an

isomorphism. So there exists σ2 such that

θ(x) = ΦM(2l,τ−1),κτ−1
(σ2).
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Then by (10), we have

ΦM(l,τ),κτ (γ̂)

= (ΦM(2l,τ−1),κτ−1(σ0) + ΦM(2l+1,τ−1),κτ−1(σ1))κτ−1(x)

− ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1(σ0)

− ϱ(2l,τ−1)ΦM(2l+1,τ−1),κτ−1(σ1)

= (ΦM(2l,τ−1),κτ−1(σ0) + θ(x))κτ−1(x)

− ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1(σ0)− ϱ(2l,τ−1)θ(x)

= (ΦM(2l,τ−1),κτ−1(σ0) + ΦM(2l,τ−1),κτ−1(σ2))κτ−1(x)

− ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1(σ0)− ϱ(2l,τ−1)θ(x)

= (ΦM(2l,τ−1),κτ−1(σ0 + σ2))κτ−1(x)

− ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1(σ0)− ϱ(2l,τ−1)θ(x).

Let ς = σ0+σ2. Since the components γ̂ϵ, γ̂ϵ+1, . . . , γ̂2τ−1−1

of σ0 are known and the vector σ2 is known, the com-
ponents ςϵ, ςϵ+1, . . . , ς2τ−1−1 of ς are known. Then by in-
duction, calling Algorithm 1 with M(2l,τ−1) and ς returns
ΦM(2l,τ−1),κτ−1

(ς) whose degree is less than 2τ−1−ϵ. Because

ΦM(2l,τ−1),κτ−1(ς) = ΦM(2l,τ−1),κτ−1(σ0 + σ2),

it follows that

ΦM(2l,τ−1),κτ−1
(σ0)

= ΦM(2l,τ−1),κτ−1
(ς)− ΦM(2l,τ−1),κτ−1

(σ1)

= ΦM(2l,τ−1),κτ−1
(ς)− θ(x).

Hence, we can obtain that

ΦM(l,τ),κτ (γ̂)

= ΦM(2l,τ−1),κτ−1(ς)κτ−1(x)

− ϱ(2l+1,τ−1)ΦM(2l,τ−1),κτ−1(ς)

+ (ϱ(2l+1,τ−1) − ϱ(2l,τ−1))θ(x).

Obviously, since deg(ΦM(2l,τ−1),κτ−1(ς)) < 2τ−1 − ϵ,
deg(ΦM(l,τ),κτ

(γ̂)) < 2τ − ϵ. This proves that Algorithm 1
is correct for the case ϵ < 2τ−1.

It remains to analyze the computational complexity. Clearly,
if τ = 0, the complexity is O(1). Suppose that τ > 0.
The complexity of Step 11 in Algorithm 1 is O(2τ ) since
it is a scalar multiplication. The complexity of Step 13 is
O(2τ log(2τ )) since it can be done by executing a scalar
multiplication and an IFFT, according to Lemma 2. Likewise,
Step 14 has complexity O(2τ log(2τ )) by Corollary 1. Step 15
is a vector addition whose complexity is O(2τ ). Steps 10 and
16 are recursively calls of themselves with input scale τ − 1.
Now the only thing left is to determine the complexity of Step
17. Recall that

κτ−1(x) =

2τ−1−1∏
j=0

(x− βj),

whose zeros are exactly the elements in the subgroup
M(0,τ−1). If M(0,τ−1) is additive, then the LCH-basis

{X0(x), X1(x), . . . , Xq−1(x)}

is chosen. Let
ΦM(2l,τ−1),κτ−1

(ς)

= h2τ−1−1X2τ−1−1(x) + h2τ−1−2X2τ−1−2(x)

+ · · ·+ h0X0(x).

Since κτ−1(x) = X2τ−1(x) and Xj(x) · X2τ−1(x) =
X2τ−1+j(x) if j < 2τ−1 (These properties can be seen in
[11]), we have

ΦM(2l,τ−1),κτ−1
(ς)κτ−1(x)

= h2τ−1−1X2τ−1(x) + h2τ−1−2X2τ−2(x)

+ · · ·+ h0X2τ−1(x).

If M(0,τ−1) is multiplicative, then the standard basis
{x0, x1, . . . , xq−1} is chosen. We have κτ−1(x) = x2τ−1 − 1
since M(0,τ−1) is cyclic. Let

ΦM(2l,τ−1),κτ−1
(ς)

= h2τ−1−1x
2τ−1−1 + h2τ−1−2x

2τ−1−2 + · · ·+ h0.

It follows that
ΦM(2l,τ−1),κτ−1(ς)κτ−1(x)

= h2τ−1−1x
2τ−1 + h2τ−1−2x

2τ−2 + · · ·+ h0x
2τ−1

− h2τ−1−1x
2τ−1−1 − h2τ−1−2x

2τ−1−2 − · · · − h0.

In either case, given the coordinate vector of the polynomial
ΦM(2l,τ−1),κτ−1(ς) with respect to the corresponding basis, the
coordinate vector of

ΦM(2l,τ−1),κτ−1
(ς)κτ−1(x),

which is the first term on the right side in Step 17, can be
obtained by at most 1 vector addition (When analyzing compu-
tational complexity, we treat field subtraction as field addition
since they have the same complexity in implementation). In
addition, the second and third terms on the right side of Step
17 are scalar multiplications. Finally, two vector additions are
needed to combine these three terms. Hence, the complexity
of Step 17 is O(2τ ).

Hence, if ϵ ≥ 2τ−1, the operations needed by Algorithm 1
are

P (τ) = P (τ − 1) +O(2τ ).

If ϵ < 2τ−1,

P (τ) = O(2τ log(2τ )) + P (τ − 1) +O(2τ ).

In both cases,

P (τ) = P (τ − 1) +O(2τ log(2τ )).

Hence, the complexity of Algorithm 1 is O(2τ log(2τ )). This
completes the proof. □

Theorem 4: Algorithm 2 is correct and its complexity is
O(2τ log(2τ )).

Proof: The proof is similar to that of Theorem 3. We omit
it here. □

With the help of Algorithms 1 and 2, we can obtain η(x)
first and then compute fρ(x) = ΦJ,ρ(γ).

Remarks: In the above disucssion, we transform Problems
1 and 2 to Problems 3 and 4, and then solve them by the
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GIDFT. Since Problems 1 and 2 can be viewed as the IDFT
with inputs

(f(βl·2τ+ϵ), f(βl·2τ+ϵ+1), . . . , f(βl·2τ+2τ−1))

and

(f(βl·2τ ), f(βl·2τ+1), . . . , f(βl·2τ+ϵ−1)),

respectively, another method for solving them can also be
derived. We briefly discuss this strategy for Problem 1 and
compare it with Algorithms 1 (The discussion is analogous
for Problem 2).

Let

M0 = {βl·2τ+ϵ, βl·2τ+ϵ+1, . . . , βl·2τ+2τ−1},
M1 = {βl·2τ , βl·2τ+1, . . . , βl·2τ+ϵ−1}.

It follows that M0 ∩M1 = ∅ and M0 ∪M1 = M(l,τ). Define
the polynomial zM1(x) with respect to M1 by

zM1(x) =

ϵ−1∏
j=0

(x− βl·2τ+j).

Assume that another coset M(l′ ,τ) exists which is different
from M(l,τ). Then Algorithm 3 presents a method which
also solves Problem 1. Note that if the cosets M(l,τ), M(l′ ,τ)

and the parameter ϵ are fixed, then the polynomial zM1(x),
as well as the evaluations zM1(βl·2τ+j) and the inverse
zM1

(βl′ ·2τ+j)
−1, can be computed in advance.

Algorithm 3 Algorithm for Solving Problem 1 with the Aid
of zM1(x)

Input: M0, evaluations f(βl·2τ+j), zM1(βl·2τ+j), j = ϵ, ϵ +
1, . . . , 2τ − 1 and zM1

(βl′ ·2τ+j)
−1, j = 0, 1, . . . , 2τ − 1.

Output: f(x) =
IDFTM0

((f(βl·2τ+ϵ), f(βl·2τ+ϵ+1), . . . , f(βl·2τ+2τ−1))).
1: Construct the vector γ̂ in which γ̂j = 0 if 0 ≤ j < ϵ and

γ̂j = f(βl·2τ+j) · zM1(βl·2τ+j) if ϵ ≤ j < 2τ .
2: Compute θ(x) = IDFTM(l,τ)

(γ̂).
3: Evaluate θ(x) at the coset M(l′ ,τ).
4: Compute the vector σ in which σj = θ(βl′ ·2τ+j) ·

zM1
(βl′ ·2τ+j)

−1 for j = 0, 1, . . . , 2τ − 1.
5: Compute f(x) = IDFTM

(l
′
,τ)
(σ).

6: return f(x).

The computational complexity of Algorithm 3 is
O(2τ log(2τ )), which has the same order with that of
Algorithms 1. However, Algorithm 1 costs fewer field
operations compared with Algorithm 3 since it exploits
the relationship between the GIDFT over coset and over
sub-coset. As shown in (10), the high-degree part of the
GIDFT over the coset M(l,τ) is determined by the GIDFT
over two sub-cosets M(2l,τ−1) and M(2l+1,τ−1). So once we
have obtained ΦM(2l+1,τ−1),κτ−1

(σ1), the original problem
can be reduced to a sub-problem, as we shown in the proof
of Theorem 3. Therefore, a complexity reduction can be
achieved compared with Algorithm 3. The following example
further supports this conclusion.

Example 1: The prime field GF (41) contains a multiplica-
tive subgroup of order 8 since 8 | (41 − 1), which can be
written as

K = {β0, β1, . . . , β7} = {1, 40, 32, 9, 27, 14, 3, 38}.

Thus, 8-point FFT and IFFT are available in GF (41). Given
the evaluations f(β2), f(β3), . . . , f(β7), one can compute
f(x) by either Algorithm 1 or 3. In this setting, simulation
results show that Algorithm 1 requires 33 field additions
and 50 field multiplications, while Algorithm 3 needs 72
field additions and 107 field multiplications (As we discussed
before, we regard field subtraction and field addition as the
same operation). □

C. Computation of ΦJ,T (γ)

Finally, we compute ΦJ,T (γ) from ΦJ,ρ(γ). Theorem 2
tells us that both ΦJ,T (γ) and ΦJ,ρ(γ) are related to the
high-degree coefficients of ΦJ,q(γ). Since deg(T (x)) =
deg(ρ(x)) = t, we can conclude that there exists a t × t
invertible matrix which connects the coefficients of ΦJ,T (γ)
and ΦJ,ρ(γ). Note that if T (x) is fixed, this matrix can be
precomputed. Hence, one can obtain ΦJ,T (γ) from ΦJ,ρ(γ)
through a linear transformation whose complexity is at most
O(t2).

A complete description of computing ΦJ,T (γ) is shown in
Algorithm 4.

Algorithm 4 Fast Generalized Inverse Discrete Fourier Trans-
form (FGIDFT)
Input: J ⊆ GF (q) with cardinality n, γ =

(γ0, γ1, . . . , γn−1) ∈ GF (q)n and T (x) ∈ GF (q)[x] of
degree t.

Output: ΦJ,T (γ).
1: Let γ̄ = (γ,0).
2: Compute fκ(x) = ΦGF (q),κ(γ̄) by (7).
3: Evaluate fκ(x) at the set K by FFT.
4: Given the evaluations η(βj) = fκ(βj) for j = t, t +

1, . . . , 2µ − 1, transform Problem 1 to Problem 3 by a
component-wise multiplication, and then solve Problem 3
to obtain η(x).

5: Compute the evaluations fρ(βj) by (8) for j =
0, 1, . . . , t− 1.

6: Given the evaluations fρ(βj) for j = 0, 1, . . . , t − 1,
transform Problem 2 to Problem 4 by a component-wise
multiplication, and then solve Problem 4 to obtain fρ(x).

7: Apply a linear transformation to fρ(x) to get ΦJ,T (γ).
8: return ΦJ,T (γ).

Theorem 5: Algorithm 4 computes ΦJ,T (γ) and its com-
plexity is at most O(q log(t) + t2).

Proof: The correctness of Algorithm 4 can be verified from
the preceding discussion in this section. We have shown that
the complexity of Step 2 is O(q log(2µ)), and the complexity
of both Step 4 and Step 6 are O(2µ log(2µ)). Moreover, it is
easy to see that Steps 3 and 5 have complexity O(2µ log(2µ)).
Finally, the complexity of Step 1 is O(1), and the complexity
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of Step 7 is at most O(t2). Hence, the complexity of Algorithm
4 is at most

O(q log(2µ)) +O(2µ log(2µ)) +O(2µ) +O(1) +O(t2)

= O(q log(2µ) + t2).

Recall that we have assumed that µ is the smallest integer
such that 2µ ≥ t. Then by Lemma 3, 2µ = O(t). Hence, the
total complexity of Algorithm 4 is O(q log(t) + t2). □

We now provide an example to illustrate the FGIDFT.
Example 2: Let the underlying field be GF (41). 8-point

FFT and IFFT are available in this field. We can write

GF (41) = {1, 40, 32, 9, 27, 14, 3, 38, 2, 39, 23, 18, 13, 28,
6, 35, 4, 37, 5, 36, 26, 15, 12, 29, 7, 34, 19, 22,

25, 16, 21, 20, 8, 33, 10, 31, 11, 30, 24, 17, 0}.

The multiplicative subgroup of order 8 is

K = {β0, β1, . . . , β7} = {1, 40, 32, 9, 27, 14, 3, 38}.

Let

J = {1, 40, 32, 9, 27, 14, 3, 38, 2, 39, 23, 18, 13, 28,
6, 35, 4, 37, 5, 36, 26, 15, 12, 29, 7, 34, 19, 22,

25, 16, 21, 20, 8, 33, 10, 31, 11, 30, 24, 17}

and let
T (x) = x6.

We compute the GIDFT over J and T (x) by the FGIDFT.
Given the vector

γ = (12, 12, 35, 38, 34, 11, 38, 4, 35, 11, 24, 7, 26,

39, 18, 11, 18, 38, 13, 1, 18, 21, 5, 36, 4, 36,

22, 11, 11, 38, 40, 38, 26, 33, 14, 4, 17, 27, 0, 36),

we first compute fκ(x) = ΦGF (q),κ(γ̄) by (7), where γ̄ =
(γ, 0), and we get

fκ(x) = x7 + 39x6 + 13x5 + 14x4 + 7x3 + 6x2 + 34x+ 40.

Next, we evaluate fκ(x) at K by the FFT and yield

(f(β0), f(β1), . . . , f(β7)) = (31, 3, 27, 32, 6, 25, 36, 37).

By (8), we have

η(β6) = 36, η(β7) = 37.

Calling Algorithm 1 with inputs M(0,3) = K and γ̂ =
(γ̂0, γ̂1, . . . , γ̂7) in which γ̂6 = 36, γ̂7 = 37 are known, we
then obtain

η(x) = 34x+ 16.

Evaluating η(x) at K by the FFT and computing the evalua-
tions fρ(β0), fρ(β1), . . . , fρ(β5) by (8), one has

(fρ(β0), fρ(β1), . . . , fρ(β5)) = (28, 23, 38, 29, 6, 10).

We call Algorithm 2 with inputs M(0,3) = K and γ̂ =
(γ̂0, γ̂1, . . . , γ̂7) in which γ̂0 = 28, γ̂1 = 23, . . . , γ̂5 = 10
are known, and obtain

fρ(x) = x5 + 39x4 + 22x3 + 37x2 + 11.

Finally, the matrix that connects the coefficients of fρ(x) and
ΦJ,T (γ) is 

1 0 0 0 0 0
0 1 0 0 0 0
32 0 1 0 0 0
0 32 0 1 0 0
0 0 32 0 1 0
0 0 0 32 0 1

 .

Multiplying the coordinate vector (11, 0, 37, 22, 39, 1) of
fρ(x) on the right by the above matrix, we can obtain the
coordinate vector of ΦJ,T (γ), which is (6, 7, 14, 13, 39, 1).
This yields

ΦJ,T (γ) = x6 + 39x5 + 13x4 + 14x3 + 7x+ 6.

□

IV. ADDITIVE FAST GENERALIZED INVERSE DISCRETE
FOURIER TRANSFORM

This section focuses on the additive FGIDFT over GF (2m),
since binary extension fields GF (2m) are commonly used in
practice. In Section VI, the additive FGIDFT shall be used
to decode binary Goppa codes. We first briefly review the
concepts of the LCH-basis, LCH-FFT, and LCH-IFFT. Then
we derive the additive FGIDFT.

A. LCH-Basis, LCH-FFT and LCH-IFFT

Let {v0, v1, . . . , vm−1} be a basis of GF (2m) over GF (2).
The elements of GF (2m) can be represented by

ωj = j0v0 + j1v1 + · · ·+ jm−1vm−1, 0 ≤ j < 2m, (11)

where (j0, j1, . . . , jm−1) denotes the binary representation of
the integer j. For any integer 0 ≤ τ ≤ m, there is a
corresponding subspace of GF (2m), denoted by Vτ , which
is spanned by the set {v0, v1, . . . , vτ−1} (V0 is defined as the
zero space). For each subspace Vτ , the corresponding subspace
polynomial sτ (x) is defined by

sτ (x) =

2τ−1∏
j=0

(x− ωj), 0 ≤ τ ≤ m.

Clearly, the subspace polynomial sτ (x) is monic and it satis-
fies that

sτ (ωj) = 0

for all ωj ∈ Vτ . The subspace polynomial sτ (x) is a linearized
polynomial, which implies that

sτ (ωj + ωl) = sτ (ωj) + sτ (ωl)

for all ωj , ωl ∈ GF (2m). More detailed discussions can be
found in [12].

For any 0 ≤ j < 2m, construct a polynomial

Xj(x) = s0(x)
j0s1(x)

j1 · · · sm−1(x)
jm−1 .

So Xj(x) is monic and deg(Xj(x)) = j. It follows that the set
X = {X0(x), X1(x), . . . , X2m−1(x)} forms a basis of vector
space GF (2m)[x]/(x2m − x) over GF (2m). Let

X̄j(x) = Xj(x)/pj , 0 ≤ j < 2m,
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where pj = s0(v0)
j0s1(v1)

j1 · · · sm−1(vm−1)
jm−1 . It is easy

to check that the set X̄ = {X̄0(x), X̄1(x), . . . , X̄2m−1(x)}
is also a basis of GF (2m)[x]/(x2m − x) over GF (2m).
As both X and X̄ are bases, any polynomial f(x) ∈
GF (2m)[x]/(x2m − x) can be represented with respect to
X or X̄. The sets X and X̄ are called the Lin–Chung–Han
basis (LCH-basis). Throughout the paper, we shall use them
interchangeably.

For a polynomial f(x) ∈ GF (2m)[x]/(x2m − x) of
degree less than 2τ , given its coordinate vector f̄ =
(f̄0, f̄1, . . . , f̄2τ−1) with respect to X̄ and a scalar ε ∈
GF (2m), the Lin–Chung–Han fast Fourier transform (LCH-
FFT) computes the vector

F = (f(ω0 + ε), f(ω1 + ε), . . . , f(ω2τ−1 + ε))

within O(2τ log(2τ )) field operations, which is denoted by

F = FFTX̄(f̄ , τ, ε).

Its inverse transform, called the Lin–Chung–Han inverse fast
Fourier transform (LCH-IFFT), is written as

f̄ = IFFTX̄(F, τ, ε),

whose complexity is also O(2τ log(2τ )). For completeness,
detailed descriptions of FFTX̄ and IFFTX̄ are shown in
Algorithms 5 and 6, respectively. For more discussions, please
refer to [4].

Algorithm 5 FFTX̄ [13]

Input: f̄ = (f̄0, f̄1, . . . , f̄2τ−1), τ , ε.
Output: (f(ω0 + ε), f(ω1 + ε), . . . , f(ω2τ−1 + ε)).

1: if τ = 0 then
2: return f̄0
3: end if
4: for l = 0, 1, . . . , 2τ−1 − 1 do
5: a

(0)
l = f̄l +

sτ−1(ε)

sτ−1(vτ−1)
f̄l+2τ−1

6: a
(1)
l = a

(0)
l + f̄l+2τ−1

7: end for
8: a(0) = (a

(0)
0 , . . . , a

(0)
2τ−1−1),a

(1) = (a
(1)
0 , . . . , a

(1)
2τ−1−1)

9: Calculate A0 = FFTX̄(a
(0), τ − 1, ε), A1 =

FFTX̄(a
(1), τ − 1, vτ−1 + ε)

10: return (A0,A1)

B. Additive Fast Generalized Inverse Discrete Fourier Trans-
form

Recall that our goal is computing ΦJ,T (γ), where J is a
subset of GF (2m) with cardinality n, T (x) ∈ GF (2m)[x] and
γ ∈ GF (2m)n. Let t = deg(T (x)) and let µ be the smallest
integer such that 2µ ≥ t.

Lemma 7: The subspace

Vµ = {ω0, ω1, . . . , ω2µ−1}

is the desired subgroup K that defined in Section III. Further-
more, for 0 ≤ τ ≤ µ, the subspace polynomial sτ (x) = κτ (x).

Proof: Obviously, Vµ is an additive subgroup of GF (2m)
whose order is equal to 2µ. Furthermore, one can verify that

Algorithm 6 IFFTX̄ [13]
Input: F = (f(ω0 + ε), f(ω1 + ε), . . . , f(ω2τ−1 + ε)), τ, ε
Output: f̄ such that F = FFTX̄(f̄ , τ, ε)

1: if τ = 0 then
2: return f(ω0 + ε)
3: end if
4: A0 = (f(ω0+ε), . . . , f(ω2τ−1−1+ε)),A1 = (f(ω2τ−1 +

ε)), . . . , f(ω2τ−1 + ε))
5: a(0) = IFFTX̄(A0, τ − 1, ε) , a(1) = IFFTX̄(A1, τ −

1, vτ−1 + ε)
6: for l = 0, 1, . . . , 2τ−1 − 1 do
7: f̄l+2τ−1 = a

(0)
l + a

(1)
l

8: f̄l = a
(0)
l +

sτ−1(ε)

sτ−1(vτ−1)
f̄l+2τ−1

9: end for
10: return f̄

Vτ = {ω0, ω1, . . . , ω2τ−1} is a subgroup of Vµ and that for
all indices 0 ≤ j < 2τ and 0 ≤ l < 2µ−τ ,

ωj+l·2τ = ωl·2τ + ωj .

Hence, Vµ is exactly the desired subgroup K. Finally, the
assertion that sτ (x) = κτ (x) can be easily verified. □

As discussed in Section III, the procedure of computing
ΦJ,T (γ) can be described by

γ → ΦJ,sµ(γ) → ΦJ,ρ(γ) → ΦJ,T (γ),

where ρ(x) =
∏t−1

j=0(x− ωj).
According to (7), the polynomial ΦJ,sµ(γ) can be obtained

by
ΦJ,sµ(γ) =

∑
W

ΦW,sµ(γ̄W ),

where W is the coset of Vµ and γ̄W is the sub-vector of
γ̄ = (γ,0) that corresponds to W . By the definition of ωj ,
we have

ωj+l·2µ = ωl·2µ + ωj ,

for all 0 ≤ j < 2µ and 0 ≤ l < 2m−µ, this means that

Vµ + ωl·2µ

is a coset of Vµ for every 0 ≤ l < 2m−µ. It follows that

ΦJ,sµ(γ) =
∑
l

ΦVµ+ωl·2µ ,sµ(γ̄Vµ+ωl·2µ ).

Each of the components in this summation can be computed
by the corollary below.

Corollary 2: The coordinate vector ΦVµ+ε,sµ(γ̄Vµ+ε) with
respect to X̄ is given by

IFFTX̄(δ · γ̄Vµ+ε, µ, ε),

where the scalar δ =
∏2µ−1

j=1 ωj .
Proof: The assertion follows from Lemma 2. □
Hence, the computation of ΦJ,sµ(γ) can be written as∑

l

IFFTX̄(δ · γ̄Vµ+ωl·2µ , µ, ωl·2µ). (12)

We now turn to the computation of ΦJ,ρ(γ) from ΦJ,sµ(γ).
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Corollary 3: ΦJ,ρ(γ) is the quotient of ΦJ,sµ(γ) divided
by

∏2µ−1
j=t (x− ωj).

Proof: The claim is true according to Lemma 4. □
Let fρ(x) = ΦJ,ρ(γ) and fsµ(x) = ΦJ,sµ(γ). We use

division with remainder to write

fsµ(x) = fρ(x)

2µ−1∏
j=t

(x− ωj) + η(x),

where deg(η(x)) < 2µ − t. It follows that

η(ωj) = fsµ(ωj)

for j = t, t+1, . . . , 2µ − 1. Since deg(η(x)) < 2µ − t, then it
can be determined uniquely based on these evaluations. Once
η(x) is obtained, one can compute the evaluations of fρ(x) at
points ω0, ω1, . . . , ωt−1 by

fρ(ωl) =

2µ−1∏
j=t

(ωl − ωj)

−1

(fsµ(ωl)− η(ωl)), (13)

l = 0, 1, . . . , t − 1. Because deg(fρ(x)) < t, then fρ(x) can
also be determined by these evaluations uniquely.

Recall that we have shown that the problems of computing
η(x) and fρ(x) can be regards as computing the GIDFT
under a degree constraint. More precisely, computing η(x) is
equivalent to finding

ΦVµ,sµ(x)(γ̂)

under the constraint deg(ΦVµ,sµ(x)(γ̂)) < 2µ − ϵ, where

γ̂ = (γ̂0, γ̂1, . . . , γ̂2µ−1) (14)

in which γ̂j = δ−1·η(ωj) for j = t, t+1, . . . , 2µ−1. Likewise,
fρ(x) is equal to

ΦVµ,sµ(x)(γ̃)

under the constraint deg(ΦVµ,sµ(x)(γ̃)) < t, where

γ̃ = (γ̃0, γ̃1, . . . , γ̃2µ−1) (15)

in which γ̃j = δ−1 · fρ(ωj) for j = 0, 1, . . . , t− 1. Therefore,
the problems of computing η(x) and fρ(x) can be solved by
Algorithms 1 and 2 straightforwardly.

Finally, ΦJ,T (γ) can be obtained from ΦJ,ρ(γ) = fρ(x) by
a linear transformation.

A detailed description of the additive FGIDFT is shown in
Algorithm 7.

Corollary 4: Algorithm 7 computes ΦJ,T (γ) and its com-
plexity is O(2m log(t) + t2).

Proof: This corollary follows from Theorem 5. □

V. DECODING GENERALIZED REED–SOLOMON CODES

In this section, we apply the FGIDFT to decode GRS codes.
The main contribution of this section is as follows.

Theorem 6: For an (n, k) GRS code over GF (q), let µ be
the smallest integer such that 2µ ≥ n− k. If GF (q) contains
a subgroup of order 2µ and n is proportional to q, then there
exists a decoding algorithm whose complexity is O(n log(n−
k) + (n− k) log2(n− k)).

Algorithm 7 Additive Fast Generalized Inverse Discrete
Fourier Transform
Input: A subset J with cardinality n, a vector γ =

(γ0, γ1, . . . , γn−1) and a polynomial T (x) of degree t.
Output: ΦJ,T (γ).

1: Let γ̄ = (γ,0).
2: Compute fsµ(x) = ΦJ,sµ(γ) by (12).
3: Evaluate fsµ(x) at the set Vµ by FFTX̄.
4: Given η(ωj) = fsµ(ωj) for j = t, t + 1, . . . , 2µ − 1, call

Algorithm 3 with input γ̂ (14) and ϵ = t to obtain η(x).
5: Compute fρ(ωj) for j = 0, 1, . . . , t− 1 by (13).
6: Given fρ(ωj) for j = 0, 1, . . . , t − 1, call Algorithm 4

with input γ̃ (15) and ϵ = t to obtain fρ(x).
7: Apply a linear transformation to fρ(x) to get ΦJ,T (γ).
8: return ΦJ,T (γ).

Before proving this theorem, we first introduce some back-
ground. In subsequent content of this section, we assume that
GF (q) contains a subgroup K of order 2µ and that 2µ ≥ n−k.
As before, this implies that the FFT and IFFT are available.

A. Generalized Reed–Solomon Codes

Let n and k be integers satisfying 0 < k ≤ n ≤ q. Let
L = (α0, α1, . . . , αn−1) be n distinct elements in GF (q)
and let w = (w0, w1, . . . , wn−1) whose elements are all
nonzero in GF (q). The generalized Reed–Solomon (GRS)
code GRSk(L,w) consists of all vectors

(w0f(α0), w1f(α1), . . . , wn−1f(αn−1)), (16)

where f(x) ∈ GF (q)[x] satisfying deg(f(x)) < k.
GRSk(L,w) code is an (n, k, d) code over GF (q), where
d = n− k + 1 is the minimum distance.

The dual code of GRSk(L,w) is also a GRS code. The
parity check matrix of GRSk(L,w) can be written as

H =


1 1 . . . 1
α0 α1 . . . αn−1

...
... . . .

...
αn−k−1
0 αn−k−1

1 . . . αn−k−1
n−1

 ·


u0

u1

. . .
un−1

 . (17)

where u = (u0, u1, . . . , un−1) ∈ GF (q)n is a vector whose
components are all nonzero. It can be shown that

ui = w−1
i

 ∏
0≤j≤n−1,j ̸=i

(αi − αj)

−1

.

B. Decoding Based on the FGIDFT

For a codeword of GRSk(L,w), say c =
(c0, c1, . . . , cn−1), the received vector can be written



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021 15

as

y = (y0, y1, . . . , yn−1)

= (c0, c1, . . . , cn−1) + (e0, e1, . . . , en−1)

= c+ e,

where e = (e0, e1, . . . , en−1) is the error pattern in which
ei ̸= 0 implies an error occurs at position i. The error location
set E is defined as

E = {i|ei ̸= 0, i = 0, 1, . . . , n− 1}.

Given a polynomial T (x) ∈ GF (q)[x] of degree n− k, the
generalized syndrome with respect to the received vector y is
defined by

S(x) =

n−1∑
i=0

yiui
T (x)− T (αi)

x− αi
. (18)

The concept of generalized syndromes was initially pro-
posed in [14] for illustrating the relationship between various
key equations of RS codes. We generalize this concept to GRS
codes here.

Remark: Comparing (18) with (2), one can see that they
have the same form. However, the GIDFT is defined in a more
general manner, and its properties are also investigated in this
paper. In particular, the FGIDFT, which is a fast algorithm for
computing the GIDFT, is proposed in this paper.

Lemma 8 ( [14]): The syndrome S(x) satisfies that

S(x) =
∑
i∈E

eiui
T (x)− T (αi)

x− αi
.

Proof: The proof can be found in [14]. However, we present
it in Appendix A for self-containment. □

Define the error locator polynomial by

λ(x) =
∏
i∈E

(x− αi).

Lemma 9: The generalized syndrome S(x) and the error
locator polynomial λ(x) are related by the key equation

S(x)λ(x) = θ(x)T (x) + z(x), (19)

where

θ(x) =
∑
i∈E

eiui

∏
j∈E
j ̸=i

(x− αj),

z(x) = −
∑
i∈E

eiuiT (αi)
∏
j∈E
j ̸=i

(x− αj).

Proof: The proof can also be found in [14]. Likewise, we
provide it in Appendix B for self-containment. □

The decoding procedure can be divided into four phases:
1) Computing the generalized syndrome S(x); 2) Solving the
key equation (19) to find λ(x) and θ(x); 3) Finding the roots
of λ(x) to determine the error locations; 4) Computing the
corresponding error values. We shall describe these phases in
turn.

1) Computing the Generalized Syndrome: It is straightfor-
ward to see that computing the generalized syndrome (18) is
equivalent to computing the GIDFT over L and T (x), where
γ = (y0u0, y1u1, . . . , yn−1un−1). Thus, we can make use of
the FGIDFT in Section III to obtain the generalized syndrome.
Since any T (x) of degree n − k can be used to define the
generalized syndrome, we fix

T (x) =

n−k−1∏
j=0

(x− βj),

where βj ∈ K. In other words, T (x) is equal to ρ(x) that
appeared in Section III. There are two reasons for making
such a choice. On one hand, Step 7 in Algorithm 4 is no
longer needed since the linear transformation is the identity
map when T (x) = ρ(x). On the other hand, a fast key
equation solver exists when using this T (x). Clearly, with the
aid of the FGIDFT, computing the generalized syndrome costs
O(q log(n− k)) operations.

2) Solving the Key Equation: When T (x) =
∏n−k−1

j=0 (x−
βj), the key equation (19) is an interpolation problem. The
Euclidean algorithm [7], the modular approach [15], and the
Welch–Berlekamp algorithm [16] are capable of solving it.
Furthermore, assuming the FFT and IFFT are available, the
fast modular approach proposed in [5] solves this interpolation
problem within O((n−k) log2(n−k)) operations. It should be
noted that, although the fast modular approach in [5] requires
that n− k is a power of 2. This constraint could be removed
straightforwardly.

3) Finding the Error Locations: The error locations can be
determined by finding the roots of the error locator polyno-
mial λ(x). Straightforwardly, one can evaluate λ(x) at each
coset of K (and on {0} when K is multiplicative). Since
deg(λ(x)) < 2µ, the complexity of evaluating λ(x) at each
coset is O(2µ log(2µ)). Hence, the complexity of finding the
error locations is O(q log(2µ)).

4) Computing the Error Values: For an error location i ∈
E, the corresponding error value is computed by

ei =
θ(αi)

uiλ′(αi)
,

where λ
′
(x) denotes the formal derivative of λ(x). Since there

are two polynomial evaluations plus one multiplication and
one inverse, the complexity of computing the error values is
approximately two times of that of finding the error locations.
This implies that the complexity is O(q log(2µ)).

We are now ready to prove Theorem 6.
Proof of Theorem 6: Since GF (q) contains a subgroup K

of order 2µ, the FFT and IFFT are available. So, according
to the above discussion, the total complexity for decoding an
(n, k) GRS code is

O(q log(n− k)) +O((n− k) log2(n− k))

+O(q log(2µ)) +O(q log(2µ))

= O(q log(n− k)) + (n− k) log2(n− k)).

Since we assume that n is proportional to q, we can conclude
that there exists a decoding algorithm for an (n, k) GRS code,
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whose complexity is O(n log(n− k)) + (n− k) log2(n− k)).
□

Example 3: Consider a (40, 34) RS code defined over
GF (41). Let the sets J,K and the vector γ be the same as in
Example 2. If γ is the received vector, according to the above
discussion, fρ(x) is exactly the syndrome corresponding to γ,
i.e.,

S(x) = fρ(x) = x5 + 39x4 + 22x3 + 37x2 + 11.

The key equation is

S(x)λ(x) = θ(x)

5∏
j=0

(x− βj) + z(x),

which can be solved by the fast modular approach and we
obtain

λ(x) = 8x3 + 3x2 + 33x+ 38, θ(x) = 8x2 + 28x+ 8.

The roots of λ(x) are 1, 40 and 15, which are the error locators.
Since 1, 40 and 15 are the first, second and twenty-second
elements of J , the error locations are 1, 2 and 22. The error
values are obtained by substituting 1, 40 and 15 into

θ(x)

λ′(x)
=

8x2 + 28x+ 8

24x2 + 6x+ 33
,

which are 2, 7 and 33. Hence, the decoding result of γ is

(10, 5, 35, 38, 34, 11, 38, 4, 35, 11, 24, 7, 26,

39, 18, 11, 18, 38, 13, 1, 18, 29, 5, 36, 4, 36,

22, 11, 11, 38, 40, 38, 26, 33, 14, 4, 17, 27, 0, 36).

□

C. Compared with Previous Works

Based on the FGIDFT, we have proposed a decoding
algorithm for GRS codes whose computational complexity is
O(n log(n−k))+(n−k) log2(n−k)). In [4] and [5], decoding
algorithms for RS codes defined over GF (2m) were proposed
which also achieve O(n log(n − k)) + (n − k) log2(n − k))
complexity. Compared with them, a key difference is that the
proposed algorithm no longer requires the field characteristic
to be 2. Indeed, when decoding RS codes over GF (2m), the
syndromes that appeared in [4] and [5], though defined in a
different way, are essentially the GIDFT over GF (2m) and
T (x) =

∏n−k−1
j=0 (x − βj), where βj ∈ K. This implies that

their methods can be seen as special cases of the proposed
decoding framework. Furthermore, the derivation of the key
equation here is more transparent than those in [4] and [5],
as every component of the key equation can be displayed
explicitly, as shown in Lemma 9.

VI. DECODING BINARY GOPPA CODES

This section is devoted to decoding for Goppa codes.
Goppa codes are of great significance because they achieve
the Gilbert–Varshamov bound and serve as the basis for the
McEliece cryptosystem, an important post-quantum cryptogra-
phy scheme. This section mainly focuses on separable binary
Goppa codes, which are the most commonly encountered in

practice (Note that the techniques discussed here can also be
applied to non-separable Goppa codes). In this section, we
propose a fast decoding algorithm for separable binary Goppa
codes that utilizes the additive FGIDFT presented in Section
IV. We also provide complexity comparisons between the new
algorithm and others in the literature for decoding practical
Goppa codes.

A. Decoding Algorithm for Separable Binary Goppa Codes
Let n be an integer satisfying 0 < n ≤ 2m and let L =

{α0, α1, . . . , αn−1} be n distinct elements in field GF (2m).
Choose a polynomial G(x) ∈ GF (2m)[x] such that G(αi) ̸= 0
for all αi ∈ L, where G(x) is called the Goppa polynomial.
For any vector a = (a0, a1, . . . , an) over GF (2), we associate
a rational function

Ra(x) =

n−1∑
i=0

ai
x− αi

.

The Goppa code Γ(L,G) consists of all vectors a ∈ GF (2)n

such that
Ra(x) ≡ 0 (mod G(x)).

Let r = deg(G(x)). The code Γ(L,G) is capable of correcting
⌊r/2⌋ errors. Its parity check matrix can be written as:

H =


1 1 . . . 1
α0 α1 . . . αn−1

...
... . . .

...
αr−1
0 αr−1

1 . . . αr−1
n−1

 ·


G(α0)

−1

G(α1)
−1

. . .
G(αn−1)

−1

 . (20)

If G(x) has no multiple zeros, we say that Γ(L,G) is
separable, and if G(x) is irreducible, we say that Γ(L,G)
is irreducible. Hence, an irreducible Goppa code is separable.
A separable Goppa code Γ(L,G) is equivalent to Γ(L, Ḡ),
where Ḡ(x) = G(x)2. Note that, by definition, we call
G(x) the Goppa polynomial of this separable Goppa code
even though Ḡ(x) generates the same code as G(x). Since
deg(Ḡ(x)) = 2r, a separable Goppa code Γ(L,G) is capable
of correcting r errors. In order to have enough syndromes to
decode up to r errors, we decode Γ(L, Ḡ) instead of Γ(L,G)
for separable Goppa codes.

For a codeword a = (a0, a1, . . . , an−1) ∈ Γ(L, Ḡ), the
received vector can be written as

y = (y0, y1, . . . , yn−1)

= (a0, a1, . . . , an−1) + (e0, e1, . . . , en−1)

= a+ e,

where e = (e0, e1, . . . , en−1) is the error pattern in which
ei ̸= 0 implies an error occurs at position i. The error location
set E is defined as E = {i|ei ̸= 0, i = 0, 1, . . . , n−1}. Given
the received vector y, the original syndrome for Γ(L,G) (see
[17] or [8] for details) is defined by

Ry(x) mod G(x) =

n−1∑
i=0

yiG(αi)
−1G(x)−G(αi)

x− αi
.
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This is equivalent to the GIDFT of
(y0G(α0)

−1, y1G(α1)
−1, . . . , yn−1G(αn−1)

−1) with respect
to L and G(x). However, in order to derive a fast decoding
algorithm, we choose another specific T (x) to define the
syndrome for Γ(L, Ḡ), as we will show below.

Let

T (x) =

2r−1∏
j=0

(x− ωj).

The corresponding syndrome of y is defined by

S(x) =

n−1∑
i=0

yiḠ(αi)
−1T (x)− T (αi)

x− αi
. (21)

Define the error locator polynomial

λ(x) =
∏
i∈E

(x− αi)

according to the error location set E. The key equation of
Γ(L, Ḡ) is then given by

S(x)λ(x) = θ(x)T (x) + z(x), (22)

where

θ(x) =
∑
i∈E

eiḠ(αi)
−1

∏
j∈E
j ̸=i

(x− αj),

z(x) =
∑
i∈E

eiḠ(αi)
−1T (αi)

∏
j∈E
j ̸=i

(x− αj).

Now, the procedure of decoding Goppa codes can be
summarized as follows:

1) Compute the syndrome S(x);
2) Solve the key equation (22) to obtain λ(x);
3) Find the roots of λ(x) to determine the error locations.

Note that for binary Goppa codes, the error values do not need
to be computed.

Clearly, the generalized syndrome (21) is equivalent to
compute

ΦL,T (γ),

where γ = (y0Ḡ(α0)
−1, y1Ḡ(α1)

−1, . . . , yn−1Ḡ(αn−1)
−1).

Hence, Algorithm 7 can be used to compute it efficiently.
The key equation (22)

S(x)λ(x) = θ(x)

2r−1∏
j=0

(x− ωj) + z(x) (23)

is an interpolation problem. The fast modular approach (see [5]
for details) is capable of efficiently solving this key equation.

Once the error locator polynomial λ(x) has been found, we
can compute the roots of λ(x) by

FFTX̄(λ̄, µ, ωl·2µ), 0 ≤ l < 2m−µ, (24)

where λ̄ represents the coordinate vector of λ(x) with respect
to X̄ and µ is the smallest integer such that 2µ ≥ deg(Ḡ(x)).

A complete description of the fast decoding algorithm for
Goppa codes is presented in Algorithm 8. Its complexity is
O(n log(r) + r log2(r)) when n is proportional to 2m.

We now provide an example to illustrate the decoding
procedure of binary Goppa codes.

Algorithm 8 Fast Decoding Algorithm for Binary Separable
Goppa Codes
Input: Received vector y = c+ e.
Output: The codeword c.

1: Compute the vector γ in which γi = yiḠ(αi)
−1.

2: Compute the generalized syndrome polynomial ΦL,T (γ)
by Algorithm 7.

3: Solve the key equation (23) by the fast modular approach
to get λ(x).

4: Find the error locations by (24).
5: return y − e.

Example 4: Consider the field GF (24) = GF (2)[x]/(x4 +
x + 1) and an irreducible polynomial G(x) = x3 + x + 1
over it. The set {v0, v1, v2, v3}, where vi = xi, is a basis of
GF (24) over GF (2). Let the set L be

{ω0, ω1, . . . , ω15},

where ωj is defined by (11). Then Γ(L,G) is a (16, 4) Goppa
code whose generator matrix is

0 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
1 1 0 0 1 1 1 0 0 0 1 1 1 1 0 0
0 0 1 1 0 0 1 0 0 1 1 0 1 0 1 0
1 0 1 1 1 1 0 0 1 0 1 0 1 0 0 1

 .

Since G(x) is irreducible, we have Γ(L,G) = Γ(L, Ḡ), where
Ḡ(x) = G(x)2 = x6 + x2 + 1.

Suppose the all-zero codeword is transmitted and the re-
ceived vector y is

(0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0),

which implies that the errors occur at positions 1, 6 and 14.
We apply Algorithm 8 to decode the received vector y.

Since

Ḡ(ω1)
−1 = ω1, Ḡ(ω6)

−1 = ω6, Ḡ(ω14)
−1 = ω7,

it follows that

γ = (0, ω1, 0, 0, 0, 0, ω6, 0, 0, 0, 0, 0, 0, 0, ω7, 0).

Let T (x) =
∏5

j=0(x − ωj). The generalized syndrome poly-
nomial ΦL,T (γ) can be obtained using Algorithm 7, which
is

S(x) = ΦL,T (γ)

= ω10X̄4(x) + ω8X̄3(x) + ω12X̄2(x)

+ ω8X̄1(x) + ω14X̄0(x).

Note that we use the basis X̄ in this example. The key equation
is

S(x)λ(x) = θ(x)

5∏
j=0

(x− ωj) + z(x).

Solving this equation by the fast modular approach, we obtain

λ(x) = ω5X̄3(x) + ω14X̄2(x) + ω3X̄1(x) + ω3X̄0(x).

Next, the roots of λ(x) can be computed using (24); they
are ω1, ω6 and ω14. Finally, we flip the received vector y at
positions 1, 6 and 14 and obtain the all-zero codeword, which
is the transmitted codeword.
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B. Complexity Comparisons

Complexity comparisons between the proposed algorithm
and techniques in the literature are provided in Table I and
II, when decoding Goppa codes. The comparisons are made
by counting the field operations required to correct a received
vector, where the number of errors equals the error correction
capability. The code parameters are chosen from the post-
quantum cryptography scheme that has been submitted to
NIST; see [9] for more details. The code in Table I is defined
over GF (212) = GF (2)[x]/(x12+x3+1), which is of length
3488. The Goppa polynomial is y64+y3+y+x, and its error
correction capability is equal to 64. The code in Table II is
defined over GF (213) = GF (2)[x]/(x13 + x4 + x3 + x+ 1),
which is of length 8192. The Goppa polynomial is y128+y7+
y2 + y + 1 and its error correction capability is equal to 128.

For clarity, we describe the decoding procedures for Meth-
ods 1 and 2 that are listed in Tables I and II. Let H denote
the parity check matrix of Γ(L,G), which is shown in (20),
and let HG denote the parity check matrix of Γ(L, Ḡ) which
can be written as

HG =


1 1 . . . 1
α0 α1 . . . αn−1

...
... . . .

...
α2r−1
0 α2r−1

1 . . . α2r−1
n−1

 ·


G(α0)

−2

G(α1)
−2

. . .
G(αn−1)

−2

 .

Let γ denote the received vector.
Method 1 first computes the syndrome S(x) by γHT

G , where
HT

G denotes the transpose of HG. The syndrome S(x) and the
error locator polynomial λ(x) satisfies

S(x)λ(x) ≡ z(x) (mod x2r).

This key equation is solved by the extended Euclidean al-
gorithm, yielding λ(x). Finally, the roots of λ(x), whose
reciprocals are the error locators, are computed by the Chien
search. Recall that the computation of error values is not
needed since the code is binary. Method 1 can be found in
[8, Chapter 12].

Method 2, which is usually called the Patterson algorithm,
first computes the syndrome S(x) by γHT . The syndrome
S(x) and the error locator polynomial λ(x) satisfies the key
equation:

S(x)λ(x) ≡ λ
′
(x) (mod G(x)),

where λ
′
(x) is the formal derivative of λ(x). Since G(x)

is irreducible, one can find f(x) by the extended Euclidean
algorithm such that S(x)f(x) = 1 mod G(x). Next, we apply
a linear transformation on f(x) + x to obtain d(x) such that

d(x)2 = (f(x) + x) mod G(x).

Solving the equation

d(x)θ(x) ≡ z(x) (mod G(x))

by the extended Euclidean algorithm, then the error locator
polynomial is given by

λ(x) = xθ(x)2 + z(x)2.

Finally, the roots of λ(x), which are the error locators, are
computed by the Chien search. The Patterson algorithm is
given in Algorithm 4 of [6].

The comparisons in Table I and II show that the proposed
algorithm reduces the number of field operations by 76% and
88% compared to the two traditional methods, respectively.

VII. COMMENTS AND OPEN PROBLEMS

This section provides some comments, along with several
open problems. The FGIDFT requires that GF (q) contains a
subgroup whose order is a power of 2, which ensures that the
FFT and IFFT are available. Nevertheless, the FFT and IFFT
algorithms are available if the order of a subgroup is smooth,
i.e., the order is a product of small primes. For example, for
a subgroup whose order is O(3m), the FFT and IFFT for this
subgroup exist. If we let the degree of T (x) be equal to the
order of the subgroup, one can similarly derive the FGIDFT as
in Section III. However, if deg(T (x)) is not equal to the order,
it is not clear yet how to design fast algorithms for Problems
3 and 4. This will lead to a code parameter constraint when
applying the FGIDFT to decoding algorithms. Hence, how to
design the FGIDFT for more general cases is still open.

The FGIDFT is built on an additive FFT or a multi-
plicative FFT of GF (q). In [18], a new kind of FFT was
proposed, which is based on the automorphism groups of
rational function fields, called the Galois theory FFT (G-FFT).
A generalization of the FGIDFT, which utilizes the G-FFT,
remains an open problem.

In Section V, we presented decoding algorithms for GRS
codes. Indeed, the proposed algorithm works for any code
whose parity matrix has the form (17), no matter how the code
is defined. Naturally, the question is whether the encoding can
utilize the FGIDFT or not. The answer is yes for GRS codes if
we choose the parity positions carefully. Let γ be a codeword.
Then the corresponding syndrome

ΦJ,T (γ) = 0.

If we let the parity positions be β0, β1, . . . , βt−1, according to
the discussion in Section III, we have

ΦJ,κ(γ)

= ΦGF (q),κ(γ̄)

=
∑
W

ΦW,κ(γ̄W ) + IK · Φ{0},κ(γ̄{0})

= ΦK,κ(γ̄K) +
∑
W

W ̸=K

ΦW,κ(γ̄W ) + IK · Φ{0},κ(γ̄{0}).

In the last equality, the second and third terms can be
computed since γ̄W and γ̄{0} are known for W ̸= K.
Denote their summation by θ(x). Recall that ΦK,κ is an
isomorphism, which implies that there is a vector σ such that
θ(x) = ΦK,κ(σ). It follows that

ΦJ,κ(γ) = ΦK,κ(γ̄K) + θ(x)

= ΦK,κ(γ̄K + σ).
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TABLE I
COMPLEXITY COMPARISON WHEN DECODING GOPPA CODE OF LENGTH 3488 AND OF CORRECTION CAPABILITY 64.

Components Method 1 [8, Chapter 12] Method 2 [6, Algorithm 4] Proposed decoding
Mul. Add. Div. Mul. Add. Div. Mul. Add. Div.

Syndrome 0 446,464 0 0 223,232 0 18,528 33,792 128
Key equation 16,705 20,673 129 16,506 25,127 189 30,704 41,256 0
Chien search 226,720 226,720 3,488 226,720 226,720 0 14,336 28,736 0

Total 243,425 693,857 3,617 243,226 475,079 189 63,568 103,784 128

TABLE II
COMPLEXITY COMPARISON WHEN DECODING GOPPA CODE OF LENGTH 8192 AND OF CORRECTION CAPABILITY 128.

Components Method 1 [8, Chapter 12] Method 2 [6, Algorithm 4] Proposed decoding
Mul. Add. Div. Mul. Add. Div. Mul. Add. Div.

Syndrome 0 2,096,896 0 0 1,048,576 0 42,496 76,032 256
Key equation 66,177 82,305 257 65,786 101,447 381 73,712 101,608 0
Chien search 1,056,639 1,056,639 8,191 1,056,768 1,056,768 0 32,768 65,664 0

Total 1,122,816 3,235,840 8,448 1,122,554 2,206,791 381 148,976 243,304 256

Since ΦJ,T (γ) = 0, the degree of ΦJ,κ(γ) is less than
2µ − t by Lemma 4. Furthermore, the components in γ̄K +σ
that corresponds to βt, βt+1, . . . , β2µ−1 are known. So the
last equality can be regarded as an instance of Problem 3.
Therefore, Algorithm 1 solves it and we get ΦJ,κ(γ) and of
course γ̄K+σ. Evidently, γ̄K will be obtained. This completes
the encoding. It is straightforward to see that the complexity
of encoding is O(q log(t)). Notably, if the parity positions are
chosen arbitrarily, deriving a fast encoding algorithm is still
an open issue.

An irreducible Goppa code Γ(L,G) whose Goppa poly-
nomial G(x) has degree r is capable of correcting r errors.
However, the decoding algorithm presented in Section VI
corrects r errors for Γ(L,G) by decoding its equivalent
codeword in Γ(L, Ḡ), where Ḡ(x) = G(x)2. Deriving a more
efficient algorithm for irreducible Goppa codes remains an
open problem.

VIII. CONCLUSION

In this work, we generalize the concept of the IDFT to
the GIDFT. The properties of the GIDFT are investigated.
Furthermore, we propose the FGIDFT, which computes the
GIDFT efficiently when GF (q) contains a desired subgroup.
Next, we apply the FGIDFT to decode GRS codes and prove
that for any (n, k) GRS code, if GF (q) contains a subgroup
of order 2µ ≥ n − k and n is proportional to q, then
there exists a fast decoding algorithm whose complexity is
O(n log(n − k) + (n − k) log2(n − k)). We also describe
the additive FGIDFT for GF (2m) in detail and derive a new
decoding algorithm for binary Goppa codes based on the
additive FGIDFT. Compared with other known methods, the
new one is superior in terms of computational complexity.
Complexity comparisons show that the new algorithm reduces
the number of field operations by 76%− 88% when decoding
Goppa codes used in post-quantum cryptography.

APPENDIX A
PROOF OF LEMMA 8

Proof: This proof can be found in [14]. However, we repeat
the proof here to make this paper self-contained.

A codeword c = (c0, c1, . . . , cn−1) satisfies HcT = 0. It
follows that

n−1∑
i=0

ciuiα
l
i = 0, for l = 0, 1, . . . , r − 1.

If we write T (x) =
∑n−k

j=0 Tjx
j , we have

T (x)− T (αi) =

n−k∑
j=0

Tj(x
j − αj

i )

=

n−k∑
j=1

Tj(x− αi)

j−1∑
l=0

xj−1−l(αi)
l.

This leads to

T (x)− T (αi)

x− αi
=

n−k∑
j=1

Tj

j−1∑
l=0

xj−1−lαl
i.

Hence, one has

S(x) =

n−1∑
i=0

yiui

n−k∑
j=1

Tj

j−1∑
l=0

xj−1−lαl
i

=

n−k∑
j=1

Tj

j−1∑
l=0

xj−1−l
n−1∑
i=0

yiuiα
l
i

=

n−k∑
j=1

Tj

j−1∑
l=0

xj−1−l
n−1∑
i=0

(ci + ei)uiα
l
i

=

n−k∑
j=1

Tj

j−1∑
l=0

xj−1−l
∑
i∈E

eiuiα
l
i

=
∑
i∈E

eiui

n−k∑
j=1

Tj

j−1∑
l=0

xj−1−lαl
i

=
∑
i∈E

eiui
T (x)− T (αi)

x− αi
.

□
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APPENDIX B
PROOF OF LEMMA 9

Proof: According to Lemma 8, we have

S(x)λ(x)

=
∑
i∈E

eiui
T (x)− T (αi)

x− αi

∏
j∈E

(x− αj)

=
∑
i∈E

eiuiT (x)
∏
j∈E
j ̸=i

(x− αj)−
∑
i∈E

eiuiT (αi)
∏
j∈E
j ̸=i

(x− αj)

= T (x)
∑
i∈E

eiui

∏
j∈E
j ̸=i

(x− αj)−
∑
i∈E

eiuiT (αi)
∏
j∈E
j ̸=i

(x− αj).

By taking

θ(x) =
∑
i∈E

eiui

∏
j∈E
j ̸=i

(x− αj),

z(x) = −
∑
i∈E

eiuiT (αi)
∏
j∈E
j ̸=i

(x− αj),

the proof is complete. □
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